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After having lunch, we went back to the conference room to begin with the
first seminar presented by the 3rd year student Hachim Athmane on the Poincare
half-plane model:

The hafl plane of Poincare: As an introduction to the apparition of the hyper-
bolic geometry, Athmane began by a reminder on Euclid’s postulates on geometry:

1. From two different points in the plane, there passes only one line.

2. Any straight line segment can be extended indefinitely in a straight line.
3. A circle is determined by a center and a diameter.

4. All right angles are congruent.

5. Given a line (L) and a point A, there exists a unique line parallel to (L)
passing by A.

The hyperbolic geometry is a geometry where the 5th postulate is replaced
with an alternative one and the half plane of Poincare is a model for this geome-
try.Athmane began by defining the half plane of Poincare H? as following:

H?> ={z€ C|Im(z) > 0}.
He also denoted C(H?) to be :
C(H*) ={y:[0,1] = H* | v C'}.

Then he defined the curve length as:
[:C(H*) — R
1 / t 2 ’ t 2
- NCOEETIO
0 Y
And the metric on the hyperbolic plane as:

d(A, B) = inf{ I(y) |y € C(H), v(0) = A,5(1) = B}.

v =1y
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Here, the questions about the nature of this metric appeared: why did we divide
by y 7 As a natural approach to this metric, Mr.Zeghib gave an example that
made every one satisfied and convinced that the hyperbolic metric is not an ar-
tificial metric, it already exists. The example was about the difference between
men and women’s ages as couples: if a 20-year old man married a 10-year old
woman, our common sense would say that she’s much younger than him but if
a 30-year old man married a 20-year old woman it would seem more convenient,
also if we go further and look into a couple of a 40-year old man and a 30-year
old woman we would say that’s almost a normal situation and so on. The idea is
that in this example the Euclidean metric is not suited since in all the cases the
difference (Euclidean) between the man and the woman’s age is 10 years but yet
it’s not the same in all the cases, we can notice that whenever the woman is older
the difference seems lesser, so the metric here depends also on the woman’s age
but in an inverse way and that was an approach to why we devided by y while
defining the metric on the hyperbolic plane.

After that, Athmane started defining the geodesics on the hyperbolic plane (a
geodesic is a curve between two points whose length is equal to the distance be-
tween these points).First, he showed that the imaginary axis is a geodesic.After
that, he defined the action of PSLs(R) on the hyperbolic plane as:

az+0b
A e PSLy(R) Az = A)=ad—bc=1
VA e PSLy(R) A.z i d (det(A) = ad —bc = 1)

This way, PSLy(R) acts on the hyperbolic plane isometrically and transitively,
also one can verify that the geodesics are either a translation of the imaginary axis
along the real axis or a half circle centered in the real axis (matrixes in P.SLy(R)
are Mobius transformations that preserve the metric defined on the hyperbolic
plane) and thus we can see that the 5th Euclidean postulate is not verified. A
more general fact is that the group of isometries of H? is generated by PSLa(R)
and the reflexion over the imaginary axis (i.e z — —Z ).

Mr.Zeghib then stated another fact which is that the affine group acts isomet-
rically, transitively and liberally on H? ! and the question was: can we define a
different metric on H? such that this fact remains true ? And the answer was no
(up to scalar multiplication).

The journey in the half plane of Poincare stopped here to take a 10-minutes break

and get back to a different reality: an analytical one, presented by Mr.Samir
Bekkara on the Stone-Weirestrass approximation:

16



Stone -Weirestrass approximation

Mr Samir began by presenting the plan to his course which has already
been sent to us as a "homework” and went as following:

Let X be a Hausdorff topological space. and define:
CX)={f:X>R|feC"}
And let £ be a subset of the space C(X) verifying the following properties:
1. Stable by addition and by scalar multiplication.
2. Stable by product (i.e if f,g € € then fg € £).

3. If & # y the there exists f € £ such that f(x) # f(y).

4. The constant maps are in &.

Then & is dense in C(X) where the topology on C(X) is defined by the uniform
convergence norm i.e if f € C(X) then:

[ flloc = supsex|f(X)].
For example: R [X] (polynomial functions) is dense in C(X) with X = [0, 1].
Unfortunetly, the time was over before going further and Mr Samir left the rest

to the next days and Mr Mahdi was angry because he was not able even to start
his course.
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The hafl plane of Poincare (presented by Athman). (14:10) It was wanted from
Athman to talk about some hyperbolic geometry ( which is his subject of his bach-
elor degree project ). He started by satating the Euclide’s postulates:

1. By two different points passes a unique line.

2. A finite line can be extended to the infinity.

3. A point and a diameter defines a unique cercle.
4. All the right angles are equal.

5. If we are given a line d and point M not in d, then there exists a unique line
parallel to d and passing by M.

There was a great debate whether the fifth postulate is really independent of the
preceding ones or not. The first one who showed its independence was the mathe-
matician Bolyai, by constracting a new geometry verifying the first four postulates
but not the fifth one. It is known now as the hyperbolic geometry.

Athman denoted H to be:
H={zeC|Im(z)>0}.
And:
CH)={y:[0,1] = H | 7601}.

Then he defined the map:
[:C(H) —» R*

To be:
dt < oo.

- /1 V' () +y (1)
0 Y
Then we define: if P and () are two points in H

d(P,Q) =inf{ l(v) |y € C(H), 7(0) = P,y(1) = Q}.

v =1y
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In fact, d is a metric on H, it verifies all the conditins to be so. Maybe the non-
trivial part was to show that if d(P,Q) = 0 the P = @ (which is true for any
metric defined in this way, due to the C'! distribution of the inner products).

Athman stated that the topology of the metric space H is the same topology
of H seen as a subspace of C. Mehdi said that this is true because every circle in
H (with his hyperbolic metric) is a circle in C (maybe with different center). But
one can state a further fact: if M is a smooth manifold and d is metric defined on
M in similar way as we did (a riemannian way) then the resulting metric space is
homeomorphic to our first space M.

After defining the space H, some existential questions were posed to Athman.
Rym asked: why did we divide by y while defining the metric? Athman (the in-
nocent) didn’t find what to say. Then Mr Zeghib gave an example of a natural
"hyperbolic” measure of difference between the ages of man and woman (this ex-
ample should make even Moussa excited and convinced). He said that in order
to measure the differece between the ages of a man and a woman one should not
calculate directly the difference, because women are considered to grow up earlier
than man. For example the difference age of a 60 years old man and a 50 years
old woman is seen to be less than the one of a 20 years old man and a 10 years old
woman. Thus a more natural way is to calculate the difference then divide it by
(for example) the age of the man, in this case the age of the man plays the same
role as y while defining the metric.

Athman moved after that to describe the geodesics on H (a geodesic between
two points is a curve whose length is the distance beween them), he took two
points on the imaginary axis, and then with an easy calculation, he showed that
the geodesic between them is the line segment, and thus, the imaginary axis is a
complete geodesic.
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Then he defined an action of PSLy(R) on H by: if A is a matrix in PSLy(R)
with coefficients a, b, ¢ and d then:

az+b

Az =
: cz+d

For instance PSLy(R) is defined to be SLy(R)/{Id,—1d}. And then (in this way)
PSLy(R) acts by isometries on H. This action is transitive, and one can send
any two points to other two points lying on the imaginary axis, thus one can
send any geodesic to the real axis. And then one can verify that any geodesic in H
is either an orthogonal line to the real axis or a semi circle centered on the real axis.

Athman, before finishing his lecture, stated that this geometry verifies all the
Euclid’s postulates except the fifth one.

But this subject was not yet closed, Mr Zeghib started to talk about some ge-
ometric facts. First, the affine group, consisting of all the transformations of the
form z — az + b where a and b are real with a > 0, acts by isometries transitively
and liberally on H, now if one forgets the metric on H but keeps the action of
preceding affine group on H and then asks: what are all the possible riemannian
metrics that one could define on H and for which the action is by isometries? The
answer is that the hyperbolic metric is the only one (up to scalar multiplication).

Another fact, is that one can determine the geodesics of a space by knowing only
the behaviour of the isometries, for example if an isometry fixes a curve linking
two points, and this curve is the only one that links those points and fixed by this
isometry, then it is a geodesic, or in other words, if the set of the fixed points of
an isometry is a curve then it is a geodesic (I am not sure for this). In the case
of H we deduce that the imaginary axis is a geodesic because it is fixed by the
isometry z — —Z, and any other geodesic is fixed by some inversion or reflection.
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Stone -Weirestrass approximation (presented by Mr Samir). (16:50) In his lec-
ture, Mr Samir started directly by giving the plan of his course:

Let X be a Hausdorff topological space. and define:
C(X)={f: X = R| [ e
And let £ be a subset of the space C(X) verifying the following properties:
1. Stable by addition and by scalar multiplication.
2. Stable by product (i.e if f,g € € then fg € ).
3. If x # y the there exists f € £ such that f(x) # f(y).
4. The constant maps are in &.

Then € is dense in C(X) where the topology on C(X) the topology of the uniform
convergence i.e if f € C(X) then:

[flloe = suprex|f(X)].
For example: R [X] is dense in C(X) with X = [0, 1].

Then we started solving his DM, we could only do the first two questions be-
fore the time was over.
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La deuxiéme journée du Mathcamp a débuté a 8h00 avec une conférence animée
par M. Djamal DOU, portant sur une application de la théorie de relativité générale
: le GPS (Global Positioning System,).

Premiere conférence :

Avant de commencer, M. BENOUMHANI commente : "On attends toujours
que Djamal nous révele les secrets du GPS”. Le conférencier demande alors a son
ami de patienter jusqu’au moment opportun, ce n’était que la deuxiéme conférence
d’une longue série.

Ce dernier commence par poser le probleme de la conférence: En munissant
la terre d’'un repere cartésien (le centre de la terre est 'origine du repere), existe

t-il une méthode permettant de trouver les coordonnés d’un point R (z,y,z) sur
la terre, en s’aidant de trois satellites au dessus du point ? Pour des raisons de
simplification, M. DOU introduit un modele simple qu’il appelle ” Toy Model” et
qui permettra d’exhiber la complexité des équations et 'amplification des erreurs
obtenues en utilisant les méthodes de la mécanique classique.

The Toy Model:

soit R(x,y,z) point sur la terre qu'on veut localiser a l'aide des trois satellites

S1,59et 53, les satellites envoient des signaux au point ﬁ(m, y,2) a la vitesse de la
lumiere ¢ et contiennent les informations suivantes :

- le moment d’envoi du signal ;.

- la position du satellite au moments ¢;, avec 1 = 1, 2, 3.

On suppose de plus que les trois signaux arrivent en ﬁ au méme moment ¢.
Si on représente les signaux par des vecteurs 7‘_1>,r_2> et r_3>, on obtient le systéme
non linéaire d’inconnus x, ¥, z :

IR -7l = et — t)
IR = 7| = ot — ta)
IR — 7| = colt — t5)

M. DOU explique que ce systéeme n’est pas trivial a résoudre, a peine a t-il
terminé son explication que Mohammed ALLIOUAN (étudiant a I'Ecole Polytech-
nique d’Alger) a proposé une solution suivant un algorithme linéarisant le systéme,
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M. DOU lui demande alors de lui montrer sa méthode a la fin de la conférence et
continue d’expliquer les erreurs dans ce modele : soit ¢t I'erreur commise dans le
calcul du temps par les satellites et 53 Ierreur associée au calcul de la position.
Si 6t ~ 1073 alors, l'erreur dans la calcul de la position sera estimée comme suit
0B ~ex 1079 =3 x 105 x 1073 = 3 x 10°m.
c’est bien 300K M d’erreur, ce qui est loin d’étre précis pour un GPS digne de ce
nom ! Pour avoir une erreur acceptable sur la position, il faudrait des appareils
qui commettent une erreur dans le calcul du temps de l'ordre d’une nanoseconde
1079s!.

La conférence se termine par une série de questions et un petit débat concer-
nant la technologie nécessaire a la fabrication de satellites spatiaux.

Deuxiéme conférence:
Apres une pause de vingts minutes, on a repris nos places dans 'amphithéatre
pour suivre la correction du devoir maison écrit et préparé par M. RAFFED et
présenté par M. BELRAOUTI.
Produit semi-direct :
Les premieres questions traitent de la définition du produit semi-direct (PSD) : Si
on a deux groupes N et H et un morphisme ¢ : H — aut(N) (c.-a-d. H agit
sur N par homéomorphisme), nous pouvons alors définir la loi ”-” sur N x H qui
a ((n,h), (n', k') associe (ngp(n'), hh'). On peut voir que cette loi est associative
d’élément neutre (1, 1) et que tout élément de N x H admet un inverse pour cette
loi et on a (n,h)™' = (¢p-1(n"1), 1), donc (N x H,-) est un groupe.
un exemple du PSD est le groupe affine GA(FE) d’un espace vectoriel E, qui est
isomorphe au PSD du groupe de translation 7 (E) et du groupe linéaire GL(E) :

GA(E) ~ GL(E) x T(E)

Par la suite, nous traitons des questions qui exhibent les propriétés générales du
PSD, M. BELRAOUTTI fait participer plusieurs étudiants et les fait monter au
tableau.

la séance se termine apres une heure de travail.

troisieme conférence :

M. Hamza KHELIF a cloturé cette série de conférences par une promenade inédite
dans son “jardin des courbes”. Certaines questions d’ordre philosophiques et tech-
niques ont été posées au conférencier. Nous donnons deux exemples:

Athmane : 7 Peut-on connaitre les propriétés topologiques de ces courbes comme le
nombre de composantes connexes en regardant seulement les équations algébriques
qui les définissent?”

M. ZEGHIB: "Comment voyez-vous la beauté de ces courbes en tant que poéte?”

les conférences s’arrétent a 13h00, le temps du déjeuner pour reprendre a 14h00.
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La deuxiéme journée du Mathcamp a débuté a 8h00 avec une conférence animée
par M. Djamal DOU, portant sur une application de la théorie de relativité générale
: le GPS (Global Positioning System,).

Premiere conférence :

Avant de commencer, M. BENOUMHANI commente : "On attends toujours
que Djamal nous révele les secrets du GPS”. Le conférencier demande alors a son
ami de patienter jusqu’au moment opportun, ce n’était que la deuxiéme conférence
d’une longue série.

Ce dernier commence par poser le probleme de la conférence: En munissant
la terre d’'un repere cartésien (le centre de la terre est 'origine du repere), existe

t-il une méthode permettant de trouver les coordonnés d’un point R (z,y,z) sur
la terre, en s’aidant de trois satellites au dessus du point ? Pour des raisons de
simplification, M. DOU introduit un modele simple qu’il appelle ” Toy Model” et
qui permettra d’exhiber la complexité des équations et 'amplification des erreurs
obtenues en utilisant les méthodes de la mécanique classique.

The Toy Model:

soit R(x,y,z) point sur la terre qu'on veut localiser a l'aide des trois satellites

S1,59et 53, les satellites envoient des signaux au point ﬁ(m, y,2) a la vitesse de la
lumiere ¢ et contiennent les informations suivantes :

- le moment d’envoi du signal ;.

- la position du satellite au moments ¢;, avec 1 = 1, 2, 3.

On suppose de plus que les trois signaux arrivent en ﬁ au méme moment ¢.
Si on représente les signaux par des vecteurs 7‘_1>,r_2> et r_3>, on obtient le systéme
non linéaire d’inconnus x, ¥, z :

IR -7l = et — t)
IR = 7| = ot — ta)
IR — 7| = colt — t5)

M. DOU explique que ce systéeme n’est pas trivial a résoudre, a peine a t-il
terminé son explication que Mohammed ALLIOUAN (étudiant a I'Ecole Polytech-
nique d’Alger) a proposé une solution suivant un algorithme linéarisant le systéme,
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M. DOU lui demande alors de lui montrer sa méthode a la fin de la conférence et
continue d’expliquer les erreurs dans ce modele : soit ¢t I'erreur commise dans le
calcul du temps par les satellites et 53 Ierreur associée au calcul de la position.
Si 6t ~ 1073 alors, l'erreur dans la calcul de la position sera estimée comme suit
0B ~ex 1079 =3 x 105 x 1073 = 3 x 10°m.
c’est bien 300K M d’erreur, ce qui est loin d’étre précis pour un GPS digne de ce
nom ! Pour avoir une erreur acceptable sur la position, il faudrait des appareils
qui commettent une erreur dans le calcul du temps de l'ordre d’une nanoseconde
1079s!.

La conférence se termine par une série de questions et un petit débat concer-
nant la technologie nécessaire a la fabrication de satellites spatiaux.

Deuxiéme conférence:
Apres une pause de vingts minutes, on a repris nos places dans 'amphithéatre
pour suivre la correction du devoir maison écrit et préparé par M. RAFFED et
présenté par M. BELRAOUTI.
Produit semi-direct :
Les premieres questions traitent de la définition du produit semi-direct (PSD) : Si
on a deux groupes N et H et un morphisme ¢ : H — aut(N) (c.-a-d. H agit
sur N par homéomorphisme), nous pouvons alors définir la loi ”-” sur N x H qui
a ((n,h), (n', k') associe (ngp(n'), hh'). On peut voir que cette loi est associative
d’élément neutre (1, 1) et que tout élément de N x H admet un inverse pour cette
loi et on a (n,h)™' = (¢p-1(n"1), 1), donc (N x H,-) est un groupe.
un exemple du PSD est le groupe affine GA(FE) d’un espace vectoriel E, qui est
isomorphe au PSD du groupe de translation 7 (E) et du groupe linéaire GL(E) :

GA(E) ~ GL(E) x T(E)

Par la suite, nous traitons des questions qui exhibent les propriétés générales du
PSD, M. BELRAOUTTI fait participer plusieurs étudiants et les fait monter au
tableau.

la séance se termine apres une heure de travail.

troisieme conférence :

M. Hamza KHELIF a cloturé cette série de conférences par une promenade inédite
dans son “jardin des courbes”. Certaines questions d’ordre philosophiques et tech-
niques ont été posées au conférencier. Nous donnons deux exemples:

Athmane : 7 Peut-on connaitre les propriétés topologiques de ces courbes comme le
nombre de composantes connexes en regardant seulement les équations algébriques
qui les définissent?”

M. ZEGHIB: "Comment voyez-vous la beauté de ces courbes en tant que poéte?”

les conférences s’arrétent a 13h00, le temps du déjeuner pour reprendre a 14h00.
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Mr Zeghib chose the reporters and the chairman, then the day started with Mr
Djamel Dou’s lecture GPS and Relativity.

GPS and Relativity, by Djamel Dou. First, Mr Dou suggested an a numerical
solution to the system of equations discussed in the previous lecture:

(i — ) + (g —y)* + (21 — 2)* = A (t; — t)?

using Newton’s method (linearisation). There exists another method that yields
analytical solutions, however Newton’s method is more efficient in dealing with
the errors which are unavoidable. He then said that the toy model does not
give practical results due to relativity effects, so he started explaining relativity.
Essentially, what is special about light speed is that when changing the an inertial
frame to another the velocity addition law doesn’t apply, which means that light

speed is the same in all inertial references and since v = — time and lengths must

be relative . Mr Dou defines time by the concept of light watch: a ray of light
constantly reflected inside a box, the number of reflections is the ticks of the watch
(unite of time). Using this concept he explains how time changes when the watch
is moving with respect to a given inertial frame, and with some calculations he
gets the formula

2L

T=—¢
,U2

1— —
2

where v is the velocity of the inertial frame. This gave an opportunity to state the

twin paradox. Finally, the students asks some questions and we got a short break.

Representation of integers as sums of squares, by Moussa Benoumhani. Can we
represent each integer n as the sum of two squares? this was the first question Mr
Benoumhani asked, the answer is that the prime divisors of n congruent to 3 mod
4 must be of even exponentials. then he stated Lagrange Theorem: every positive
integer can be expressed as the sum of four squares, he gave some historic notes
about it, such as Euler was the first to approach this problem and it took him
43 years to solve it, but Lagrange was the first to solve it using some of Euler’s
results. Some of the proof steps were done by students, others by Mr Benoumhani.
After this we had a second break with tea and peanuts.
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Hyperbolic geometry, by Bachir Alliti. Bachir mentioned some points about the
hyperbolic half plane that Athman did not get to last time such as PSL acts by
isometries on H, how angles between geodesics are defined (it’s the angle between
the tangents of each geodesic). After this, Bachir introduced the second model:
the hyperbolic disc. the hyperbolic disc is contructed by sending the metric H to
D using the map -
21+

(z) = z+1
in this case, the geodesics are the arcs of circles perpendicular on the disc boundary
inside the disc. Bachir presented the possible cases of triangles in H and D. In
the end, He states and proves the Gauss-Bonnet theorem: if A is a triangle in H
with angles o, 8 and v then:

(D) =7 — (a+ B +7).

Mr Zeghib here interferes to explain this further.

We finished the morning lectures and headed to lunch where we had Chorba and
a delicious potato gratin.
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14:15 : reprise des cours

Apres une matinée riche en mathématique, nous avons entamé I'apres midi. Au
programme : un cours de Mehdi sur le produit semi direct de groupe et un deux-
ieme cours sur les EDO avec M. Farah. Avant de commencer, M. Zeghib partage
les étudiants en deux niveaux : niveau 1 avec Monsieur Smail pour résoudre les
DM et niveau 2 avec Mehdi.

Mehdi entame la partie 3 du sujet (produit semi direct de groupes ), une notion
intéressante qui fournit une méthode de construction de nouveaux groupes .
Rym répond a la premiere question : étant donnés deux groupes N et H, alors ces
deux groupes sont respectivement isomorphes aux sous-groupes N = N x {1} et
H={1} x Hde N x H et qui vérifient :

1. NaN xH.
2. NN H = {1}.
3. NxH=NH=HN.

Ensuite, elle montre que l'action de H sur N se traduit par I'action de H sur N par
automorphisme intérieur, M. Zeghib nous explique que le produit semi direct est
un moyen d’imposer 'action par automorphisme intérieur ou d’une autre facon, si
j'ai 0 € Aut(N), je construis un groupe G contenant N (au sens qu’il existe un
morphisme injectif i : N < G) et un élément 1, dont 'action par conjugaison est
o et ce groupe est exactement N x Z. Mesbah montre que N x H est une extension
de H par N en prenant la suite exacte courte suivante :

1 NI NwH2 551

fi(n) = (n,1) et fa(n,h)=h.

Ensuite Hamza, Mohamed et Yenni répondent aux questions de la partie ¢). M.
Zeghib interrompt Mehdi et pose la question suivante :

Question:
étant donnés deux morphismes ¢ et ¢ : H — Aut(N) a quelle condition N x4, H
et N x, H soient isomorphes ?
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Souheib répond a cette question en affirmant que si ces deux morphismes sont
conjugués par un élément de Aut(N), on aura la conclusion attendue. En effet,
soit u € Aut(N) tel que

o(h) = up(h)u™t, Vh € H.
alors N x4 H et N x, H sont isomorphes par 'isomorphisme suivant :

fZ N Xy H — N X H .
(n,h) > (u(n),h)
Enfin le cours de Mehdi s’acheve avec M. Zeghib ou il donne un exemple de
représentation de la droite réel dans les automorphismes du groupe SO(3) "groupe

du MathCamp” défini par 'application ¢ pour une certaine matrice antisymétrique
B (B+'B=0)

¢o: R — Aut(SO(3)) .

t — ¢A
avec
pa: SOB) — SO(3)
A — exp(tB)Aexp(—tB)
16:05 : pause.

16:45 : reprise avec le cours des EDO avec M. Farah. Ce dernier explique
comment résoudre des equations du type 3 (z) = f(y)--- (1)
S’il existe ¢ € R tel que f(c) = 0 alors g(x) = 0 est une solution du probléme,
sinon : si f(y) # 0 alors 'équation (1) se ramene & intégrer 1'équation suivante :
dy
fly) dz.

Aprés, nous sommes passés a un autre type, celui de y = f(y'). Ce type
d’équation se rameéne wvia le changement de variable y' = u & intégrer I'équation

#du = dx. Ensuite M. Farah expose deux problemes de modélisations qui évo-
quent ces deux types d’équations. A ce stade M. Saadallah et M. Zeghib ouvrent
un débat sur I’absence d’une théorie générale pour la résolutions des EDO. Selon
M. Zeghib, les gens qui font de la modélisation, EDP et les mathématiques ap-
pliquées ne font pas de la recherche mathématique,a 'opposé, M. Saadallah voit
le contraire.

18:00 : fin des cours.
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Oussama’s part After we had lunch, or more precisely at 14 : 00 Pm,
Oussama and Souheib started finally their seminar about Peano curves, Oussama
decided to explain the first part of the DM starting by defining some topological
concepts: connectedness, path connectedness, compactness and Hausdorff
space. after these definitions he started to construct the Peano curve by proving
the existence of a sequence of functions (f,,)nen+ verifying:

e f, is continuous
® fn-i—l(gﬁn) = fn(gﬁn) VO<E<9
e V(i,5) € {0,1,...,3" =1} , 310 > k < 9" — 1 such that f,(I,x) C Cijn,

In the beginning, I didn’t understand the aim that Oussama was looking for,
but when he began his explanation I realized his purpose. First of all he subdivided
the interval [0, 1] into nine parts and constructed f; focusing on the extreme points,
in the other hand he divided his square into nine identical squares, so f is just
a trajectory in the [0,1] x [0,1]. Actually he passed by all the nine squares in
the first step and when he finished this part I expected more constructions, but
it seemed that the problem was done because he only repeated the same steps,
he subdivided each one of the nine small intervals into nine and the image of the
extreme points also was the same only with a few modifications in order to verify
the continuity, then he posed lim f,,(z) = f(z), and showed that f([0,1]) is dense
in [0, 1]* because for every open in [0, 1]* he could find sufficiently small squares
whose extreme points images are in the open. Then he showed that f,, converges
uniformly to f, and we know that f, is continuous for every n € N, thus f is
continuous. Mehdi asked Oussama to make explicit the uniform convergence of
fn to f, which put Oussama in dangerous situation, but he concentrated for a
while, and explained that for every x € [0, 1], = is contained in an interval of some
subdivision I, = [gﬁn, %], and then showed that the distance between f,, and f
is independent of the choice of x for n sufficiently large.

Actually Oussama skipped some details (for L1 students), the interval [0,1] is
compact because it verifes the property of Bolzano-Weirstrass and it’s equiva-
lent to the property of Borel-Lebesgue in case of metric spaces (like R), using
the fact that f is continuous we can deduce that f([0,1]) is closed and bounded
(just like the case of closed bounded intervals in the real line), in the other hand
f([0,1]) is dense in [0, 1]* (it is proved above), so Im(f) is closed and dense subset
of [0,1]2. As a result, Im(f) = [0,1]?, so f is surjective.
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We call any surjective function f : [0,1] — [0, 1]> a Peano Curve, but the
existence of such curves is not easy to imagine even we could construct it. That’s
why Souheib chose the second part to explain some unusual facts about this kind
of curves.

Souheib’s part

The chairman, for that evening, was excellent and did his job professionally,
Souhieb without any introduction began to show that Peano curve f can’t be
injective, otherwise f becomes homeomorphism, which means that [0, 1] and [0, 1]?
are topologically the same i, e they had the same topological properties (such as
connectedness). But unfortunately? this is not the case, because if one removes
a point from [0, 1] the space will be disconnected, while [0, 1]*> without a point is
still connected. And then f can’t be injective.

More than that, f can’t be locally injective. We see that f : X — Y is locally
injective (when X is a topological space and Y is a set) if V z € X there exist
a open neighborhood U of x for which the restriction of f on U f : U — Y is
injective. So if we suppose that Peano curve f is locally injetive that means for
all z in [0,1] we can find a closed neighborhood , on which f is injective, and
this implies that int(f(V,)) = 0), if we repeat the same process for each x in [0, 1]
we can cover [0, 1] by closed balls on each f is injective. But [0, 1] is compact, so
we can extract a finite number of balls covering [0, 1] such that the interior of the
image by f of each one of them is empty. What gives that int(f([0,1])) = 0 since
it could be written as the union of finite closed subset of empty interior, which is
impossible, then f can not be locally injective. In a similar way if letf : R — R?
such that int(f(R)) # 0 then f can’t be locally injective, otherwise Vo € R there
exists V. such that f : V, — f(V,) homemorphism, in the other hand one can
extract a countable number of such V,. Then (J f(V,) = f(R) and we know that
f(Vy=10) for all x so f(R) = (), contradiction! then f can’t be locally injective.

After he finished this part, he began to talk about Peano spaces ( but unfor-
tunately the time runned out and the chairman of that evening was very strict, but
this wasn’t enough to stop Souhieb because our mentor (oustade Zeghib) used his
authority to let him continue his final part). We say that X is a Peano spaces if
there exists a surjective and continuous function ¢ : [0, 1] — X, it’s easy to show
that if X is a Peano space and Y topological spaces and f : X — Y surjective con-
tinuous function, then Y is Peano, because go f : [0,1] — Y is a continuous sur-
jection. And also we can show that if we have f : [0,1] — X and g : [0,1] — X'
then we can define h : [0,1]> — X x X’ such that h((z,2') — (f(z),g(2)) h
is continuous and surjective, so the space X x X’ becomes Peano also, and with
a simple induction one can deduce that [0,1]" is Peano. Actually every Peano
space is compact and path-connected since f is continuous and then it preserves
compactness and path connectedness. But Souhieb constructed an example which
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satisfies these two conditions but not Peano, the example was a sequence of parallel
segments with a decreasing distance between them (converges to 0) and they was
joined by a perpendicular segment linking the left side edges. In fact, the messing
condition on this space is to be locally path connected, and more generally, any
compact metric path-connected and path-connected space is Peano.

At the end, we did some differential equations with a professor in the university
of EL-OUED, he gave us exercises and we tried to solve them. The first exercise
says that we are given n person, some of them infected with some kind of virus and
the others no, and we want to represent the rate of the variance of the number of
the infected persons. The professor wrote X (t) x (n— X (t)) where X (t) represents
the number of the infected persons in an instant t. When i saw the formula i tried
to understand why he chose it but I stopped thinking just after I gave it a meaning
(number of couples (infected, not infected)), but in reality that was not enough
because our mentor precised that we must try to fully understand the meaning of
the formulas.

After that, the professor had finished, the time was about 6 pm and we were
very hungry (actually our chef was genius), without any doubt that day was one of
the most perfect days in the whole math-camp (of course the picnic, the "mella”,
the "barbecue” and the tea were the best).

43



g o5l e 15 15

Sl OBl g2 e ) sl 1% 2018 u)ls 27 6] Gt
Amgrall ode Ll g, b olis

GPS el il J‘ Bz ssm sl Flo r,<~Lc r>u1 olés
DSt Jails &l Sl (9o p ) Yl sl me Ldlly
BEk Lis e (e e 32N

Ll LB e il 3 el e Ba o aw BEI Jolg
Ly @ @8 Ll ) oW G s JIsb ey erll 556 Ky 1ol
e Gy anlll i g sy e Al O 2 3 fe S (AR
SBlie) 0K 3 ols, Bl (Xa,1) oBlie] 08 3 e (sl
wg uWJ;dimJ‘dwb» do gy L Blas Wiy (Xp,t)
el

e Jo ]9, ba] BE b SE)
oY ae 3 EY (igh s e SEN)
G xie LaSUL o) 5 22 ys 50 Bsls s Jm 5B s,
I Sy i tamll s ) ats Ul 2oL
XA e o 05K Xo 5% Xa oo A1 Jaodle sy 239)) s 3
Xp J o3y Xa Sl 31 Gl Xp U5 Xa L) ey a1 31 Lamsl
k2 oy g Wy ead) O e S s J) 2
PRSI EVIR GO JJLJ\I_,,u‘j La L [ L:’Zrcajj e
g uxu»&ugwm‘LdeM A g lin o (A 3
6 05K sl Lelss 8 38 i Gag of Ko ¥ Y e SEN)

44



eyl] e e85 O Comed) 25 ) oK ¥ Wly k) o 151eE

§ S odn Jym gt I g (I L o o] Bl 5 05
J By A oyt G 05 o 15 - delsd) Laslin i G s s
Ao Pl 05K Oape Nl Dot T2 e S Aoy A
Tim? Ll o g (o sk asla fﬂ B

SEA Cag Jeaddl lha 5,8 s ol 34;;@1‘ F s ol o2
Al oo 1y Ay U ot a1 o
S el 3 gl SR ST Wy (0 £edl desle 550 sds b
@ el Gl i o ) ol g3y ISl e Ol 23y ]
.GPSQW\J{\'@S:\;J_{J\;&%;

L elee B 3 o ek 1552 SELY sgmy

RGN d‘v“‘ 3E (kb olds

Tl b G oliles G 0F o) ki 5K odw ST o Jl 3G
g Bgaz By Joldl O adlin ¢ (00,02, 0) 5 (0,2,9,2,1)
(0w 2t) Mg obae ey 5

(Ta,ya,24,t4)
(xBayBazB7tB)
(o y 2 1) 3 i)
{ Gty
(vayBJZthB)

(L 39y WKL) U gl conalal) Bl i Wiy 065
AS%B = (x4 — $B)2 + (ya — y3)2 + (za — 23)2 — CQ(LLA — t3)2
= (w4 = 2p)* + (Y —yp)* + (24 — 2p)* = Aty — tp)",

45



OF Js ool )1 fe 0151 ¢ b1 Gy oK)l § Blall iy et
Tl )l 5 1e 8 15gm ge WLal) @lad) 5 g4
(e Wyt s S 5k B2 s Jl SEN
G ) el Ladk axs
ol By Gl e il s 05 ke ol S
253!
@)
b e ¥ 0L e e bl sl G e gl BN K plas
ey
u?d‘“jj ﬁbj: e .,\DI...« Q\jo' 54,.1.-»45);\.” u..cj :L:...«E)H
Ao {Q Oy G5 oy WE OLEN o WIS 1Cui; SE
(=)
s s Pl s ol B e St ks LN ol
et by § G

25 b sl i e ({»LA ¢ (é«l y J6 LSl SEN
w‘ JJ V.t b 3 okeb ) f,..l ™1 (1932 — 2017) (Zerner)
o oy ) 86 B O oy ey Hlas o S sl
J;A{Jw Jd oy, &adl ..ﬂj‘ G4 o Ly J“J‘;‘ sl
p 1962 & 3y T 3 Lol ) Gl i s 0 R Oeslial )
sl s oK B 1 EA s o B G saey)l el oo
s B oo SO e s SR oda gy G o)) g s

46



oF 53l o ) 530 o G caldly i o K9 O o
o OB ccn =T 0ndl @, & 1956 Al 55 Je 2415 5 Y] e
P oS o Slamy (35 Slilas Bid] aes (aslin) JBI G
(reliey s gy (aslile) Oldas @)l ae e & L’fb . 1969
Qelig) 5 o pP ) ass (sl e JUBS (Bt JUs s
Cie ool ¥l gy 3 S0 G i OF SRR 05K ]y
3B G el Ul o OF Lol Ty ol § ek s e
" " AV 3 el el 32 5 A
A 5 el U ey il sa 03] 5 11T T iy SEN
(=)
oy -l ey - slilaae SENT s ¢ ool 3T T il SE)
il ol oln el 2 ) @bl Skl G e sk Gl Jlgh
5 S i B J UG ekl sl §y A G ol < e s
" " it s G oL,
(= (= (=2
2 ol S Ty §0 el g el 31 e ld S8
G hdd wﬂ solas Cadlse o @Sr"ci e eyl G ]
(sl

(I Yl e splilaae apT g Il s SN
OV e o e Wb, O OF am els SR R
Cron Jod e 8 Togamd JF L U1 oLz, ood U1 asd SEY
Blne oML L ag SCIMUS ol Jos GOLAT ) Zmad! canls

47



£ Js s S G Ontedlly ppagiall flg)) e s o (Bl
leg ¥ BB (&l olals 3 Lhal o 55 o olislis
llax ol oo Al ol L] e olielal) ode e ity W
gl s Ty ¥ 0l ol BT e s ) i Tghay Ol Jatl)

3 e U3 Lot (3 e Kliad e ae] SELNN

(Saanal)

W Baw U =

rglRe s e B gy
Can OF o SEN @l W Ry ou B e T IR A
A Gekite GG e ol JB o etes m6 8 01 0B e ol Vs
..)ju\b

SN @t
NZSEURCNE NN LAl ) s
Lal ey dlde oS ‘L";L; {\ O s st’;f\t\ & ASJ\; sem 1Ol
SELT Jai ol
o Gl K iR ad ;,v;w SNaedl Legez 31t (s g oa SE
B! e sde T Ll ) aall o G ogi e
oo stlid Lane 1 d] e g
'] 500 Jls> 1 g0 SEN
Nl 52 Bane oo o) U f it SE
o Jal sl gge SELN

48



LS (Elisha Loomis) _ues) Law! JL;:M..« 1942 vt &g :L..«Eﬂ\ LS
Zaadl ody BL) 370 48 P8 (The Pythagrean Proposition) :{)lgis

CA_A\ Lall oo

oy il oy ARl NG G, s IS e SENT s,
—alll (Eduard Dekker) Sos 313305 wjj,élf_..éj (James Grafield) Als L
g S 1§asg et ‘L;-';‘ U”JJ"'L:"’ Laxs Bl T (Multatuli) ijjj:
Ay samcd! QLY}H sLad .,\pz‘ 5V (James Grafield) ,\.lg.ejl_; pos> &l
5WE Ygme ol

(422

NSNE C}.@AU Somi 1 g0 g SEN

5y 8y sl ) 8260 il p 0

m—1

F,-2=]]F.
i=1
im0 el Y 615 ¥ a2l o ¢ g ge SELY
ok il Gyl
m—1
d\F,=d\ [] F
=1

=d\F, -2
=d\2

=d=1.
e she Ky by W Wsly dote ak Uns sliel il e s o ge SELY
Ve Zegez 03] 2301 5laeYl oI5 oo e Q] 0B o) G Sl

G Y Gyl Tl (G gyl 5 otmr 1 SIS 2 5]

49



(g e 9 Vi 3T BT i S Gy e Ko okl L
JE e (SGEWG By Lad) adl b (Zariski) Sl Ga glgidas
el
Sy e o3 Bl oYl am s s sl SEAN Ok s el

Va,b> 0,0, ={a+nbneZ}

OopensO=¢orVacO 3b: Oy, CO
pelI*Na € Z,3b=1>0.
Ou1={a+n; neZ} CZ.

01, OQEI: U')(-:j

VCEOlmOQ

Oc_yb2 C Oy
Oc,b1 C Ol

= Oc,blbz C Ol mOQ
s Al SJ‘.’G““ LRV J‘; 4l f;‘ O Sﬁj\” Sad olds

OV palall ) il ol 1
iy

50



ool o) Ao 5 16

s

w. ) \) g.,..w <) CLE.;

el panad ol (Ll Gt ) gns Tty W) e T A ) ) paa SARIES
'&?L,aj\ Sjw\,u,&:LKJ " CL.AA (‘:’.)\M" y}\jwru '(('):’.f L}l{) a\ﬂ&\@wﬂ
b0 tegll ot 4] 550 b Ol "l gy il ) Jladl) oY1 )3T, (000 K)
OOl Ll s & ) i B aae "y el 34 Lol 0D AT e ey o4
& bl eLasYl (s aglen e A Ol e il G ol of 55l% Ve s Y,
s ) A ) i Tl ik S B
oLV 3 Wbl Lyl ol Lo g Y 1T 2l 3] iad) e OO 25 067 ) s Sed
o) psd g A U GBI ddvy LA el ity 1LY

o < @y oAV ad) e & ops e ool ol " L) ) ae ool s
3 53 Lo » £ " 5o Jla " J GPS and relativity duudls Ciad! (-LEJ

Sl 3 eladl) & el doldy toole Ul Gy o) Il Y 5 b ealdi) ol s Vs
(GPS I\ Upm 32 o i ) Lol oot Ly el sl (L eliadlly

alad) s Vly Sladlaall am 3ol W8l Sl s ' b @l as "t e

s do bl "¢l Cu oo b s Jl S oY WL dhi e e BT S ey
i Qo " e dla Lk bl Gl oS0 el Gesl, o3 e JIsl
A 51 ) gl B3 a) DLl e Al o 01" S8 ey S G glad) 2o i
e Ol e & R

SV ol bl (&1 Yl W o 3,30 e " Olsde a2 " L

Doy dike B2 G olets Cpeear ai ' AL 3o Bk e A 50 Vs Sl - ey
Yy A el )l 254 e o Bl o ol ol 2w gb o2 A

OB 2,V 3501 5 4] a2 e OV My e st 0l LSy WSl a2 at
ey 1 ] 0¥ Lo

51



A3y wom " O DIy " bl W ) S e sk Il bl s
EPRENE Bl b sl s 51 3 U L plany 2310 LSTlae Lo L o ol
S A1 G cham @3 B )W) e Bl lidedl Gam Tadl JE 6T 01 s
(N3 G aepay " Sk s " btV 2

i) bsdege dny (61 09:27 o o) 55l Sy wals e bl pely Radl sl

S @&J\.&:«"J}yl&é; 155 %) w58 Cosdey 428> 27 5

Théoréme de Stone-Weierstrass
109:49 o ol (2 pa 18 3" 5K e " ol g sy Bl U]y padl es 1l aad)
Al 5 ol ) o8 & L 08y g 355 22 e ol

Dol o Sy B Bl G O G 5N g 2 oV ] o %)l 3
Nl 3" e g2 ) G for S G R ples) oy OOl L
e (o pall NI L 2,

DLl oS8 L) 2y ey L o Sl 3 O adime 55 ool b
.:Lé)u\’u dvv:‘ C«»K UM\ G2 FEL .5‘/.@&‘ L} .,\:>-}§\ L}jlé.” Jﬁ{ QK)

OO Al oy 45 Bl 3 dmy o) ole Y S ) e 2 g ) e
Ol Gan e 8Ll (2,81 e @bl Ll e

,,,,,

o kol S sk & ke aleB el Sllall ol

1 bl kel s Jp Al ol viad) I3 Liie e " a2uo Oles " OF
ey s Il 3 Ll

W3 e et Wlanzal 51 Lzzslie 5 4 S0 3k Lo AL L S " B o " 8]

£ A b 08 eSS izt Oles 2Bl oodl Gl Woas b e sl JL

52



luas 0Ky la notion de la distance L.l 056k Jlanzul " sue oy g wlal " e

o EY a3 e (s sliy o] L Ly oS5 oldl K et gl
Byl Tids 45, Geliinl 1ids 15 ety 5,0l &le oo by ) el w03l day s

Fonction de Mobius généralisée et formule d’inversion de

Rota )
s 11:50 e dad) cds ) ol ELp Aa8s 17 dmy (ol ¢11:47 Zeld) e OO oo
Welge 5 SIS Bl @) " Olde ust "

e K88 ol Bpl ) Al AL bad (sl 355, (anneau) W (o Wl pl
e e 3 s 38 5 4S5 Lk OV a4y 4

(Sl Yy Sl A K 535l Lyallay L M 0T 2y ol Wi Do " Glo ol g gse " 08
el g Wls J) 2] G ks 18 ol Redie ol - ) e 4285 29 Uy
SOl A" e LI Gl Ol el 3 I8 e JL T LT e e

Jo Ol a2 " ) as W sadl c8 )l e dads 15 4 ST (6l 438 60 5 oldl s sl
o2 5 I 1 SN 5ol T ety ol alsT e 1eS ST madl 1l oo ofely wolis

53



ol . o)l ke 48 17
Sl olae

Slad) K BV cp o bl i el G ek,

Slogall o b o) 5% ) ] (ST e ol

Ol e e sl GY o # B 3 5E 8 pae b

Sl Joladly | ot ¥ o Plie O3 e Y (‘T

SVl Yl 55101 % e Laly 5% Gy dally o1 L

Sl gy ol pdly 5 3 2l 2,31 JKEY,

@b Lol U ml)l gb )l o) gal gl - pall Byl T i 4B GL e s
Jo Gl aa dhau g 28/03/2018 slay Y1 esl) pil) Bde 3 U234 4B W OLY, 10 550
GV G Bl cadl G A ol o 3 GELY Gy b 30 5,14 1 20 L)
5 e ) (35,00 L Gl pl o gugn Sl g e sl 5 35 0l et 2L s
2 ) Lol SVslll 5 ol ol £l as 5 Sl it oGt s 3LV
veld! L Ll 32 e
Jl ¢ cap ¢ ot 3 o wdly ¢ @ S0 padl om Al 2] (gl flanae ) i)

elementry=elementaire 1 b 2 o8 La s .C,%-.\ Jo axdl LWL g ol sose :b%\?‘f:‘
e Ve 53K+ CSTU el gt Y Ol I ol @~ ¢y = avoid complex analysis
G sl S5y AU g e Al e Lf skl =negoiciant : i dl Wl g Gl 4l
Oysbis 15 Sl O pn gkl s o L6 3 3] ity Lo oy ¢ 0 2151 S
b ol g2 OV Jaid, o ls

AU AL sy L2 a5 ol s

II(z) In(x)

xz

54



N(z)=> 1~ m”(“"x).

p<z

o o e ALV V) el o 1101 s
(Hadamard) sl O b o ozl 3l os
QTC«'U} nl = p*.pp" o

sV 5l s 0K
S Ol o By ade e S Bl o

|+... = nl

(3] pans Tme 7y o ooy V)

€5 slael Sla o c 55 JL Lay
v P s P 3 o pall el dab Y Y Rl Y1 iy
Lol L]y GBI JIsu)

() -2 -2[E]

¢ Jadll

2n \ _ 2n!  p* E

() - ar - X[ X ]
AJJJAN WU—\ TS u“u\:) (u:u‘ d\jwj‘ W) f\)0< 2%]—2 Slhw‘o.\bdcdhﬂ\
|

< 2n ol Ly 2
Ak P <20 Jal o
2] =008 pr > 20 05 13)

55



O Sk Olsde a4 48

(n+1)(n+2)...(2n) - 2n
1%2...%n - n
Jofl o ont2 o ndn
1 2 n

.<2”)22"«:”—+k22
n k

11(2n) = TI(n) < 200 Lagl &

SK
-y
p<2n
L

gnz(ij) s> [ = [ =ateone.

n<p<2n n<p<2n
ol ud 7in” f" sl sl
oY N3, WII(2n) > "l"@ Ol L2y lain o

2" < ( o ) = pipln < (2n)10,

n
(B Je et TIn” a5l Jlesl
0l AL s op s e

)1



QUK Ol ) Ol iy
=0 ol ot o] 32
N1 ol oo 2 asis an Jal o e B O 2,8

[(2(2r) + 2ot < T(2(20))
e el <
1_6(F22‘j: 2r+1> 2
r+1 —
'% > % + 273—1 d%y
J(z) > xl:(lg) 01 LN\?TF’

nin(2) _ nin(2)  2n+2 In(2) _ z.In(2)
= In(2n) = In(z) ~ T4 In(x) = In(z)
22 <@ < 2% 4+ (1) ey In(2n) < n(z) <= 2n < oY

II(x) > II(2n)

Jo T sl ey vaadl 8y el gope 3N (B lanas Tld) s il oLtV 0ds 3
DU Sl dmele o) g Sl e e k) B35l L el Canm 5l (gl B
70 0 Byl Ly ol gl TN ol Bt ey o Blay Yl ol 0 o 3 %01 ) bk
K st pias ad) i o poly b g SN S0 slae1 3l 5 ol ol
Ci S g el o b F e 2F o
- Facteur direct ,» o)) L) JsV) O gl 0K
Facteur direct oleze & 0 211 &

Facteur direct Cu s

H %o 505 Sy 13 G J 4l Facteur direct 0,5 N C)t, Js « NaGyis,.5 G S
N deaze H £5H 5 N o AU eIl olidl G 055 et

NaG ol 25

:C)T AR —C
- o - :
sl QB N S adl WG = N.(kerr) s

-
-

N — G — N
r +— i(x) — roi=1ly

57



x € NNkerr S
4y
roi(zx)=x=r(r)=r=c=ec= NNkerr ={e}
G = N.(kerr) 03|
e

“kerr

QNO?O»J}JG—>N*

v €G (r(z) v € Hyx =r(x).(r(x)) 'z
N (r(x) 'z € H yr(z) € N s

{r (@) 1) = (@) () = e = (r(2) s € kerr)}
4y
H =kerr<G
53]
.G = N(kerr)
0l Olde a# o 4
vl B G oK 13| Ly 13] Facteur direct G 0,5 (i

el B T G N 0T 2 (1 el s el danly (=
v H =kerr<G S
xEG‘}?TJ:Lg.G

—=r(x)=e re HNN
—= roi(x) =e(x) = 2.
oY
roi=1idy.
830
HNN = {e}.

e dH < G @~ JFacteur direct N;ﬂ )] (<:
HNN={e} sG=N.H

ro: G — N
r=nh — n

K

. % Y — g

(100 =1d

1 : N — G
r — T

58



G J il Coml 2B N 03]

ORI PRV TN I 0y

Aut(Z) ~ (Z)* O Olsde agt gl

Vi € (Zy,)* fi € Aut(Zy,)
Jsls 'L (automorphisme) Aut(Zy,)

(a 35 Caw pa) f(1) =k : &2

zfois
folr) =k +k+---+k
4<sf'he>.¢~v
fil=a) = (=k) + (=k) + -+ (=k) = —fi(x)

C A A f(T) Cm
.AUt(Zn) ~ (Zn>* Ubl ~3-\..’>-) fk: A:kj

:di P
Aut ((Z/pZ)") =~ GL,(F,).

(Yuisy G 3030 &L@ LU Aut(G))
Lol G S sl
(Fp)" oo AN LG Ll L5 (Z/p2)"

d)‘ p S
f(Z/pZ)" — (Z/pZ)"

Va,y € (Z/pZ)" ;N €L { ;g;}w - ﬁ(l’() + f(y)

J(kx) =k.f(x) : 03
e [ ey
(Flas o) (Z/p2)" Jo M FL f O e oSc 03)

59

P\

.1

2



Ao Ms
Aut ((Z/pZ)") = GL,(F,).

SO(3) £ S0(3) oo Jols M S » Aut (SO(3)) *

Sl e Ll Wi U K 01 bl be s lada
Legsp 6 w60l 5005 malsld) 5001 e B Ty i) b 3l ol el ol 3y
YK

A ol b Bl Ul 5 )l

s 4,1 500
s 2505 o Bl ST S Al db 4K 5 )

S, ~ P.S.D
:( Le groupe symétrique ) & blall 5 o3l sp sl s ol 3 Sl ol Lf

Id— Ay S {~1,1} —1.

s:{-1,1} — S, s(1) =Id,s(—1) = 1.

H—G—>H
bl p
pos:ldﬁ
(e Jeszal) p =€ 1 sl
S, = ol L:.\?T ady i ks e 5yle sy ¢ Facteur direct J;Y\ s A e G JI5d A bae (f

A, x {—1,1}
NqG&iﬂ
S

p G — G/N B G
o - G/N NS }:G—NNU(N .

60



(%) — (1,1} ~ Z/2Z.

ZA.JC}

Y

S = A, x {—1,1}.

ol ey LT Ve 2285 30 3l (slall )] de yo Ol &l 3231 6 g ) sl 2
oy a5 4 L) 5 of s S BEMN IS

61



1: pslll C}Q\WJUB 18

%;L?w f"&;\ As

el Loy nd LA 3 Ll (o)1 i Uh oty ndl o 2800 s 2y b 5 e
) o V.i‘«)\};c )};;d-\ WS J.ila'J\ L} C4 Lf.\“ )92 Jle 5\:.“}“ - (GPS) (sU:J d)>- Lo
N VY A VA (AL I PPN SO 2= W Y- R PN | RO e et g e 50Ul
ROREIRARIE R
bols Gy, o 21 3l ) 2 ) el dol sl 30 oty o) o 3L I3 o Loy Wl Bl
wr 3V s AT b ey A Y N il L Loys W Gyti KU e 25 ol e
Bl G R pyeghe 8l 22 sam e ) U 3EY1 ©loy 2 aels DT Gl ol o
3l w55 OF my Slalia¥l eal ol i 51 s 3 obsudly Sl Il Car G315 e
3l 35 0y (ds? = 2d? — dr?)descd) B AT G Qs sladl i S Gl (K1)
S0 17 Jlonz] 3L g 15l sk 351 85 sl WY1 1 Jlestly 422 2 s
" 9‘)’!‘" Q}i}'_} JL&“T

Le 3kl oin SH lghoy o SUSI o Gyl 63k Faol dily bl Jlay ekl 3 6
bl ik el el el e 30 gl 2 gmen (3

1 s Nl Lolasal i el N TG dlar 3kl o83 Ly il % ad 55,4
el 39t I Yy sk wele Gandls aeld) G U gl ol D1 I3 clel) o
o éLAJ) S 3L ola @3—“ JS5s ) A O 5l S sl oK C?mﬂ\ oy e
QT3 ke ey ) g Sl Gl G 4 i Ve OF A ke el 3V O b
)l Baelae Uy 55 pmacd] Llanly (scimus) aea J bl 6l oslilaas anl 3V e
.Z\cLW.J\;\J.J,L&ﬂ&T{OKg\}b}@%}.\édgﬁby%ﬁ&gwf@}}

s Lo & G V) s B s Blomaall 087 a5l Jdls ol2l) 3L Y 55l 15 e
el (2l s ol 01 (S0 Yy B3t oy e ek B 3w 0T 5 L1 e ST
Lols By3 sl ol gl Sl ol
) gy ol ol 2l Lo Ve & s 3 A abyine s ol O gope SV 2L
S b sve e Jal e Lol e (077) J el ) 05 B2 0 i s 5y W)

62



rond A A Y By 3T sl a3 B8 sl ] s o KI5l - 20 53,52
e oS bl i K 6l e alls e Sl L ) e 3L b e 5l S e
e B afles o by mond sudl 31 15 a2l il B gose S 05 1y oo DIl
AT b Lied ) oy M oy Sl o ol 0% K2 e 35V
el i g e Wl 3 Al 5V Ll 052 565 e 3D 3L ods 5l
Al g 3l Bl 5LV O 554 K6 Y € el Lanll 55 (ol A preis o) Lo

Tl G ) eSSl el day 2 G e Cal) el 5001 G ol e
’ kA

63



2: sl (‘ﬁj‘ doero 45 19

‘.}“3;‘ 0 &~

This is the last day of the fourth version of the Math-camp organised in
EL-Oued, we began the day as usual by the lecture of D.DOU about the theory
of relativity and its application in the development of the global positioning
system.

First of all, Dou explained the relation between acceleration and gravity and how
we can generate or eliminate "locally” the gravitational field by choosing an
appropriate state of motion , and this vision of A.Einstein given in his general
theory of relativity changes radically the concept of classical gravity defined by
[.Newton.In Einstein’s theory of relativity gravity is no longer a forcel.

DOU posed for us the following problem :

How to find the coefficients g; of the metric ds* = 3, . g;;(¢)dx'da’ under a
given condition ( Distribution of matter ..) ?

In general relativity, the problem becomes solving the fundamental field equation
formulated by A.Einstein : R;; — %gin = oT;j, where R;; is the Ricci tensor
and Tj; the energy momentum tensor and R the scalar curvature.

There is no general solution to the previous equation, however under some
conditions and assumptions one can find explicit solutions, for example in the
case where distribution of matter has a spherical symmetry, the solution is given
by the schwarschild metric :

2GM

r

ds? = (1 — )Edt* — dr? — r*(sin*0d¢ + d6?)

2GM
1 - T

MOUSSA asked DOU about the application of all these results in the GPS !
DOU explained first that the metric used in the modelization is not the
Euclidean metric but a different one, if we use the Euclidean metric to set and
synchronize clocks on satellites and earths (in different places), the clocks will
beat at different rates and errors will accumulate fast and lead to inaccurate
results in positioning rendering the whole system useless.
After a break of 15 minutes, Moussa started his lecture about Number Theory,
the problem was to find a function that gives only prime numbers .
We start by proving that there is no canstant polynomial in Z[X]| that gives only
prime numbers, then Moussa gave us an example of a function that gives only
prime numbers :

j=s -n
d(n) = lim lim Y [l — cos?(22)2]

r—+00 s—+00 < ) n
J:
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Finally, we proved that for some 6 in R, [#*"] is prime by proving the existence of
a prime sequence (p,), such that p? < p,.1 < (p, +1)3 -1

After another break of 10 minutes, Samir treated the last part of the subject of
aggregation (weierstrass-stone theorem), in this part we study the algebraic
properties of the ring of continuouse function on a compact space X noted C(X),
we defined some notions as the ideal, maximal ideal, the quotient of a ring by a
sub-ring, prime ring,algebra..

The goal of this part is to define a functor from the category of topological
spaces to the category of algebras by proving that X and Y are homeomorphic if
C(X) and C(Y) are isomorphic.

Samir began by proving that for any ideal of C'(X) the set V(a) is closed in X
and itsn’t empty, then he gave some properties of V(a) like :

V(ab) =V(a) UV (b) and a Cb = V(a) C V(b), he proved also that for any
ideal a we have : V(I(a)) = A.

Samir stopped here to go eat dinner.
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C’est sous un ciel d’un bleu azur que s’est déroulée la derniére matinée de ce
Mathcamp printanier. Le soleil, a son zénith, embrasse la ville d’El oued de ses
rayons espiegles. Il est midi. Pour le déjeuner, nous sommes invités a un mariage.
Nous déjeunons sous le rythme des tambours et des coups de feux traditionnels.

A 14000, de retour au college qui abrite le Mathcamp, nous entamons le dernier
cours présenté par Samir Bekkara. Celui-ci s’attele a la démonstration du dernier
résultat du sujet de l'agrégation portant sur le théoreme de Weierstrass, a savoir:
deux espaces métriques compacts X et Y sont homéomorphes si et seulement si les
R-algébres C(X) et C(Y) sont isomorphes.

A 15h02, une salve d’applaudissements marque la fin de la séance.

M. Zeghib prend alors la parole pour commenter ce dernier résultat, loin d’étre
anodin : “Nous venons de voir, dit-il, qu’a tout espace métrique compact est
attachée la R-algebre C (X). Une question naturelle se pose: toute algébre provient-
elle d’un compact?”.

Mohamed ne comprenant pas sa question, il la reformule : “toute algébre s’écrit
t-elle C(X) ot X est un espace compact?”. Le silence régne dans 'assistance qui
écoute attentivement le professeur. il continue :  “Les C*-algebres proviennent
d’espaces compacts, ce sont des algébres normées”. "Connaissez-vous la géométrie
non-commutative?”, demande t-il. Réponse négative du public. il enchaine : La
géométrie non commutative a été introduite par le médaillé fiels francais Alain
Connes et puise son intérét de la physique. Cette théorie s’inscrit dans une tenta-
tive d’unification des champs physiques fondamentauz : le champ de gravitation,
le champ électromagnétique, les forces nucléaires faibles et fortes. En effet, les
physiciens pensent que tous ces champs peuvent étre déduits d’un seul champ.

M. Zeghib releve ensuite une analogie entre le theme de Mehdi, en particulier
le résultat selon lequel Aut(S,) = Int(S,) si n # 6, et le probleme de Weierstrass
; analogie que je n’ai personnellement pas bien comprise et que je ne pourrai donc
pas développer dans ce rapport.

C’est avec une nouvelle salve d’applaudissements que prend fin la prise de pa-
role de M. Zeghib.

Il est 15h22.

"Quelqu’un aurait-il un dernier mot a dire avant la cloture?”, questionne M.
Zeghib. I’agitation gagne l'assistance. Personne ne semble vouloir s’exprimer face
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au public. M. Zeghib désigne Mehdi enturbanné d’un foulard traditionnel (dont le
nom m’échappe). Ce dernier tente de se tirer subtilement de cette situation incon-
fortable en proposant Mesbah. Mesbah, volontaire quoique assez perplexe, monte
sur 'estrade mais face a 'agitation générale, reprend sa place un instant plus tard
sans avoir dit un mot. Soheib se leve pour déclamer deux vers qu’il a écrits que je
n’ai malheureusement pas pu entendre a cause du bruit qui régnait dans la salle.
De son coté M. Zeghib est toujours a la quéte de celui ou celle qui dira un petit
mot sur le Mathcamp. Mehdi, taquin, demande si on a le droit de faire des cri-
tiques. C’est finalement Afaf qui monte adresser ses remerciements a ’association
El Khawarizmia et a M. Zeghib sans qui rien de tout cela n’aurait été possible. A
leur tour, Samir, Moussa et Mehdi donnent leurs impressions sur cette quatriéme
rencontre mathématique. Samir observe une évolution positive du Mathcamp.
"L’esprit du Mathcamp a évolué, dit-il. “Les étudiants s’investissent plus et met-
tent plus de soin a la préparation de leurs exposés. Je les encourage a faire encore
plus d’efforts car ils doivent encore s’améliorer.” Samir leur reproche cependant
de brider leur curiosité en se désintéressant de certains themes. “Intéressez vous
a toutes les mathématiques, avalez tout ce qui se présente a vous!”. 1l termine en
soulignant la difficulté d’organiser de telles rencontres et la grande responsabilité
qui incombe aux organisateurs. Une longue ovation salue son discours. Moussa
souhaite a tout le monde beaucoup de réussite et propose d’intégrer un programme
adapté aux lycéens. ”Inshallah vous serez tous médaillés Fields!” conclut-
il. Quant a Mehdi, il remercie les organisateurs d’El Oued pour leurs efforts et leur
accueil chaleureux. Il remercie également Faycel et Abdelmouksit pour les sujets
qu’ils ont préparés, bien qu’ils n’aient pas pu étre présents. Mehdi exprime sa dé-
ception face au manque d’intérét pour son theme ”le produit semi-direct” surtout
devant les efforts fournis par son collegue Monsieur Raffed, lui aussi absent de ce
Mathcamp, pour préparer ce sujet. Il renforce les propos de Samir en encourageant
les étudiants a s’intéresser a toutes les mathématiques sans discrimination.

Pour finir, Haythem adresse ses remerciements a tous les organisateurs et
les professeurs qui se sont investis dans cette aventure et souhaite le meilleur
pour tout le monde. Entre temps, les organisateurs préparent la cléture. Du
haut de I'estrade, un des organisateurs annonce la fin du Mathcamp et invite M.
Abdellaoui, président de ’association El Khawarizmia, M. Lekhdar, ancien en-
seignant, M. Zeghib, initiateur du Mathcamp et Hamza Khlif, enseignant de lycée,
a s’avancer. Des membres de I'association font leur entrée et prennent place a leurs
cOtés. Le chairman invite quelques enseignants et étudiants a les rejoindre pour
prendre quelques photos. Une attestation d’honneur est remise a M. Lekhdar qui
exprime sa gratitude et sa joie d’étre présent a cet événement. Quelques membres
de 'association prennent la parole pour s’exprimer sur cette rencontre, raconter
quelques anecdotes et remercier M. Zeghib pour cette noble initiative.
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A 16h23, la distribution des attestations de participation commence. Une at-
testation est remise a M. Zeghib et a chacun des enseignants ayant présenté des
cours durant le Mathcamp, dans 1’ordre suivant:

Khaled
Abdelfetah
Djamel Dou
Moussa
Mehdi
Samir

Hamza Khelif.

La cérémonie se poursuit par des remerciements a toutes les autres personnes
impliquées dans 'organisation, a savoir:

Belkassem Belhadi

Brahimi

Mohamed Larbi Ben Larbi

Hacen Meftah

Mohamed Moumen Dekkouch (responsable de 1'excursion)
Ahmed Chihani

La superette Benassi

La directrice du college

Le ministre de 1’éducation

Le cuisinier.

Apres cela, Dahmane, Mesbah, Alla eddine et moi méme montons sur 'estrade
pour dire quelques mots de remerciements. La cérémonie de cloture se termine
par un discours de M. Zeghib. C’est la fin d'une belle aventure mathématique et
humaine!

SMAT Rym.
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