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Résumé

Cette these porte principalement sur les limites de diffusion fractionnaire pour des équa-
tions cinétiques avec équilibre & queue lourde. L’objectif est d’améliorer et de généraliser
la méthode spectrale développée par Gilles Lebeau et Marjolaine Puel pour I’équation
de Fokker-Planck en dimension 1 en toute dimension. Dans un travail en collaboration
avec Marjolaine Puel et inspiré des travaux de Herbert Koch pour I'équation de KdV
non linéaire, nous avons construit un couple-propre, solution du probléme spectral as-
socié a l'opérateur de Fokker-Planck. Ce résultat, établi d’abord en dimension 1 puis
généralisé en dimension supérieure, a pour conséquence directe la limite de diffusion pour
I’équation de Fokker-Planck. La valeur propre donne la bonne échelle en temps ainsi que
le coefficient de diffusion, tandis que la fonction propre est utilisée comme fonction test
dans la méthode des moments. Ces résultats ont été obtenus de maniére indépendante
aux travaux récents d’Emeric Bouin et Clément Mouhot (2022), qui ont été réalisés un
probléme spectral et des techniques différents.

La deuxiéme partie de cette thése porte sur 1’étude de propagation de régularité
Gevrey pour les solutions du systéme de Vlasov-Navier-Stokes. Dans ce systéme couplé
de ’équation cinétique de Vlasov et des équations macroscopiques de Navier-Stokes, nous
montrons que pour une donnée initiale dans la classe de fonctions Gevrey, la solution
du systéme va rester dans la classe Gevrey tant qu’il existe des solutions Sobolev. On
utilise une méthode basée sur des estimations d’énergie et la caractérisation de la classe
Gevrey par Fourier et les espaces de Sobolev. Cette méthode est inspirée des travaux de
Levermore et Oliver, Kukavica et Vicol pour Euler et Velozo Ruiz pour Vlasov-Poisson.

Mots clés : limite de diffusion, diffusion fractionnaire, équations cinétiques, équation
de Fokker-Planck, équation de Boltzmann linéaire, équilibre & queue lourde, probléme
spectral, solution-propre, méthode spectrale, régularité Gevrey, propagation de régularité,
systéme de Vlasov-Navier-Stokes.






Abstract

This thesis mainly deals with fractional diffusion limits for kinetic equations with heavy-
tail equilibrium. The objective is to improve and generalize the spectral method developed
by Gilles Lebeau and Marjolaine Puel for the Fokker-Planck equation in dimension 1 to
any dimension. In a work in collaboration with Marjolaine Puel and inspired by the
work of Herbert Koch for the nonlinear KdV equation, we have constructed an eigenpair,
solution to the spectral problem associated with the Fokker-Planck operator. This result,
first established in dimension 1 then generalized in higher dimension, gave as a direct
consequence the diffusion limit for the Fokker-Planck equation. The eigenvalue gives the
correct scale in time as well as the diffusion coefficient, while the eigenfunction is used
as a test function in the moments method. These results were obtained independently of
recent work by Emeric Bouin and Clément Mouhot (2022), which used a different spectral
problem and different techniques.

The second part of this thesis deals with the study of propagation of Gevrey regularity
for the solutions of the Vlasov-Navier-Stokes system. In this coupled system of the kinetic
equation of Vlasov and the macroscopic equations of Navier-Stokes, we show that for an
initial datum in the class of Gevrey functions, the solution of the system will remain in
the Gevrey class as long as Sobolev solutions exist. We use a method based on energy
estimates and characterization of the Gevrey class by Fourier and Sobolev spaces. This
method is inspired by the work of Levermore and Oliver, Kukavica and Vicol for Euler
and Velozo Ruiz for Vlasov-Poisson.

Keywords: diffusion limit, fractional diffusion, kinetic equations, Fokker-Planck equa-
tion, linear Boltzmann equation, heavy-tail equilibrium, spectral problem, eigen-solution,
spectral method, Gevrey regularity, propagation of regularity, Vlasov-Navier-Stokes sys-
tem.
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Structure et langue du manuscrit

Cette thése est constituée de six chapitres. Le premier (Chapitre 0) est rédigé en langue
francaise et constitue une introduction générale, présentant un résumé des résultats obtenus
durant la theése. Ces résultats sont ensuite exposés en détail dans les cing chapitres suiv-
ants, qui sont rédigés en langue anglaise.

Structure and language of the manuscript

This thesis consists of six chapters. The first one (Chapter 0) is written in French and is
dedicated to a general introduction, providing a summary of the results obtained during
the thesis. These results are then presented in detail in the five subsequent chapters,

which are written in English.
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Introduction et synthése

Cette these porte principalement sur les limites de diffusion fractionnaire pour des équa-
tions cinétiques telles que Boltzmann linéaire et Fokker-Planck, avec « équilibre a queue
lourde » ou ce qu’on entend parfois par équilibre a décroissance lente. Ce sujet est 'objet
des Parties I et II. Enfin, la Partie III porte sur I’étude de la propagation de régularité
Geuvrey pour les solutions du systéme de Vlasov-Navier-Stokes (VNS).

Ce chapitre est structuré comme suit : nous commencons par une motivation théorique
pour I’étude des limites de diffusion et la présentation des différentes échelles de descrip-
tions dans la premiére section. La deuxiéme et la troisiéme sections sont consacrées
aux théorie cinétique et équations macroscopiques respectivement, ot nous donnons des
exemples d’équations classiques dans chacune, avec plus de détail pour les équations
sur lesquelles nous reviendrons dans ce manuscrit. La quatriéme section est dédiée au
contexte historique des limites de diffusion pour les équations de Boltzmann linéaire et
Fokker-Planck et a la dérivation formelle de ’équation de diffusion de ces deux derniéres.
Enfin dans la section cing, nous présentons les principaux résultats obtenus pendant la
these.

0.1 Motivations et cadre de la thése

L’objectif de la partie principale de cette theése est de justifier rigoureusement la déri-
vation de I’équation de diffusion fractionnaire (qui est une équation écrite au niveau
macroscopique) du modeéle cinétique de Fokker-Planck avec équilibre a queue lourde (qui
est une équation écrite au niveau mésoscopique), et dans ce cadre le probléme mathé-
matique central abordé dans ce travail consiste a construire un couple-propre "fonction
propre - valeur propre" pour 'opérateur de Fokker-Planck, en tenant compte de la partie
advection.

Derriére cette question on trouve une motivation théorique, puisque le passage entre
deux niveaux de descriptions présente une partie du sixiéme probléme de Hilbert comme
nous allons le voir dans la sous-section qui suit, et on trouve une motivation d’un point de
vue application comme nous allons le voir dans la sous-section 0.4.1, puisque I’équation
dérivée est beaucoup plus simple que ’équation de départ.

1



0.1. MOTIVATIONS ET CADRE DE LA THESE

L’objectif de la derniére partie est d’étudier la propagation de régularité des solutions
du systéme de VNS qui sont dans la classe de fonctions Gevrey (ou analytiques réelles),
c’est-a-dire, pour une donnée initiale dans la classe Gevrey (ou analytique), est-ce que la
solution du dernier systéme — tant qu’elle existe — va rester dans la classe Gevrey (ou va
rester analytique) 7 et quelle est la relation entre le rayon de régularité (ou d’analyticité)
de la solution au temps t > 0 et au temps initial t =0 7

0.1.1 Le sixiéme probléme de Hilbert

Le sixiéme probléeme de Hilbert est une motivation théorique de I’étude de limite hydro-
dynamique dont la question est : peut-on axiomatiser la mécanique, et en particulier :
Peut-on établir rigoureusement les équations fondamentales de la mécanique des fluides a
partir d’un modéle microscopique gouverné par les lois de Newton ¢

Ce célébre probleme de physique statistique a été étudié de fagon intensive, comme en
témoigne "abondance des travaux cités dans les ouvrages de synthése [Spol2] et [KL9S§].

D. Hilbert proposait de passer des équations de Newton a 1’équation de Boltzmann,
puis de I'équation de Boltzmann aux diverses équations de I'hydrodynamique comme il
I'énonga a 'occasion du Congrés international des mathématiciens en 1900 [Hil02] : « le
livre de M. Boltzmann sur les Principes de la Mécanique nous incite a établir et & discuter
du point de vue mathématique d’une maniére compléete et rigoureuse les méthodes basées
sur 'idée de passage a la limite, et qui de la conception atomique nous conduisent aux
lois du mouvement des continua. »

On perd ainsi de la généralité, car I’équation de Boltzmann ne peut aboutir qu’a une
classe restreinte d’équations hydrodynamiques, i.e. avec loi d’état des gaz parfaits. Ainsi,
il est intéressant de regarder des différents modéles cinétiques.

Le passage d’un systéme de particules gouverné par les lois de Newton aux équa-
tions cinétiques est le cadre de ce qu’on appelle « limite de champ moyen », tandis que
le passage des équations cinétiques aux équations hydrodynamiques s’appelle « limite
(ou approximation) hydrodynamique ». Pour autant, chacune des deux étapes demeure
extrémement délicate.

On présente les différents passages entre les différentes échelles et équations dans le schéma
suivant :



CONTENTS

Lois de Newton : limite de champ moyen Equati inéti
uation cinétique
2N — EDO by Anerion et
i i (mésoscopique)
(microscopique)

limite hydrod i
VI probléme de Hi mmite hydrodynamique

Equation hydrodynmique

(macroscopique)

La limite de diffusion — que nous allons voir plus en détail dans la section 0.4 — rentre
dans le cadre des limites hydrodynamiques. Afin de mieux comprendre ces passages
entre les différents modéles, nous allons présenter les différentes échelles ou niveaux de
descriptions dans la sous-section qui suit.

0.1.2 Différentes descriptions et modéles

Un gaz, ou tout autre systéme constitué d’un nombre trés grand de particules, peut étre
décrit de plusieurs maniéres différentes et dans différentes échelles. On peut le décrire par
exemple d’'une maniére trés précise en suivant le mouvement de chaque particule, comme
on peut se placer un petit peu plus loin et regarder un nuage de particules au lieu de
regarder les particules de prés "une par une", comme on peut aussi mesurer certaines
quantités — les observables — qui peuvent nous fournir des informations intéressantes telles
que la température, la vitesse, la pression etc.

Dans cette sous-section, nous allons présenter trois niveaux de descriptions, & savoir :
microscopique, macroscopique et mésoscopique, et nous précisons dans chacun le modéle
qui correspond : systéeme d’EDO ou EDS, équations hydrodynamique et équations ciné-
tiques. Il existe d’autres modéles, que nous n’allons pas présenter ici, et qui jouent un
role trés important dans différents domaines tel que la physique, on peut citer les modéles
quantiques (voir [Lafl9] pour la description, des exemples ainsi que le passage vers un
autre modele).

0.1.2.1 Description microscopique

L’échelle microscopique englobe toutes les notions physiques — grandeurs, éléments consti-
tuants, mouvements, phénomeénes — dont la manifestation a lieu dans un domaine spatial
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indiscernable & I'ceil nu, c’est-a-dire de dimension inférieure au dixiéme de millimétre!.

Considérons par exemple la modélisation mathématique d’un gaz formé d’une assemblée
de N particules identiques en interaction (ou N est trés grand, typiquement de Iordre
du nombre d’Avogadro & 6.23 x 10?*) évoluant dans l'espace R? (d = 3 étant le cadre
le plus naturel). Ainsi, si I'on suppose que la position x; et la vitesse v; sont suffisantes
pour décrire I'état d’une particule p;,2 = 1,..., N, alors ’état du gaz est défini par un
point représentatif dans 1’espace des phases (]Rg X ]Rg)N. Une telle description est dite
MICTOSCOPIGUE.

On peut alors écrire les lois de Newton sous la forme d’un immense systéme de 2N
équations différentielles du premier ordre, faisant intervenir les positions (z;(t))N, et les
vitesses (v;(t))Y, de toutes les particules, ainsi que les forces d’interactions (F;(¢))N, :

0(t) = Fi(t), t=0.

La force F est donnée selon les situations, donnons deux exemples classiques :

e Le premier est le plus simple, c’est le cas ot les forces sont nulles, c’est-a-dire que les
particules sont uniquement soumises a leurs inerties et se déplacent “librement” en
ligne droite :

<
~
—~
~+
~—
I
&
—
(=}
~—
8
~
~—~
~+
~—
Il

2;(0) +tv;(0),  VE=0,Vie{l,...,N}.  (0.1.1)

e Le second correspond au cas ou les particules interagissent deux a deux via un po-
tentiel d’interaction ® = ®(z), dans ce cas :

Fit) = = Va®(i(t) — 2;(t)). (0.1.2)
J#i
Cette situation a lieu par exemple lorsque les particules sont chargées positivement
et se repoussent mutuellement mais que le gaz est suffisamment dilué pour que les
interactions faisant intervenir plus de deux particules soient négligées.

0.1.2.2 Description macroscopique

L’échelle macroscopique englobe toutes les notions physiques — grandeurs, éléments consti-
tuants, mouvements, phénomeénes — dont la manifestation est observable (au contraire de
microscopique), soit directement, soit par I'intermédiaire d’un instrument d’observation
ou de mesure. Ainsi, le monde macroscopique est constitué de tout ce qui peut se mesurer
et s’observer a notre échelle. La taille des objets décrits varie du millimétre a quelques
dizaines de métre.

1Te monde microscopique est constitué de ce qui est trop petit pour étre observé directement.
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Au niveau microscopique, la modélisation mathématique nous conduit a des systémes de
N équations différentielles. Dans une description macroscopique, on rencontre plutot des
modeéles “hydrodynamiques”, donc des équations aux dérivées partielles de la physique ou
de la mécaniques des fluides telles que les équations d’Euler et Navier-Stokes, I’'équation
de la chaleur ou diffusion, I’équation des ondes ...

0.1.2.3 Description mésoscopique

Le niveau mésoscopique est un niveau de description intermédiaire entre les deux niveaux
précédents, c’est-a-dire le niveau microscopique et le niveau macroscopique.

En thermodynamique, I’échelle mésoscopique est suffisamment étendue pour inclure un
grand nombre de particules (de telle sorte que leurs propriétés statistiques ne fluctuent
pas significativement), tout en restant suffisamment fine pour que les grandeurs thermo-
dynamiques (pression, température, etc.) restent locales (ponctuelles a ’échelle macro-
scopique). L’échelle mésoscopique dépend donc de la densité des corps étudiés : de 1'ordre
du nanomeétre pour les corps condensés, jusqu’a plusieurs centaines de kilométres pour
des gaz raréfiés.

A ce niveau de description, on trouve les équations cinétiques® que nous allons voir un
peu plus en détail dans la section qui suit.

0.2 Théorie cinétique

L’objet de la théorie cinétique est la modélisation d'un gaz (ou plasma, ou tout autre
systéme constitué d’un grand nombre de particules) par une fonction de distribution dans
I’espace des phases associé aux atomes. Nous supposerons toujours ce systéme constitué de
particules identiques, non relativistes, non quantiques, ayant pour seuls degrés de liberté
des mouvements de translation. Sous ces hypothéses simplificatrices, si le gaz est contenu
dans un domaine (borné ou non)  C R? et observé sur un intervalle de temps [0, 7] (ou
[0, +00]), le modéle associé est une fonction f(t,z,v) positive définie sur [0,7] x  x R%.
La distribution f(¢,z,v), représente la densité de particules qui se trouve au temps ¢ a la
position x avec une vitesses v.

Dans cette description, les grandeurs macroscopiques mesurables (les “observables”)
peuvent étres exprimées en fonction d’intégrales de la forme [ f(¢, z,v)p(v)dv. En parti-
culier (en variables adimensionnées), en un point x et a I'instant ¢, la densité locale p, la
vitesse macroscopique locale u et la température locale 1" sont définies par

p::/f(t,x,v)dv, pu ::/f(t,x,v)vdv et plul* +dpT ::/f(t,x,v)|v|2dv.

2Le mot cinétique qualifie qu’on prend en considération les vitesses des particules.
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De maniére générale, les équations cinétiques se décomposent en deux parties, une
partie transport, qui traduit le fait que les particules se déplacent avec une vitesse v en
suivant des lignes droites, et une partie force qui traduit le fait que le mouvement des
particules est dii a une force extérieure ou juste aux collisions des particules entre elles
par exemple. Elles prennent la forme suivante :

Of +v-Vauf =Q(f). (0.2.1)

Dans le reste de cette section, nous allons donner quelques exemples classiques et fon-
damentaux dans la théorie cinétique, chacun ayant son domaine de validité. Commengons
par ’équation de Boltzmann [Bol72]. Cette équation modélise un gaz suffisamment
raréfie®, dans lequel les particules interagissent par des collisions élastiques, réversibles,
localisées et instantanées? (voir [Vil98], [Cer88] et [Cer00] et les références incluses pour
I’étude mathématiques et les applications de cette équation, ou de ses variantes, a des
problémes théoriques ou concrets). On note par Qg 'opérateur de collision quadratique
de Boltzmann défini par

Qu(f, f)(z,v) = //]R . B(|v. —v|,0)(f' f. — ff.)dv.do, (0.2.2)

ou l'on a utilisé la notation classique ' = f(x,v'), f. = f(z,v.) et fl = f(z,v]) et on

(v',v]) et (v, v,) sont les vitesses avant et aprés le choc respectivement, de deux particules
v —v d—1 (s
= € S donne les différents

v —vl]

angles possibles aprés collision. Le noyau de collision B s’appelle la section efficace.

qui subissent une collision et le vecteur unitaire o =

L’équation (0.2.2) implique la conservation de la quantité de mouvement et de ’énergie
cinétique au cours des collisions (sous I’hypothése de chocs élastiques pour cette derniére).

Mais commencant d’abord par étudier I’équation cinétique la plus basique. C’est le cas
lorsque les particules ne sont soumises a aucune force, elles se déplacent en ligne droite et
leur densité f = f(¢,x,v) suit ce qu’on appelle I’équation de transport libre :

Of+v-Vuf=0,

qui est la formulation cinétique du modeéle (0.1.1), et dont la solution n’est rien d’autre
que la translation de la distribution a l'instant initial :

ft,z,v) = folx —tv,v).

Lorsqu’en revanche les particules sont soumises & une forces extérieure F' (& valeur
dans RY), il convient d’ajouter un terme modélisant l'effet de celles-ci, on obtient alors

3Cette hypothése permet de négliger les collisions faisant intervenir plus de deux particules.
4C’est-a-dire se déroulant sur des échelles de temps et d’espace trés inférieures aux échelles macroscopique.
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I’équation de Vlasov. Cette équation décrit 1’évolution temporelle de la fonction de
distribution f des particules dans un plasma ou un faisceau de particules chargées en
négligeant 'effet des collisions binaires. Elle intervient par exemple dans la description
des plasmas qui apparaissent en astrophysique pour décrire les étoiles, les gaz interstel-
laires et le vent solaire ..., comme elle intervient aussi dans de nombreuses applications
industrielles. Elle a été obtenue par Anatoli Vlassov [Vla] et s’écrit :

Of +v-Vof +F -Vof =0. (0.2.3)

Selon la force F exercée (ou prise), cette derniére équation peut nous conduire a
plusieurs autres équations ou méme systémes couplés d’équations tels que Viasov-Poisson,
dans le cas ou F est une force électrique qui dérive d'un potentiel & = ®(z) (i.e. F = V,P)
et que ce dernier satisfait une équation de Poisson, Viasov-Mazwell dans le cas d’une force
¢lectromagnétique, etc.

Nous terminons cette section par deux autres exemples — sur lesquels nous reviendrons
dans ce manuscrit — que nous allons présenter dans les deux sous-sections qui suivent.

0.2.1 Equation de Boltzmann linéaire

Dans le cas ot I'on considére un ensemble de particules diluées dans un milieu a 1’ équilibre
thermodynamique (que nous allons préciser) dont on connait le profil des vitesses F(v),
I'équation de Boltzmann linéaire donne un modéle simplifié, qui prend la forme (0.2.1)
avec () donné par

Q(f) = /R b(z, v, 0.)(f.F — fF.)du., (0.2.4)

ou l'on a utilisé les mémes notations que dans (0.2.2).

Par définition, une distribution F'(z,v) est appelée équilibre local pour une équation
cinétique collisionnelle, si elle est invariante par ’action de 'opérateur de collision :

Q(F) = 0.

L’étude de cette équation dépend du noyau de collision b ainsi que 1’équilibre F'.
Dans ce qui suit, nous allons donner des hypothéses standards et classiques sur le noyau b,
et nous terminons la sous-section par une proposition qui résume les principales propriétés
de Uopérateur Q.

Tout d’abord, posons ¢ := o(x,v,v.) := b(x,v,v.)F(v). L'opérateur de collision @
peut étre décomposé en un terme de “gain” et un terme de “perte” comme suit :

QUf) =Q7(f) —Q (f)
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avec
QD= [ olwrv )il e Q) =vwalf (029
R
ou v est la fréquence de colliston définie par

v(z,v) = /Rd b(z,v,v,) F(v,)dv, = /Rd J(m,v,v*)%dv* = Q;((f)’) (0.2.6)

Notons que sous des hypothéses raisonnables sur la section efficace o (ou sur le noyau
b = oF1), lexistence d’une unique fonction d’équilibre F(z,v) > 0 satisfaisant

Q(F)=0 et / F(z,v)dv=1 p.pt. zcR%
R4

est en fait une conséquence du théoréme de Krein-Rutman (voir [DGP00] pour plus de
détails). Un cas particulier dans lequel cette condition est satisfaite est lorsque b est tel
que :

e Une fonction positive, localement intégrable dans R3? et pour tout z,v, v, € R,
b(z,v,v,) = b(z, vs,v).

Dans ce cas, on dit que la section efficace o satisfait un principe d’équilibre détaillé
ou un principe de micro-réversibilité.

Sinon, I'hypothése que nous allons donner maintenant concerne la continuité et la coer-
civité de 'opérateur Q).

e Supposons qu’il existe une constante positive C' tel que :

v(z,v.) d
— = F(v)dv. < C| , v € R
/Rd b, v.0.) (vy)dv, < C Va,v €

Dans tout le manuscrit, LP désigne l'espace LP avec la mesure wdv (ou wdvdz). Par
exemple, L2, ,(R?) est l'espace défini par

L2 (RY) = f:Rd—>R;/ \f|2zdv<oo .
Rd F

Alors, sous les deux derniéres hypothéses sur b et si on suppose de plus que F' € L1(R?),
on a la Proposition suivante :

Proposition 0.2.1. Soient f et g deux fonctions dans L2, (R?). Alors, nous avons les
assertions suivantes :

1. L'opérateur Q : L) — L' est borné et conservatif, ainsi l'équation (0.2.4) préserve
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la masse totale de la distribution f° et on a :
Q(f) dv =0, pour tout f € L}(R%).
d

2. L’opérateur QQ est auto-adjoint par rapport & la mesure 5% d” :

dv dv
or / / Ql 0.27)
3. L’opérateur %Q est borné dans L?,F,l et est dissipatif. De plus,
o vdv 2
Q(f) < |f— pF|> —, Vf€Ljp. (0.2.8)

4. Le noyau de Q) est de dimension 1 et est engendré par F :  Ker(Q) = (F).
Les points de la Proposition au dessus ont été récolté dans [MMM11, Mel10, DGPO00].

Des exemples ot toutes les hypothéses et propriétés précédentes sont satisfaites et
lorsque b est donnée par :

b(z,v,v,) = vo(2)(v)? (1,)? ou bz, v,v,) = v(z)(v —v,),

avec 0 < 71 < vo(z) < 7 pour tout * € R et B € R tel que, (v)PF € LY(R?) et on
(v) := /1 + |v]2. Dans les deux cas, on obtient

0 <1 (v)? < v(x,v) < V), Va,v € R%. (0.2.9)

L’inégalité (0.2.9) et les conditions qui précédent la Proposition 0.2.1 sont également
remplies pour un noyau de collision (plus physique) satisfaisant le principe d’équilibre
détaillé donné par

b(z,v,v,) = vo(z)|v — v, °.

Voir Remarks & Examples 3.1 dans [MMM11]| pour une discussion des hypothéses sur la
section efficace, et Lemma 6.1 pour la preuve des énoncés dans certains cas.

Dans ce dernier exemple, le noyau b présente une singularité au point v = v, pour des
valeurs de (8 assez négative. Ainsi, on 'opérateur () devient non local. On revient sur ce
point dans la sous-section 0.3.2.

Dans tous les exemples précédents, si 8 est non nul, la fréquence de collision v
n’est pas bornée par deux constantes strictement positives (ce qui est di au fait que la
section efficace n’est pas bornée et dégénére pour les grandes vitesses), et 'inégalité (0.2.8)
présente deux mesures différentes dans les deux intégrales de I'inégalité. Ainsi, 'opérateur
@ n’a pas de trou spectral.

SPour F€ L. ona: L’%F,l C Li.
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0.2.2 Equation de Fokker-Planck

Un autre exemple d’équation cinétique tres utilisée en physique des plasmas est I’équation
de Fokker-Planck cinétique. Cette équation décrit d’'une maniére déterministe le
mouvement Brownien des particules. Elle prend aussi la forme (0.2.1) ou l'opérateur
collisionnel () est un opérateur différentiel cette fois-ci, donné par

Q(f) = div, (Fvv (%)) = A, f + div, (B, (v) f). (0.2.10)

En utilisant la théorie des probabilités, on peut écrire I’équation de Fokker-Planck d’un
point de vue Lagrangien semblable & celui du modeéle a N particules. Dans ce cas, X ()
et P(t) deviennent des variables aléatoires et on obtient une équation stochastique qui
s’écrit

dX = Pdt,
dP = —E,(P)dt + dB,

ou B = B(t) désigne le mouvement brownien. On voit que le Laplacien, qui correspond
au mouvement Brownien, peut étre vu comme étant un terme aléatoire di a 'agitation
thermique alors que la force F, peut étre vue comme correspondant & une force de friction
sur les vitesses. On peut retrouver des modéles de type Fokker-Planck en effectuant une
limite dite de collisions rasantes a partir d’une équation de Boltzmann Linéaire (voir par
exemple [LT04]). L’opérateur de Fokker-Planck présente aussi de nombreuses similitudes
avec 'opérateur de Landau, voir partie II, chapitre 3 dans [Vil98| pour les liens entre ces
deux derniers.

Dans le reste de cette sous-section, nous donnons un théoréme d’existence de solu-

tions pour I’équation de Fokker-Planck ainsi que les principales propriétés de 'opérateur
différentiel ().

D’abord, on compléte les équations (0.2.1) et (0.2.10) par une donnée initiale fy. Ainsi,

(0.2.11)

Of+v-Vof =V, (FV,(£)), zeRLveR,t>0,
f(0,$,v) = fo(l’,?]), T € Rd,'U S ]Rd.

Le cadre fonctionnel de I’étude de I’équation (0.2.11) a été défini dans [NP15] ot nous
définissons les espaces fonctionnels ad hoc

YE(R*) .= LP(R% LV, (RY)), (0.2.12)
o /17
dy . . Tod .
Lgl,p(R).— {fR —)R, /Rdmdv<00}
et

iR ={f:R'—R; f/F e L>RY)}.
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On définit I'espace V par

2 2
V::{f:Rd—ﬂR/ﬁdv<ooet/ Vv(i) de<oo},
R4 F R4 F
V' étant son dual. Enfin, 'espace Y est donné par
Y :={feL’(0,T] xR, V); &f +v-V.f € L*([0,T] x R, V') }. (0.2.13)

Une fois les espaces fonctionnels sont définis, on peut énoncer la Proposition suivante :

Proposition 0.2.2 (|[NP15]). Soient f et g deux fonctions réguli¢res dans V. Alors, nous
avons les assertions suivantes :

1. Lopérateur Q est conservatif, ainsi l’équation (0.2.11) préserve la masse totale de la
distribution f et on a :

dQ(f) dv =0, pourtout feV.
R

2. L’opérateur Q) est auto-adjoint par rapport & la mesure d—; :

dv f 9\ o dv
— =— ol =] Vol = |Fdv= —. 0.2.14
[ano G = [ v(3)v(g)ra=[ roaw . 02
3. L’opérateur Q) est dissipatif :

RdQ(f) f %——/Rd m(%)

4. Le noyau de Q) est de dimension 1 et est engendré par F :  Ker(Q) = (F).

2
F dv <0. (0.2.15)

5. L’opérateur () est continu de V' dans V.

Remarque 0.2.3. Par analogie avec I'inégalité (0.2.8), 'opérateur de Fokker-Planck n’a
pas de trou spectral, dans le cas ou l'équilibre est de la forme F(v) = % par exem-
ple, puisque par linégalité de Hardy-Poincaré [BDGV10], sur laquelle on revient dans le
chapitre 3 (Lemme 3.2.5 et la Remarque qui le suit), on a :

|f = pF | dv f
Ssa [ < L V”<F>

oll Ag 4 est une constante strictement positive et p 6 est définie par

SPour 8 > d + 2, la fonction p peut étre remplacée par p := fRd fdv dans l'inégalité (0.2.16).

2
Fdv, VYfeV, (0.2.16)
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En revenant a I'inégalité (0.2.15), on obtient :

dv
(v)2F”

dv 2
Q — < —A — pF W V.
R (1 F < Wl/ﬂgd |f p ‘ Ie

On termine cette section par le Théoréme suivant :

Théoréme 0.2.1 (|[NP15]). Supposons que fo € Y2(R?*?). Alors I’équation (0.2.11) admet
une unique solution f dans la classe des fonctions Y .

La preuve de ce Théoréme est donnée dans [NP15]. Elle a été inspiré de [Deg86] et est
basée sur l'application du Théoréme de Lions |[Liol3].

0.3 Equations macroscopiques

La mécanique des fluides est un domaine de la physique consacré a I’étude du comporte-
ment des fluides (liquides, gaz et plasmas) et des forces internes associées. C’est une
branche de la mécanique des milieux continus qui modélise la matiére a l'aide de partic-
ules assez petites pour relever de 'analyse mathématique, mais assez grandes par rapport
aux molécules pour étre décrites par des fonctions continues. Elle comprend deux sous-
domaines : la statique des fluides, qui est 1’étude des fluides au repos, et la dynamique
des fluides ou hydrodynamique, qui est I’étude des fluides en mouvement.

La solution a un probléme hydrodynamique implique généralement le calcul de diverses
observables du fluide, tels que la vitesse u(t,z) € R? la pression p(t,r) € R, la densité
p(t,z) > 0 et la température T'(t,2) > 0, en tant que fonctions de 'espace R et du temps
t > 0.

Le reste de cette section est consacré a la présentation de quelques modéles hydrody-
namiques fondamentaux sur lesquels nous reviendrons dans ce manuscrit. Commengons
par les plus anciennes.

Equations d’Euler.

Ces équations décrivent 1’écoulement des fluides (liquide ou gaz) dans I'approximation des
milieux continus. Ces écoulements sont adiabatiques’, sans échange de quantité de mou-
vement par viscosité ni d’énergie par conduction thermique. L’histoire de ces équations
remonte a Leonhard Euler [Eul57] qui les a établies pour des écoulements incompressibles
(1757) et dont la relation avec la thermodynamique est due & Pierre-Simon de Laplace
(1816). Le systéme est donné par

(0.3.1)

Ou+ (u-Vy)u+ Vep=F,
Ve u=0,

7C’est a dire sans qu’aucun transfert thermique n’intervienne entre le systéme étudié et son environnement, ou encore
sans échange de chaleur entre les deux milieux.
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ot u := u(t,r) € R? représente la vitesse du fluide, p(t,z) € R désigne les forces de
pression, et F(t,z) € R? est la force externe.

Equations de Navier-Stokes.

Elles décrivent le mouvement des fluides newtoniens (donc des gaz et de la majeure par-
tie des liquides). La résolution de ces équations modélisant un fluide comme un milieu
continu a une seule phase est difficile, mais elles permettent souvent, par une résolution
approchée, de proposer une modélisation de nombreux phénomeénes, comme les courants
océaniques et des mouvements des masses d’air de ’atmosphére pour les météorologistes,
le comportement des gratte-ciel ou des ponts sous 'action du vent pour les architectes
et les ingénieurs, ou encore celui des avions, ainsi que 1’écoulement de ’eau dans un
tuyau et de nombreux autres phénomeénes d’écoulement de divers fluides. Ces équations
sont nommeées ainsi pour honorer les travaux de deux scientifiques du XIX¢ siécle : le
mathématicien et ingénieur des Ponts Henri Navier, qui le premier a introduit la notion
de viscosité dans les équations d’Euler en 1822 [Nav23|, et le physicien George Gabriel
Stokes, qui a donné sa forme définitive & I’équation de conservation de la quantité de
mouvement en 1845 [Sto51, Gall(] :

(0.3.2)

Ve -u=0,

ott v > 0 est la viscosité du fluide, u := u(t,r) € R? représente sa vitesse, p(t,z) € R
désigne les forces de pression, et F(t,z) € R? est la force externe. Le terme non-linéaire
u-Vu — également connu sous le nom de terme convectif — est générateur d’instabilité et
tenu pour responsable de ’écoulement turbulent du fluide dans certaines situations. Le

terme spécial ¥A,u est connu sous le nom de terme visqueuz®.

Les modéles précédents, comme les suivants, sont toujours complétés par des données
initiales et des conditions aux bord dans le cas des domaines bornés, ce qui n’est pas le
cas dans ce manuscrit puisque on considére z € R?, & part le dernier chapitre sur Gevrey
ot z € T ou z € R%

Nous allons donner un dernier exemple classique d’équation hydrodynamique, qu’on
rencontre souvent en physique et en mathématique, c’est les équations de diffusion.

0.3.1 Equations de diffusion

De nombreux phénomeénes physiques, dans des domaines scientifiques différents, se décrivent
mathématiquement par les équations de diffusion. Ces équations décrivent le comporte-
ment du déplacement collectif de particules (molécules, atomes, photons. neutrons, etc.)

— |wVaul
Re := Awul

8C’est & partir de u - Vzu et vAzu qu’a été défini le nombre de Reynold Re :
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0.3. EQUATIONS MACROSCOPIQUES

ou de quasi-particules? dans un milieu causé par le mouvement aléatoire de chaque par-
ticule lorsque les échelles de temps et d’espace macroscopiques sont grandes devant leurs
homologues microscopiques. L’équation de diffusion classique se formule :

Op + divy (k,Vap) =0, (0.3.3)

ol l'inconnue p est la grandeur qui se diffuse, par exemple la concentration particulaire,
et x, le coeflicient de diffusion collectif associé a p.
Dans le cas ou x, est constant, I’équation se réduit a I’équation de la chaleur :

Op — kALp = 0. (0.3.4)

Nous employons le mot « classique » dans I’équation de diffusion (0.3.3) ou (0.3.4) lorsque
I'opérateur en espace est le Laplacien classique!® ou standard. Dans le cas de la diffusion
fractionnaire (définie ci-dessous), le mot « fractionnaire » revient a la puissance fraction-
naire qui apparait dans le Laplacien. On parle ainsi du Laplacien fractionnaire.

L’équation de diffusion fractionnaire, pour un certain o €]0, 2[, est donnée par :
Op+ r(=A)2p=0. (0.3.5)

Il est & noter que les deux équations (0.3.4) et (0.3.5) bien qu’elles portent le méme
nom mais elles ont deux interprétations différentes, puisque la premiére fait intervenir un
opérateur (différentiel) local et la seconde un opérateur non-local (—A)Z, qui fait I'objet
de la sous-section suivante.

0.3.2 Laplacien fractionnaire

Le Laplacien fractionnaire A2 ' est un opérateur qui donne le Laplacien standard lorsque
a = 2. On peut considérer —(—A)2 comme I'opérateur intégro-différentiel linéaire ellip-
tique le plus basique d’ordre a et peut étre défini de plusieurs maniéres équivalentes. Nous
considérons la gamme de puissances a €]0, 2[, auquel cas pour u € S(R?) nous pouvons
écrire 'opérateur comme

A%u(x) = cd@VP/ Mdy = C4qo lim Mdy (0.3.6)

R4 |y - x|d+o¢ e—0% ly—zx|>e |y - w|d+a

ol ¢4, > 0 est une constante universelle dépendant de la dimension d et la puissance .

Lien avec d’autres opérateurs. Dans le cas ou le noyau de collision B ou b (section

9Les quasi-particules sont des entités concues comme des particules et facilitant la description des systémes de particules.
10dans le cas de coefficient de diffusion constant par exemple.
HAT = —(—A)%.
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efficace) est singulier'?, les opérateurs de collisions (0.2.2) ou (0.2.4) ressemblent fort au
Laplacien fractionnaire. Mieux que ¢a, 'opérateur (0.3.6) peut étre écrit sous la forme
d’un opérateur de Boltzmann linéaire (0.2.4) par exemple. En effet, pour u := fF~!, on
obtient (0.2.4) dés que b(z,v,v,) = F(v)F(v.)|v. — v|~@) puisque :

Q(uF) = /R b, 0,0 F(0) F) () — u(v)) do.

Cette derniére correspondance justifie le gain de régularité pour 'opérateur Boltzmann
linéaire malgré la présence des singularités, d’ailleurs 'opérateur (0.2.4) est parfois appelé
« scattering operator ».

Une autre définition utile du Laplacien fractionnaire, et qui va étre utilisée dans ce
document, est celle donnée par la transformée de Fourier :

F((=2)%)() = le[*F(u)(©), (0.3.7)

ou l'on a pris la définition suivante de la transformée de Fourier

F(u)(§) :/ e Cyu(z) dr.

Rd
Ainsi, cette derniére définition du Laplacien fractionnaire est une extension naturelle du
Laplacien classique. Une autre définition naturelle est celle qui repose sur la théorie
spectrale des opérateurs autoadjoints, ou les valeurs propre de l'opérateur en question
sont des puissances des valeurs propre du Laplacien classique.

Notez qu’on peut passer de la premiére définition (opérateur intégral singulier) a la
seconde définition (0.3.7), et inversement, grace a 1’égalité suivante :

1 1
d (wa\x!“) ()= W—al&|?=’
27'(%

ot a €]0,d[ et w, = F(zy, avec I' désignant la fonction Gamma (voir par exemple [LLOL]).
2

Cette derniére formule implique les égalités suivantes :
2 — «a — «a 1
~(=A)fule) = ~F (€ F ) @) = ~F (6 wute) = VP i ) < ute),

prises au sens des distributions, ou * désigne le produit de convolution sur R%. Dans ce

cas, la constante ¢y, de la définition (0.3.6) est donnée par ¢4, = _:d;f > 0.

Nous renvoyons le lecteur a Landkof [Lan| et Stein [Ste70] pour une discussion des

propriétés des opérateurs fractionnaires et des intégrales singuliéres. Nous n’avons besoin
de connaitre que les définitions ci-dessus, (0.3.6) et (0.3.7), pour les besoins de cette thése.

120n obtient de telles singularités dés que Iinteraction microscopique & I’origine de la collision est & longue portée.
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0.3. EQUATIONS MACROSCOPIQUES

Le Laplacien fractionnaire peut étre aussi défini comme 'opérateur infinitésimal qui
génere les processus de Lévy a-stables. Ces processus stochastiques, tels que le mouvement
Brownien et le processus de Poisson, peuvent présenter des discontinuités dans le temps.
Les processus de Lévy associés au Laplacien fractionnaire sont a-stables, ce qui signifie
que si X; est un processus de Lévy, alors X.o; suit la méme distribution que c¢X;. Ils
peuvent donc étre considérés comme des généralisations du mouvement Brownien, qui est
un processus 2-stable. Pour une fonction u, lisse, on a

(~8)Fu(r) = lim 3 Efu(r) - u(x + X,)].

Cette derniére définition est importante pour les applications aux probabilités ou 'utilisation
des approches probabilistes dans les EDP.

0.3.3 Invariance par changement d’échelle

De (0.3.6) ou (0.3.7), on peut remarquer que pour tout A > 0, on a :
(—A) 2 [u(Az)] = A*(=A)% [u](Az). (0.3.8)

Ainsi, si p est solution de I’équation de diffusion fractionnaire (0.3.5) (respectivement, de
I'équation de diffusion classique (0.3.4)13), alors py(t, ) := p(A“t, A\x) est aussi solution de
I'équation (0.3.5) (respectivement, py (¢, ) := p(A*t, Az) est solution de I'équation (0.3.4)).

0.3.4 Systéme de Vlasov-Navier-Stokes

Dans ces deux derniéres sections 0.2 et 0.3, nous avons présenté des modeéles cinétiques et
hydrodynamiques indépendamment. On peut avoir parfois des systémes couplés d’équations
qui viennent de ces deux derniers modéles. A titre d’exemple, on peut citer le systéme
de Vlasov-Navier-Stokes sur lequel nous allons travailler dans le dernier chapitre de ce
manuscrit. Comme son nom l'indique, il est couplé de I’équation de Vlasov (0.2.3) et des
équations de Navier-Stokes (0.3.2) avec des forces particuliéres. Il est donné par

Ohf+v-Vuf +V,-[(u—0)f] =0, dans (0,7) x  x R4,
(VNS) ¢ dwu+ (u-Vy)u—Ayu+ Vaup = jr — pru, dans (0,7) x €, (0.3.9)
Vi -u=0, dans (0,7) x €,

ou
Jr=Jjs(t,x) = / vf(t,x,v)dv et pr = ps(t, ) ::/ vf(t,z,v)dv.
R4 R4

Ce systéme d’EDP non linéaires décrit le transport de particules (décrites par leur
fonction de densité f) dans un fluide (décrit par sa vitesse u et sa pression p). Il appar-

13La formule (0.3.3) reste vraie dans le cas o = 2.
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tient a la grande famille des systémes cinétiques des fluides ou fluido-cinétiques, qui ont
été introduits dans les travaux pionniers de O’Rourke [O'R81] et de Williams [Wil85].
Parmi tous les couplages possibles (nous renvoyons a lintroduction de [GHKM18] pour
d’autres exemples), le couplage Vlasov-Navier-Stokes a été intensivement étudié en raison
de sa pertinence physique (voir [BGLM15| par exemple) et des défis mathématiques qu’il
pose. Le systéme de Vlasov-Navier-Stokes est entiérement couplé : les deux inconnues
f et u dépendent 1'une de l'autre. Ceci est di a la force de Brinkman (le terme source
dans I'équation du fluide) et a I’accélération de la trainée (le terme inertiel dans I’équation
cinétique). Nous renvoyons a [BGLM15| pour la justification physique de ces deux élé-
ments, et & [DGR08, BDGR17, BDGR18, Hil1l8, HMS17] pour la dérivation mathématique
(partielle) de la premiére. Les constantes physiques sont toutes normalisées dans (0.3.9).

0.4 Limites de diffusion fractionnaire

0.4.1 Approximation hydrodynamique

Une description cinétique est nettement plus complexe qu'une description hydrodynamique,
principalement en raison de la dimension plus élevée de ’espace des phases. Dans les appli-
cations pratiques, les équations cinétiques nécessitent des calculs extrémement cotiteux'.
Par conséquent, lorsque cela est possible, il est préférable de remplacer un modéle cinétique
par un modéle hydrodynamique. Cette simplification repose sur 'hypothése d’équilibre
thermodynamique local. Rappelons qu'une distribution F'(x,v) est appelée équilibre local
si elle est invariante par I'action de 'opérateur de collision, c’est a dire : Q(F') = 0. Aussi,
notez que les équations au niveau macroscopique n’impliquent plus les distributions des
particules dans I’espace des phases mais directement les observables en chaque position
r € RY, telles que la densité spatiale p, la vitesse macroscopique u et la température T'
définies dans le deuxiéme paragraphe de la section 0.2, et que les échelles de temps et
d’espace a ce niveau sont trés supérieures par rapport aux échelles mésoscopiques. Ainsi,
on introduit un changement d’échelle pour ces derniéres variables faisant intervenir un
nouveau parametre ¢ < 1. Intuitivement et d’aprés 'hypothése d’équilibre thermody-
namique local, on s’attend a ce que la distribution rescalée’® converge vers I’équilibre
de I’équation. Par ailleurs, les différentes équations cinétiques présentées précédemment
vérifient toutes la conservation locale de la densité spatiale exprimée par I’équation

Op + div,(pu) = 0,

puisque [Q(f)dv = 0. On peut alors chercher a trouver d’autres équations sur p et u
pour obtenir un systéme fermé d’équations. Ce type de stratégie permet de dériver les
modeéles hydrodynamiques.

14en particulier 1’équation de Boltzmann avec son intégrale de collision & haute multiplicité.

15C’est a dire la solution de I’équation cinétique aprés changement d’échelle
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0.4. LIMITES DE DIFFUSION FRACTIONNAIRE

Exemple de 1’équation de Boltzmann. IL’étude des limites hydrodynamiques de
I'équation de Boltzmann (équation (0.2.1) avec Qp(f, f) défini dans (0.2.2)) consiste a

1. prouver une forme d’équilibre thermodynamique local dans I'asymptotique € — 0,
2. en déduire des équations limites pour les champs hydrodynamiques associées a f.

Pour cette équation, 1’équilibre local est la Mazwellienne, qu’on note généralement par
M au lieu de F', donnée par

e~ lv—u(z)[?/2T (x)

(2T ())?

M (z,v) = p(z) : (0.4.1)
et le parameétre € ici représente le nombre de Knudsen.

Différents modéles hydrodynamiques ont été dérivés a partir de cette équation comme les
équations de 'acoustique, d’Euler et de Navier-Stokes incompressibles, Stokes etc, tout en
considérant différents changements d’échelle, chacun ayant son interprétation physique.
Voir |[GSR04, Vil02] et les références incluses pour les limites hydrodynamique de I’équation
de Boltzmann.

Les limites hydrodynamiques dépendent du changement d’échelle, de I'opérateur de
collision @) ainsi que son équilibre.

Limite de diffusion classique ou fractionnaire

Ce n’est qu'une limite hydrodynamique particuliére ot I’équation limite est 1’équation de
diffusion classique ou fractionnaire. C’est généralement le cas pour les équations ciné-
tiques avec un opérateur de collision linéaire (). En effet, lorsque I'interaction entre les
particules est le phénomeéne dominant et que le temps d’observation est trés grand, c’est
a dire que les collisions sont trés nombreuses et que 1’échelle de temps correspondant
aux collisions est trés petite par rapport au temps d’observation, nous introduisons le
parametre € < 1, qui désigne le libre parcours moyen, temps caractéristique entre deux
collisions, nous considérons ensuite le changement d’échelle suivant

x
=00 et T=_ avec 9(5);))0.

Ainsi, 'équation mise a I’échelle, satisfaite par la distribution f*(¢',2’,v) = f(t,z,v) (on
omet les primes), est donnée par

0(e)0,f° + ev - Vaof = Q(f). (0.4.2)

Noter que pour 0(e) = €%, on retrouve le changement d’échelle diffusif (0.3.3) par lequel
la solution de 1'équation de diffusion (classique ou fractionnaire) est invariante.

Formellement, en passant a la limite dans I’équation (0.4.2), quand ¢ tend vers 0, on

18



CONTENTS

obtient que la limite fY est dans le noyau de () qui est engendré par I’équilibre F, ce
qui signifie que f° = p(t,z)F(v). Ainsi, cela revient a trouver I'équation satisfaite par la
densité p.

0.4.2 Résultats antérieurs et analyse formelle

La dérivation d’équations macroscopiques de type diffusion a partir d’équations cinétiques
telles que (0.2.1) a été étudiée pour la premiére fois par E. Wigner [WB61], A. Bensoussan,
J.L. Lions et G. Papanicolaou dans [BLP79| et E.W. Larsen et J.B. Keller [LK74], suivi
d’une longue série articles, comme ceux de C. Bardos, R. Santos et R. Sentis [BSS84], P.
Degond et S. Mas-Gallic dans [DMG8T7], P. Degond, T. Goudon et F. Poupaud [DGP00|
et P. Degond, L. Pareschi et G. Russo [DPR04]|, en considérant différents opérateurs de
collision et sous différentes hypothéses.

L’étude de la limite de diffusion a continué et le cas d’équilibre a queue lourde est
un sujet qui a regu beaucoup d’attention dans les quinze derniéres années. En gros, on
distingue deux cas : le cas d’équilibre gaussien, F' donné par la formule (0.4.1) avec
(p,u,T) = (1,0,1), dont les résultats ont été obtenus dans la premiére période (c’est a
dire, références du paragraphe précédent, avant 2004), et le cas d’équilibre a queue lourde
ou a décroissance polynomiale, F(v) i~ ﬁ De nouvelles approches — complétement
différentes — ont mené a 1’équation de diffusion fractionnaire, selon les puissances qui ap-
paraissent dans I’équilibre F' et le changement d’échelle, 6(¢), considéré. On peut citer
quelques travaux sur ’équation de Boltzmann linéaire, par exemple ceux de J. Milton,
T. Komorowski et S. Olla [JKO09| et A. Mellet, S. Mischler et C. Mouhot [MMMI1]
en utilisant les chaines de Markov dans la premiére référence et une transformation de
Fourier-Laplace dans la seconde, le travail de A. Mellet [Mell0] pour une section effi-
cace qui dépend de la variable spatiale, N. Ben Abdallah, A. Mellet et M. Puel dans
[BAMP11a, BAMP11b|, toujours sur la méme équation mais avec une nouvelle méthode,
par un développement de Hilbert, ils ont obtenu une convergence forte pour une donnée
initiale Sobolev. Pour I'équation de Fokker-Planck, les travaux sont trés récents, voir
[LP19] pour une approche spectrale en dimension 1, [FT21, FT20| pour une approche
probabiliste et [BM22] par une approche spectrale aussi mais en dimension supérieure.
Dans ce dernier papier, les auteurs ont considéré un probléme spectral modifié, différent
de celui considéré dans [LP19] afin d’éviter le probléme d’absence de trou spectral dans
I'opérateur de Fokker-Planck (voir Remarque 0.2.3). Dans cette thése, une nouvelle méth-
ode a été développé dans un travail avec M. Puel, présenté dans les chapitres 2 et 3 qui
font 1'objet des papiers [DP23a, DP23b].
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0.4.2.1 Le cas d’équilibre gaussien

Pour les équilibres gaussiens, il est classique (voir [LK74, BLP79, BSS84, DGP00, DPR04]
pour Boltzmann linéaire et [DMG87] pour Fokker-Planck) qu’en prenant I’échelle de temps
classique 0(¢) = €2, on obtient une équation de diffusion

ou D est la matrice de diffusion donnée par
D= /UQ_I(—UF)dU. (0.4.4)

En effet, le développement formel f& = fO +ef! + £2f2... donne

QU =0,
QUfY) = v-V.f°
Q(f?) = af°+v VS

La premiére équation donne f° = p(t,x)F(v) et la seconde, sous certaines conditions,
donne f! = Q7 '(v- V,f?, tandis que la derniére équation — de compatibilité — pour
I'équation donnant f? donne

) / fodu + / V. (0Q (v Vo f%)dv =0,

ce qui est une autre formulation de (0.4.3) puisque f° = p(t,z)F(v) et F est normalisé

par /de: 1.

Remarque 0.4.1. Comme on considére un état d’équilibre gaussien, il a suffisamment
de moments bornés (méme autant de moments bornés qu’on veut). En particulier, la
matrice de diffusion D donnée par l'intégrale (0.4.4) est tout le temps bien définie.

0.4.2.2 Le cas d’équilibre a queue lourde

Les fonctions de distribution a queue lourde apparaissent dans de nombreux contextes,
nous allons citer quelques uns tirés de [MMMI11|. Par exemple, on observe que la plu-
part des plasmas astrophysiques ont des fonctions de distribution de vitesse présentant
des queues de loi de puissance (voir Summers et Thorne [ST91] ou Mendis et Rosenberg
[MR94]). Les mécanismes de collision dissipatifs dans les gaz granulaires peuvent égale-
ment produire des queues de loi de puissance : voir par exemple [BGT92, EB02| pour le
soi-disant “modéle de Maxwell inélastique” introduit dans [BCGO0]. On peut également
se référer a l'article de synthése plus général [Vil06]. Nous mentionnons également qu’un
travail [BGO6| a montré que méme les mécanismes de collision élastiques peuvent produire
des comportements de queue de loi de puissance dans le cas d’un mélange de gaz avec un
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noyau de collision maxwellien. Les queues des lois de puissance sont également courantes
en économie ou elles sont appelées distributions de Pareto (ainsi qu’en statistiques et
probabilités plus généralement). Voici quelques exemples de travaux mathématiques (trés
différents) utilisant des modéles de physique statistique pour rendre compte de ces lois de
puissance en économie : Newman [New(05], Duering-Toscani [DT07| et Wright [Wri05].

Contrairement au cas d’équilibres gaussiens, les équilibres a queue lourde n’ont pas
autant de moments bornés, mais ¢a dépend de l'ordre de décroissance de 1’équilibre.
Considérons des équilibres de la forme

C? C?
F(v) = 5 = R (0.4.5)
)7 (14|22

avec 3 > d ' et ou CB est une constante de normalisation, / Fdv = 1. Alors, pour F

Rd
donné par (0.4.5), la matrice de diffusion D définie par l'intégrale (0.4.4) est donnée par :

1. Dans le cas de l'opérateur de Boltzmann linéaire (0.2.4) :

D= /U@”’ dv, (0.4.6)

ou v est la fréquence de collision définie dans (0.2.6). Voir [DGP00| pour plus de
détail.

2. Dans le cas de l'opérateur de Fokker-Planck (0.2.10) :

243
D= /v@ %'”_'2; F(0)do. (0.4.7)

Voir [Nas13|, sous-sous-section 0.1.3.2 et Annexe A, pour le calcul de D.

Ainsi, dans les deux cas précédents, la matrice de diffusion D peut étre infinie. En effet,
dans le cas de Boltzmann, pour v satisfaisant (0.2.9) : v(z,v) ~ vo(v)?, I'intégrale (0.4.6)
est bien définie pour § > d + 2 — v et l'analyse menant a (0.4.3) peut étre effectuée,
toujours avec 6(¢) = £2. De méme pour l'opérateur de Fokker-Planck pour 8 > d + 4.

Pour les cas critiques § = d+ 2 — v et § = d + 4, on obtient encore une fois une équation
de diffusion classique & la limite quitte & modifier I'échelle de temps, 6(g) = €?In(e™!),
puisque les intégrales (0.4.6) et (0.4.7) sont infinies pour les derniéres valeurs de §. On dit
qu’on a une limite de diffusion classique avec échelle de temps anormale. Voir [MMMI11]|
pour Boltzmann et [NP15, CNP19] pour les cas normal et anormal de Fokker-Planck

respectivement.

En revanche, dans les cas < d+ 2 — v pour Boltzmann, avec v < min{f8 — d;d+ 2 — 5},
et f < d+ 4 pour Fokker-Planck, l'intégrale donnant D est divergente et la limite de

16 Afin d’avoir F € L'(R?)
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diffusion conduisant & (0.4.3) s’effondre, ce qui signifie que le choix de I’échelle de temps
O(c) = &? était inapproprié. Cela nécessite un nouveau changement d’échelle en temps
pour faire apparaitre le bon opérateur limite. L’échelle de diffusion appropriée et prise
par les auteurs de [MMM11, BAMP11a| pour Boltzmann et [LP19, FT20, FT21, BM22|
pour Fokker-Planck est donnée par

B—d—y
1—y

dans le cas de Boltzmann,
f(e) = e avec  a:=

w dans le cas de Fokker-Planck.

Noter que les conditions d < f < d+2—7, avec v < min{S—d; d+2— [}, pour Boltzmann
et d < f < d+ 4 pour Fokker-Planck impliquent que 7 < 1 et a € (0,2) dans les deux
cas, et a la limite, p est solution de I'équation de diffusion fractionnaire

Owp+ K(—A)2p =0,

pour un certain x > 0, défini par différentes intégrales, selon la méthode utilisée, a part
dans [LP19] (avec d = 1 et § ¢ {2,3,4}) ou les auteurs 'ont calculé explicitement :

B (zﬁﬂ) ra- 2

=2C%(+1)97 3 cos > 0, 0.4.8
k= 2033 +1) 575 ) e (0.48)

ou I est la fonction d’Euler.

Dans le cas fractionnaire, il est intéressant de regarder la facon dont sont reliés
I'opérateur @), I’état d’équilibre F' et la puissance du Laplacien fractionnaire qui apparait
a la limite. Pour cela, nous avons choisi de présenter la méthode des moments dans la
sous-section qui suit.

0.4.3 Meéthode des moments

Dans cette sous-section, nous allons présenter une méthode qui nous permet de dériver
I’équation de diffusion a partir des équations de Boltzmann linéaire et Fokker-Planck.

0.4.3.1 Formulation faible et estimations a priori

En intégrant 1'équation (0.4.2) multipliée par une fonction test x € D([0, +00) x R? x R%),
on obtient :

%/fex dzdv = / [@X +0(e) ' Q* (x) +€b(e) (v - VZ,X)}fE dzdv. (0.4.9)

Puisque a la limite, la solution est décomposée en p(t,x) et F(v), et on cherche & trouver
I’équation satisfaite par p, on peut prendre x = o(t, z) avec ¢ € D([0, +o00) x R?). Ainsi,
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(0.4.9) devient :

%/fegoF dzdv = / [@90 +e0(e) v - ngp)]fEF dzdv. (0.4.10)

On remarque que le second terme du coté droite dans la formulation faible ci-dessus,
(0.4.10), est d’ordre '~ pour 0(g) = €%, et le passage a la limite quand € — 0 n’est pas
évident. Pour cela, il faut introduire une correction en ¢, ce qui est I'objet de la méthode
des moments. C’est une méthode qui consiste a faire une correction sur la fonction teste,
en introduisant une nouvelle fonction x*, solution d’un probléeme auxiliaire qui nous facilite
le passage a la limite, tout en récupérant la fonction test initiale y a la limite.

Le cas de I’équation de Boltzmann linéaire. Considérons ’équation rescalée :

{ OO +ev-Vaf* = QN (f) —viav)ff,  weRLveRLI>0, )

fE(O,x,v):fO(I,v), xeRdvaRda

ou Q" est Popérateur défini dans (0.2.5). Sous les deux hypothéses de la Proposition 0.2.1
et grace a I'inégalité (0.2.8), on obtient le Lemme de compacité suivant :

Lemme 0.4.2 ([MMM11]). La solution f¢ de (0.4.11) est bornée dans L>(0,T;L3._,)
uniformément par rapport a €. De plus, les estimations suivantes sont satisfaites :
o]z 0522y < Il follz2 (0.4.12)

et
117 = P F IR oras ) < ClAol%_ 6(e), (0.4.13)
vF F

ou p° = fRd fedv. En particulier, p° converge faiblement x dans L>(0,T; L?) vers p et
f¢ converge faiblement * dans L°°(0,T;L?._,) vers f = p(x,t)F(v).

Le cas de I’équation de Fokker-Planck. Considérons I’équation rescalée suivante :

(0.4.14)

0()Ofe +ev-Vofs =V, (FV, (L)), zeR,veR,t>0,
f€(07x7v):f0(xvv)7 IeRd,UeRd.

Nous avons le Lemme de compacité suivant :

Lemme 0.4.3 ([LP19, NP15]). Pour une donnée initiale fy € YE(R?®), Uespace défini
dans (0.2.12), ou p > 2 et pour un temps T > 0.

1. La solution f* de (0.4.14) est bornée L> ([0, T); YE(R*®)) uniformément par rapport

a €. De plus, elle satisfait
plp—1) /T/ fe
(DIye +———— Vol &=
Gl e
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F dodzdt < HfOHf/g. (0.4.15)
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2. La densité p(t,x) := f]Rd fedv satisfait lestimation suivante :
10" (O ey < 2ot HfoHyp poay  pour tout ¢ € [0, 7). (0.4.16)

3. A une sous-suite prés, la densité p° converge faiblement * dans L= ([0, T]; LP(R?))
vers p.

4. A une sous-suite prés, la suite f° converge faiblement x dans LOO([O,T];YI?(RM))
vers la function f = p(t,z)F(v).

Comme une conséquence du Lemme précédent, nous avons I’estimation suivante :

Corollaire 0.4.4 (|[LP19]). Soient F' donné par (0.4.5), F(v) = %, et € (d,d+4).

Soit f¢ solution de (0.4.14) avec 6(e) = e Supposons que | fo/Flle < C. Alors, f¢
satisfait ’estimation suivante :

B*d —d+2
/ / ( = fFfd“) drds < Ce" 5. (0.4.17)
R4 Rd

Les estimations des deux Lemmes de compacités 0.4.2 et 0.4.3 assurent 'existence de

f et p, limites de f¢ et p® respectivement — & une sous-suite prés — dans les espaces L
(ou LP a poids) donnés dans ces deux derniers Lemmes. Ainsi, si on arrive a construire
une fonction test x¢ qui converge vers y dans l’espace fonctionnel qui convient alors, le
passage a la limite dans (0.4.10) est facilement obtenu et I'opérateur appliqué a la limite
x donne 'équation de p.

0.4.3.2 Construction de la fonction test

La construction de la fonction x° dépend de 'opérateur considéré. Nous allons commencer
par présenter le cas de ’équation de Boltzmann pour une section efficace bornée, qui est
plus simple par rapport au cas de I’équation de Fokker-Planck pour différentes raisons
dont les plus importantes reviennent a :

e ’écriture explicite de x© en fonction de sa limite y, ce qui nous permet d’avoir des
estimations précises sur x° et montrer la convergence vers y dans l’espace adéquat ;

e la possibilité de passer a la limite dans chaque terme, séparément, dans le coté droite

de (0.4.10).

En effet, A. Mellet a introduit dans [Mell0] un probléme auxiliaire associé a I’équation
(0.4.11) : pour une fonction ¢ € D([0,00) x R?), la fonction x* = x°(¢,z,v) est définie
comme solution de

v(z,v)x* —ev- VX =v(z,v)p(t, x). (0.4.18)
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Notez que la solution x° est réguliére et est donnée par :
X (t,z,v) = /00 e~ Jo vitevsodsy (4 vz v)p(x + cvz, t)dz. (0.4.19)
0
Sous I’hypotheése suivante sur la section efficace o :
v F(v) <o(z,v,0") = b(z,v,0)F(v) < uF(v) pour tout z,v,0' € RY,  (0.4.20)
ou v et vy sont deux constantes strictement positives, qui implique en particulier que :
v <v(z,v) <y pour tout z,v € R?, (0.4.21)
et grace a l'identité

/ V(x _|_ E:'UZ, 'U) 67 f()z l/(:BJrsvs,v)ds dZ — / efu du — 17
0 0

on obtient ’estimation suivante :

X — ¢l =

/ o IS V(a:—l—avs,fu)dsy(l, + vz, U) [90(1‘ + evz, t) — gO(t, $)] dz
0

<va [ e Dpllmds = 2elDo-.
0 1

D’otui, x© est bornée dans L™ et converge vers ¢ uniformément par rapport a x et t. De
plus, nous avons les limites et estimations suivantes :

Lemme 0.4.5. Pour tout ¢ € D([0,00) x R?), si x° est la fonction définie par (0.4.19),
alors

/Rd F(v)[x°(t, x,v) — ¢(t, z)]dv = 0 (0.4.22)
et
/Rd F(v)[0x°(t, ,v) — Oyp(t, z)]dv — 0, (0.4.23)

uniformément par rapport a x et t. De plus, il existe une constante C' > 0 tel que
XNz < Cllellez et 1072 < Cllowpll s - (0.4.24)

En revenant a la formulation (0.4.10), en l'intégrant en temps entre 0 et +o00 et avec la
nouvelle fonction test satisfaisant (0.4.18), on écrit :

—/ fe(t, z,v)0px" (¢, z,v) dedvdt — /fo(:c,v)xe(o,x,v) dzdv
=< // QT (X)) = frv(a, v)X* + ev - Voux©] dedudt
== [ FI@ 06) = v v)ott,n)] doduct,
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ou encore,
—/ fe(t,x,v)0 X (t, x,v) dxdvdt—/fo(x,v)XE(O,x,v) dzdv
= [ P10 - @ ()] dadua.

Maintenant, en décomposant f¢ comme p°F + (f° — p°F) et en utilisant le fait que
Q" (F) = vF, on obtient :

—/ fe(t, z,v)0xE (t, z,v) dedvdt — /fo(x,v)xa((),x,v) dzdv
= 5_0‘/ QT (p F)[x° — ¢] dadvdt + 5_“/ QT (f*— P F)[X° — ¢] dadudt

- // pvFX — ¢ dedvdt + 7 // Q(fF = P F)[x° — ] dadvdt.  (0.4.25)

Le Lemme 0.4.5 permet de passer a la limite dans la premiére ligne dans les égalités
ci-dessus afin de récupérer :

_// p(t, z)0p(t, x) dxdt—/po(a:)@((),x) da,

ot po := [ fo dv. Pour la derniére ligne dans l'égalité (0.4.25), il nous faut d’autres
hypothéses sur la fréquence de collision v pour pouvoir passer a la limite plus facilement.
Supposons que :

1. Pour tout z,v € R% on a: v(x,—v) = v(x,v).
2. 1 existe une fonction vy(x) (satisfaisant v < vo(x) < 1) tel que :

v(z,v) ||—> vo(z)  uniformément par rapport a x.
v|—00

3. Enfin, supposons que v est de classe C! par rapport a x et que :

HDIBVHLOO(R%) < C (0426)

Alors, nous avons les deux résultats suivants :

Lemme 0.4.6 (|[Mel10]). Pour toute fonction test p € D(]0, 00) x R?), soit x° la fonction
définie par (0.4.19). Alors,

lim 50‘/ QT (fF— P F)[X°(t,z,v) — ¢(t,z)]dzdvdt = 0,
e—0 0 R2d

ot a € (0,2) tel que |v|*TF(v) — Ko quand |v] — oo.
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Remarque 0.4.7. Notez que dans le cas ou v satisfait I'inégalité (0.4.21), I’échelle de

[e%

temps est donnée par 0(c) = ¢%, ou « correspond a la puissance qui apparait dans le

comportement de 1’équilibre F'.

Proposition 0.4.8 (|Mel10]). Pour toute fonction test ¢ € D([0,00) xRY), soit x* définie
par (0.4.19). Alors,

e—0

lim 7@ /Rd v(z,v)F () [X*(z,v,t) — p(z,t)]dv = =Ko L (),

ou L* est 'adjoint de l'opérateur elliptique L défini par :
p(r) — o(y)
L(p)=P.V. — 2 d
() /Rd n(z,y) 7 — g W
avec

n<x7y> - V(](LU)]/()(y)/ Zae_z fol VO(S:E+(1—S)y)ds dZ,
0

Remarques 0.4.9.

1. Notez que la limite de la Proposition 0.4.8 est uniforme par rapport a x et t.
2. D’aprés la seconde hypotheése sur v, il existe n; et 1, tels que :
0 <m <nlz,y) <ne < oo

En particulier, 'opérateur £ a le méme ordre que 'opérateur Laplacien fractionnaire
(~A)e.

3. Notez aussi que l'opérateur £ est auto-adjoint puisque n(z,y) = n(y, ).

Commentaire sur le Lemme 0.4.6 et la Proposition 0.4.8.
e La limite du Lemme 0.4.6 est basée sur un développement de Taylor par rapport a x
appliqué a la différence x® — ¢, sur l'inégalité (1.2.8) pour x¢, et sur I'inégalité (0.4.13) :

0 dv
/’/\f—fﬂ%—mw<mmm2wa Ve DA,
0 R2d F F—1

et les hypothéses (0.4.20) et (0.4.21) simplifient beaucoup les calculs. Le cas d'une section
efficace qui dégénére pour les grandes vitesses est traité en détail dans le chapitre 1.

e La limite de la Proposition 0.4.8 est obtenue en deux étapes. La premiére consiste a
montrer que les petites vitesses (|v| < C') ne participent pas a la limite, dont la preuve est
basée sur des estimations des quantités x° — ¢ et v(z +ezv,x) — v(x,v). Dans la seconde
étape, on rescale la variable vitesse et on passe a la limite quand ¢ tend vers 0, quitte a
découper l'intégrale en plusieurs morceaux. Notez que la symétrie de F' et v par rapport
a v est cruciale dans la preuve de cette Proposition.
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Difficultés dans le cas de Fokker-Planck.

Contrairement a I’équation de Boltzmann linéaire (0.4.11), le passage a la limite dans
la formulation faible pour I’équation de Fokker-Planck n’est pas évident, car tous les
termes participent a la limite et I’absence de trou spectral complique plus I’étude, puisque
I'inégalité (0.4.13) n’est plus valide et son analogue (0.4.17) ne suffit pas pour montrer la
limite du Lemme 0.4.6. Ainsi, le passage a la limites dans les termes séparément (comme
dans (0.4.25)) n’est pas possible et la construction précédente ne tient pas. A cet effet, G.
Lebeau et M. Puel [LP19]| ont développé une méthode spectrale pour la construction de
la fonction teste en dimension 1. En effet, ils ont proposé de regarder tout 'opérateur de
Fokker-Planck (avec la partie advection) comme un seul bloc et de considérer la fonction
propre associée comme une fonction test.

0.4.3.3 Construction de Lebeau-Puel et difficulté en dimension supérieure

Dans [LP19], les auteurs ont proposé de prendre la solution de 'équation ci-dessous (écrite
en variable Fourier, &, pour la position x, et aprés le changement d’inconnue \/LF afin de

travailler avec un opérateur auto-adjoint dans L?) comme une fonction test adéquate :
(Q +iecv)M,, . (v) = uM,(v), vER, (0.4.27)

ou () est l'opérateur de Fokker-Planck. Leur construction consiste & reconnecter deux
branches construites comme suit : Ils ont d’abord construit pour chaque pu, e (fixés) une
branche dans le demi-espace R, en introduisant une équation approchée pour les grandes
vitesses dans un premier temps, et en prolongeant ces solutions aux petites vitesses dans un
second temps, par un argument de point fixe dans chaque étape. Ensuite, par symétrie de
I’équation (qui découle de la symétrie de 1’équilibre), ils ont obtenu une deuxiéme branche
dans 'autre demi-espace R_, et afin de recoller les deux fonctions pour obtenir une solution
C1(R), il y avait une contrainte a satisfaire. Cette contrainte vient du recollement des
dérivées des deux branches, ce qui a conduit a une relation sur p que les auteurs ont résolu
par le théoréme des fonctions implicites en obtenant p en fonction de ¢.

Cette construction basée sur le recollement de branches semble trés compliquée a
adapter en dimension supérieure, car elle signifie que le théoréme des fonctions implicites
utilisé pour étudier la contrainte doit étre appliqué a ’ensemble de 'opérateur dérivé, ce
qui nous a poussé a chercher une nouvelle stratégie pour résoudre le probléme spectral
associé a 'opérateur de Fokker-Planck et de récupérer la fonction test adéquate.

0.4.3.4 Meéthode spectrale : avantage et généralisation

Avec cette méthode, on capture ’équation de diffusion dans tous les cas, c’est a dire pour
toutes les phases du paramétre § (qui apparait dans ’équilibre F* donné par (0.4.5)), et
pour obtenir que ce soit de la diffusion classique ou fractionnaire. Notez aussi, que dans
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cette construction, la valeur propre p(e) associée a la fonction propre M, . joue un role
trés important et ¢’est son comportement pour € ~ 0 qui donne la bonne échelle en temps
() et le coefficient de diffusion k. Nous reviendrons sur ces deux points dans la section
d’apres.

L’objectif principal de cette thése est de proposer une nouvelle méthode!” alternative,
inspirée des travaux d’Herbert Koch sur I’équation KdV non linéaire [Kocl5|, ou l'on
résout le probléme spectral associé a l'opérateur de Fokker-Planck, toujours en tenant
compte de la partie d’advection. Nous avons établi le résultat d’abord en dimension
1, en travaillant sur tout 'espace R et en évitant les problémes de recollement, avant
de le généraliser en dimension supérieure par des méthodes d’EDP. Cette méthode est
probablement intéressante pour des potentiels plus généraux (de type convolution par
exemple) ou pour des problémes non linéaires.

0.5 Principaux résultats obtenus

Cette thése est composée de trois Parties, les deux premiéres portent sur les limites de
diffusion fractionnaire pour des équations cinétiques, tandis que la derniére et qui est
complétement indépendante, porte sur la régularité Gevrey pour les solutions du systéme
de Vlasov-Naver-Stokes (VNS). Les Parties I et III sont constituées d’un seul chapitre,
contrairement a la Partie IT qui contient trois. Chaque Partie est résumée dans une section

dans ce qui suit.

0.5.1 Diffusion fractionnaire pour I’équation de Boltzmann linéaire

Cette section comprend un résumé du chapitre 1 sur la limite de diffusion pour I’équation
de Boltzmann linéaire avec équilibre a queue lourde et section efficace qui dégénére pour
les grandes vitesses et qui dépend de la variable de position au méme temps. Ce résultat
a été obtenu au début de la premiére année de thése, tout en adaptant la preuve donnée
par A. Mellet dans [Mell0], en la combinant avec les hypothéses de [MMMI11].

Rappelons que I’équation considérée est donnée par :
0(c)0,f¢ +ev-Vuft=Q (f°) —v(z,v)f5, zeRLveRt>0,

(0.5.1)
f6(07xav):f0<x7v>7 $€Rd,UERd,

avec

= olz,v,0)f(dv' et v(x,v):= oz, v, v v':Q+(F)
Q)= [ o) e vla)i= [ ot d = S

Avant d’énoncer le résultat, nous donnons les hypothéses sur o et F.

7nouvelle au point de vue construction, puisque la méthode spectrale a été développé avant, par G. Lebeau et M. Puel.
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Hypothéses 0.5.1. Les deux premiéres sont trés classiques :

(A1) La section efficace o est positive et localement intégrable sur R?? pour tout z, et la
fréquence de collision v satisfait :

v(z,—v) =v(z,v) >0, Vr,v € R

(A2) 1l existe une fonction F(v) € LL(R?) indépendante de z telle que :
Q(F) =0.
De plus, la fonction F' est symétrique, positive et normalisée a 1 :
F(—v) = F(v) >0 pour tout v € R et / F(v)dv = 1.
Rd
Les hypothéses suivantes concernent le comportement de F' et v pour de grandes vitesses.
(B1) 1l existe @ > 0 et une constante ko > 0 tel que
[v|*TF(v) — & quand |v| — oo.

(B2) 11 existe v1 et v, deux constantes strictement positives, une fonction vg(x) et une
constante 5 € R tel que

() < v(z,v) < ra(v)?, Vr,v € R (0.5.2)
et
|| Pv(x,v) — o(x) quand |v| — oo, uniformément par rapport a z.
Supposons de plus que v est de classe C' par rapport & = et que
B
H( > 8V$U}|LOOR2d) <C’

(B3) Enfin, nous supposons qu’il existe une constante strictement positive M telle que

F/ b2 5
F’ dv' + ——dv' ) <M, Vz,v € R,
R4 Rd v V2

avec les notations b := b(x,v,v') := o(z,v,v")F~(v), F' := F(¢') et v/ := v(z,v).
Théoréme 0.5.1 (Diffusion fractionnaire pour I’équation Boltzmann linéaire).
Supposons (A1-A2) et (B1-B2-B3) avec a > 0 et f < min{a;2 — a}. On définit v par :
a—pf
1-8
Soit fe(t,z,v) la solution de (0.5.1) de donnée initiale fo € L2%_,(R*) avec fo = 0 et
() = 7. Alors, f¢ converge faiblement-x dans L°°(0,T, L2, (R*?)) vers p(x,t)F(v) ou
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p est solution de l’équation
Op+ kL(p
oot [ 0359

ot L est un opérateur elliptique d’ordre v défini par :

L(p) = ﬁVP /Rd n(x,y)% dy

avec

n(z,y) = vo(z)ro(y) / Flemslo vl (=sds g
0

Remarque 0.5.2.
1. Noter que f < 1 ety € (0,2) pour « > 0 et f < min{a;2 — a}.
2. D’apres (B2), il existe 1,1, € RY tel que :

m < n(z,y) < n, Vz,y € RY

3. L’opérateur L est auto-adjoint puisque n(z,y) = n(y,x), et a le méme ordre que
I'opérateur Laplacien fractionnaire (—A)?/2,

Les démarches de la preuve sont les mémes présentées dans la sous-sous-section 0.4.3.2
et I'idée clé repose sur la “normalisation” de la fréquence de collision v par |v|™* (pour les
grandes vitesses) dans le probléme auxiliaire. Donc on considére ’équation suivante :

o] v (@, v)x" = elul o - Vox® = o] Pr(z, v)e(t, ),

pour |v| > 1 au lieu de (0.4.18), et on garde (0.4.18) pour |v| < 1. La solution de I’équation
ci-dessus est donnée par :

X (t,x,v) = / e~ Jo 1ol Puterelvl™Pvs0)ds )1 =B, (3 4 elp| Pz, v)p(x + elv| Poz, t)dz.
0

Rappelons que la formulation faible de I’équation (0.5.1) a été établi dans la sous-sous-
section 0.4.3.2 et est donnée par (0.4.25). Ainsi, ¢a revient a redémontrer le Lemme 0.4.5
(en version plus faible), le Lemme 0.4.6 et la Proposition 0.4.8 sous les hypothéses 0.5.1.

0.5.2 Probléme spectral et diffusion fractionnaire pour ’équation
de Fokker-Planck

Cette section concerne les résultats de la Partie II sur la limite de diffusion fractionnaire
pour I’équation de Fokker-Planck avec équilibre & queue lourde. On s’intéresse plutdt a
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la construction d’une solution pour le probléme spectral associé a 'opérateur de Fokker-
Planck qu’a la limite de diffusion elle-méme, puisque le résultat a été déja établi en
dimension 1 [LP19] par une approche spectrale difficile & généraliser, comme nous ’avons
expliqué dans la section précédente, puis par une approche probabiliste en dimension 1
puis en dimension supérieure [FT21, FT20| et derniérement [BM22| par une approche
spectrale en toute dimension, différente a la notre. Nous reviendrons sur la différence
entre notre construction et celle de [BM22].

Rappelons que I'équation étudiée dans cette partie est donnée par :

0(c)0if +ev - Vofe =V, (FV,(£)), zeRLveRyt>0,

(0.5.4)
f5(07x>v):f0($7v)7 .’L’ERd,UERd.
Dans les chapitres 2 et 3, on considére un équilibre F' donné par :
02
Fo)= —7"—, (0.5.5)
(1 +[v]?)2

ou on rappelle que Cs est une constante de normalisation, / Fv)dv =1, et f > d.
R4
Nous discutons le cas d'un équilibre quelconque dans le chapitre 4.

Cette section est structurée comme suit : nous commencons par introduire les notations
utilisées dans la Partie II, puis nous présentons les résultats de la construction du couple
propre et nous terminons par donner le lien avec la limite de diffusion.

0.5.2.1 Notations

Afin de simplifier le calcul et de travailler avec un opérateur auto-adjoint dans L2 nous
)
pfOCédOHS a un Changement d’inconnue en écrivant

széng@Mm

avec

L’équation (0.5.4) devient

1 £
0(£)0ig" +ev-V,g° = Mvv <M2Vv (QM)) = Ayg" — W(v)g-,

avec
_AM Ay —d+2)]P —d

M (14 [o]?)?

W (v) (0.5.6)

32



CONTENTS

L’équation peut étre vu comme
0(c)0ig” = —L.g",
ou
Lo:=—(Q+ev-V,) avec Q:=-A,+W(v).

Nous opérons une transformée de Fourier en x et comme 'opérateur () a des coefficients
qui ne dépendent pas de x, nous obtenons :

0()0ig" = —Ly57, (0.5.7)

ou

L= —=A, +W(v) +inu  avec vlzv-é—‘ et 1 =elE],

et ou ¢ étant la variable Fourier en espace.

En dimension 1 on note : n=¢e¢ et L, :=—092+ W(v)+ inv.

0.5.2.2 Construction d’une solution propre pour 'opérateur de Fokker-Planck
en dimension 1

Cette sous-section concerne le chapitre 2 ol on s’intéresse a la construction d’un couple
propre (p(n), M, ,) solution du probléme spectral

Ly(Myp) = [ — 05 + W (v) + im)] My = My, (0.5.8)
considéré en dimension 1, par une méthode qui s’étend plus facilement aux dimensions
supérieures.

Théoréme 0.5.2 (Solution propre pour 'opérateur Fokker-Planck en dimension 1 [DP23al).
Supposons que B €]1,5[\{2}. Soit nyg, \g > 0 assez petits. Alors, pour tout n € [0,no], il
existe un unique couple propre (u(n), M) dans {u € C, |u| < niXo} x L2(R,C), solution
du probléme spectral (0.5.8). De plus, nous avons

1. La convergence suivante dans L*(R,C),

[ My — M| L2 ) = (0.5.9)

2. La relation entre la valeur propre pu(n), léchelle de la variable temporelle 6(¢) et le
coefficient k est donnée par le développement suivant :

B+1

pn) = k5 (1+0(m)), (05.10)

ol Kk est une constante strictement positive donnée par
K= —205/ s TmHy(s)ds, (0.5.11)
0
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et ou Hy est l'unique solution de I’équation

1
{—a§+7(7—j>+is Ho(s) =0, VseR", (0.5.12)
s
satisfaisant

/ [Ho(s)PPds < 0o et Ho(s) ~ |s| 7. (0.5.13)
{IsI>1} 0

Pour n € [—no, 0], par conjugaison (complexe) de l’équation, on obtient

%< B+1

u(n) = f(—=n) = kln| = (1+O(|n| #)).

Remarques 0.5.3.
1. L’hypothése 5 # 2 est technique, cela évite d’introduire des termes logarithmiques
dans 'expression de p(n).

2. Pour 8 < 5, nous avons « := % < 2.

3. Nous avons beaucoup mieux que la convergence L? donnée par (0.5.9), puisque nous
démontrons que M,, est dominée par la fonction d’Airy qui décroit exponentiellement,

Cn3 V2 2
< — _exp [——( 3[v|)3

1
our |v| =n 3.
3 pour [v[ =7

4. Toutes les estimations obtenues dans [LP19] ont été récupérées et la formule (0.4.8)
du coefficient de diffusion x peut étre retrouver.

Idées de la preuve.

La construction du couple (,u(n), Mn) se fait en deux étapes principales, toutes deux basées
sur le théoréme des fonctions implicites, et dont 'application de ce dernier théoréme dans
la premiére étape a été inspiré du papier [Kocl5]. En effet, dans un premier temps,
nous considérons ce que nous appelons une équation pénalisée. Nous introduisons un
terme supplémentaire dans ’équation (0.5.8) afin de tuer la direction M dans le noyau de
I'opérateur linéaire calculé en = 0. Cela donne I’équation suivante

[ - 33 + W(v) + im)] Mum(v) = l‘an(U) - <MW7 — M, ®)®, veR,
(0.5.14)
M, € L2(R).

ou ® est une fonction qui satisfait certaine conditions, données dans le chapitre 2. Cette
équation pénalisée a une solution pour tout p et n sur 'espace tout entier, ce qui nous
permet d’éviter le probléme de recollement et de travailler directement sur R. C’est I'un
des points clés qui nous permet de généraliser cette construction en toute dimension.
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L’objectif de la premiére étape est de montrer I'existence d’une unique solution pour
I'équation (0.5.14) pour tout n et p (fixés). Pour cela, nous décomposons l'opérateur
“—02+W (v)+inv—p” en deux parties. La premiére partie est choisie de telle sorte qu’elle
admette "un inverse a droite" qui est continu en tant qu’opérateur linéaire entre deux
espaces fonctionnels appropriés, continu par rapport aux parameétres 1 et p et compact
en n = i = 0. La seconde partie de l'opérateur est laissée dans le coté droit de I’équation,
c’est-a-dire qu’elle est considérée comme un terme source. Trouver une solution a (0.5.14)
revient a un processus de point fixe.

Dans la deuxiéme étape, pour s’assurer que le terme supplémentaire disparait, nous
devons choisir p(n) obtenu par le théoréme des fonctions implicites autour du point
(i, m) = (0,0) appliqué a I'équation (M, ,, — M, ®) = 0.

0.5.2.3 Construction d’une solution propre pour ’opérateur de Fokker-Planck
en dimension quelconque

Cette sous-section est consacrée au résultat principal du chapitre 3. L’objectif est d’étendre
le résultat obtenu en dimension 1 pour toute dimension d > 1. La stratégie est la méme
mais les outils sont différents, puisque la dimension 1 était basée sur des méthodes d’EDO
pour inverser l'opérateur par exemple et établir certaines estimations L*° qui donnent
d’autres estimations permettant de passer a la limite plus facilement, tandis qu’en dimen-
sion supérieure, nous n’avons pas ce type d’estimations et nous sommes obligés d’établir
des estimations, en travaillant sur 'EDP, a chaque fois que nous les avons besoin.

Théoréme 0.5.3 (Solution propre pour 'opérateur de Fokker-Planck pour d > 1 [DP23b]).
Supposons que [ €|d,d + 4[\{d + 1}. Soit no, \g > 0 assez petits. Alors, pour tout n €
[0, 0], il existe un unique couple propre (pu(n), M,) dans {u € C,|p| < n3 Ao} x LA(R?, C),
solution du probléme spectral

Ly(M,)(v) = [— Ay + W(v) + inui| M, ,(v) = pM,,(v), veR (0.5.15)

De plus, nous avons
1. La convergence suivante dans l’espace de Sobolev H'(RY) :

[My = M| 1 gy — 0. (0.5.16)

n—0

2. La valeur propre p(n) satisfait

B—d+2

p(n) = kn" 30 (140 5)), (0.5.17)

ol Kk est une constante strictement positive donnée par :

K= —202/ s1|s| "ImHy(s)ds, (0.5.18)
{s1>0}
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et ot Hy est l'unique solution de

—d+2
{— A+ % Visy | Ho(s) =0, VseR\ {0}, (0.5.19)
S
satisfaisant
/ [Ho(s)Pds < 00 et Ho(s) ~ |s| 7. (0.5.20)
{Is1]>1} 0

Remarque 0.5.4. Comme en dimension 1, I’hypothése 5 # d+ 1 est technique, cela évite
d’introduire des termes logarithmiques dans l'expression de p(7).

Idées de la preuve.
Comme en dimension 1, la preuve du théoréme 0.5.3 se fait en deux étapes principales.
L’équation pénalisée est la méme, avec v € R? cette fois-ci :

[ — Ay + W(v) + invi | My, (v) = pM,, ) (v) = (M, — M, ®)®(v), veR
(0.5.21)
M, € L*(R%).

ou ® est une fonction qui satisfait certaines hypothéses. Dans le chapitre 3 nous avons
choisi ® := ¢, 4(v)"772, ol ¢, 4 est une constante telle que (M, P) = 1. Comme nous
I'avons dit précédemment, le terme supplémentaire (M, , — M, ®)® nous permet d’éviter
le probléme de recollement et garantie l'existence d’une solution & ’équation (0.5.21)
sur 'espace RY tout entier. Notez également que le signe précédant le produit scalaire
(M, — M, ®) est important pour établir certaines estimations.

Le but de la premiére étape est de montrer l'existence d’'une unique solution pour
I'équation (0.5.21) an et p fixés. Une décomposition de 'opérateur “—A,+W (v)+inv; —p”
en deux parties est cruciale, pour les mémes raisons qu’en dimension 1. L’inversibilité de
la premiére partie ainsi que I’étude de 'opérateur inverse et de ses propriétés sont basées
sur une version élaborée du théoréme de Lax-Milgram.

Dans la deuxiéme étape, pour s’assurer que le terme supplémentaire disparait, il faut
choisir p(n) obtenu par le théoréme des fonctions implicites autour du point (i, ) = (0, 0).
L’étude de cette contrainte et ’approximation de la valeur propre en dimension supérieure
sont beaucoup plus compliquées que dans le cas de la dimension 1. En effet, en dimension
1, le théorémes des fonctions implicites nous fournit une solution, ainsi qu’une convergence
vers I’équilibre M, dans un espace L a poids, dont le poids est suffisamment bon (1/poids
€ L>* N L?), tandis qu’en dimension supérieure, la solution obtenue est dans l’espace L?
muni de la mesure %, ce qui n’est pas suffisant pour le reste de ’étude. Cependant, une
étape de plus est a réaliser dans ce cas, elle consiste a améliorer I'espace auquel appartient

la solution trouvée par Lax-Milgram. Elle est basée sur des estimations L? délicates, qui
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nécessitent une décomposition de I'espace R? en trois parties, |v| petit, |v;| petit mais |v]
grand, et enfin |v; | grand, dont les estimations sur chaque partie s’établirent différemment.

0.5.2.4 Lien avec la limite de diffusion

Dans cette sous-section, nous revenons sur les deux derniéres remarques de la sous-sous-
section 0.4.3.4 concernant le lien entre la solution propre construite et la limite de diffusion.

Théoréme 0.5.4 (Limite de diffusion fractionnaire pour I’équation de Fokker-Planck).
Supposons que d < 8 < d+4 avec § # d+ 1. Supposons que fo € L%, (R*) N L., (R*)
est une fonction positive. Soit f€ la solution de (0.5.4) dans Y, défini dans (0.2.13), de
donnée initiale fo, avec 0(c) = * et a 1= w. Soit k la constante donnée par (0.5.18).
Alors, f¢ converge faiblement étoile dans L>([0,T], L%_,(R*)) vers p(t,z)F (v) ot p est

solution de [’équation

op+rK(=A)2p=0, p0,z)= [ fdo. (0.5.22)
R4

En effet, soit ¢° la solution de ’équation (0.5.7). On a :
G (1,6, v) = 7950, €, v),

ce qui donne, en revenant a la variable d’espace x, ce qui suit

() = g [ (e de

En variable Fourier, ¢a revient a vérifier que p(t,§) := / e p(t,x) dz satisfait
R4

op + kIE|“p = 0. (0.5.23)
Soit M, I'unique solution dans L* de équation £, (M,) = p(n)M,, donnée par le Théoréme
0.5.3. On a:
d
— [ °(t,§,v)M,(v) dv = /@QgMn dv = —e_a/ﬁa(ga)Mn dv

dt
= —e‘“/gfﬁs(Mn) dv = —5—%(77)/@6(15,5,@)]\4,7(@) dv.

Rappelons que p° := /fa dv = /QEM dv et que n = ¢|¢|]. Par le Théoréme 0.5.3,

e u(n) — k|&|* et M,, — M dans L?, quand ¢ — 0. Par conséquent, en passant a la

limite dans 1’égalité précédente, nous obtenons 1’équation suivante
Oup = —lelp.
Ce qui signifie que p satisfait (0.5.23). Ainsi, la solution f¢ de (0.5.4) converge, dans un
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certain sens, vers p(t,z)F(v), ol p est la solution de I’équation de diffusion fractionnaire

O+ K(—A)sp =0, p(0,7) = / £ dv. (0.5.24)

Heuristique sur le calcul de la valeur propre. A l'aide d’un calcul formel présenté
en dimension 1 pour simplifier, et justifié dans les chapitres 2 et 3, nous présenterons
comment 1'échelle de temps 6(g) est choisie et comment elle apparait dans le probléme
spectral. Supposons que le couple (u(n), M,,,) soit solution du probléme

£77<Mw7) = [_812; + W(v) + im’]Mu,n = #(”)Mu,m veR.

En intégrant I’équation précédente multipliée par M et en utilisant le fait que Q(M) = 0,
on obtient :

in/vMW]Mdv:,u(n)/MW]Mdv.
R R

p(n) = —m( /R UMMMdv) ( /R MMMdv) N

—1
La convergence M,, ,, — M quand  — 0 implique que </ MH,nMdv> — |M|3? = C’g.
R

Par conséquent,

Formellement, par un développement de Hilbert
My =M +nN, +o(n), o [_812; + W ()N, = —invM,

on obtient
_ 1
| Myy(v) = M(0)] Sn()*™ pour [v] < son”3,
1

et en rescalant l'intégrale sur les grandes vitesses par v = 17735 on obtient enfin :

p(n) ~n? / o )P de 4275 / s' 7 Tm Hy(s)ds,
{lvl<n™3s0} {s>s0}

ou Hy est la limite de M, ,, rescalée, solution de ’équation réscalée limite

1
[—8§+WV——2”+18}H0(3) =0, VseR"
s
Rappelons que u(n) = u(e|€]). Ainsi, si % > 2 alors on récupére de la diffusion classique

avec le scaling usuel §(g) = &2, et ¢a sera les petites vitesses qui donne le coefficient de
27—;1 < 2 alors, nous obtenons une diffusion fractionnaire avec
pour le laplacien, ’échelle de temps est donnée par () = e 1,

diffusion. En revanche, si
2v+1
6

et le coefficient de diffusion est déterminé par l'intégrale pour les grandes vitesses dans ce

une puissance de

cas.
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0.5.2.5 Diffusion fractionnaire pour I’équation de Fokker-Planck avec drift

Dans les chapitres 2 et 3 résumés dans les deux sous-sections précédentes, nous avions
travaillé avec un équilibre F' donné par une formule explicite (0.5.5), en particulier, centré
et symétrique (i.e. paire), et ce qui donne une formule explicite aussi pour le potentiel W.
Dans cette sous-section, qui résume le chapitre 4, nous discutons le cas d’équilibres plus

8

généraux'®. Sous certaines hypothéses sur le comportement de F & linfini ainsi que le

potentiel W, nous obtenons de la diffusion fractionnaire pour I’équation de Fokker-Planck
avec ou sans drift, selon la décroissance de F'.

Notations. Soit 5 > d + 1. On note par jp le vecteur

JF ::/ vF(v) do,
Rd
et par j; le scalaire

J1:= / v F(v) do.
R4
Soit f¢ la solution de I'équation (0.5.4). On note par f. la fonction définie par
fa(t> x, U) = fa(tv €T — gl_athv U)a

solution de I’équation suivante :

()0, f- +e(v —jp) - Vofe =V, - (Fvv (%)) (0.5.25)
Enfin, on note par 5. la fonction p.(t,2) := p°(t,x — '~*jpt). Notez qu'on garde aussi
les mémes notations introduites au début de cette section (M := F 7 ).

Hypothéses 0.5.5.

(H1) Supposons que F(v) > 0 pour tout v € R? et qu'il existe 3 > d et une constante C
tels que :

C

~ —
[v]—o00 |U|B

F(v)

(H2) Concernant le potentiel W, on suppose qu’il existe une constante o € (0,27 —d+ 2)

0<w)- =4+ _ O(L), (0.5.27)

|U|2 |v|:oo |U|2+U

et /F(v)dv: M?(v)dv = 1. (0.5.26)

telle que

JsS)

ou 7y = 5.

Notre construction, donnant les Théorémes 0.5.3 et 0.5.4, permet d’aborder le cas d’un
équilibre plus général satisfaisant les hypotheéses 0.5.5, puisque nous n’avons pas utilisé

18Le cas de la dimension 1 a été fait & la fin de la premiére année de thése, en adaptant la méthode donnée dans [LP19].
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le fait que F' (ou M) était donnée explicitement, mais plutot utilisé la décomposition du
potentiel W en deux parties dans la premiére étape (sa queue pour les grandes vitesses et
le reste qui est d’ordre inférieur) afin de montrer 1'existence de solutions pour I’équation
pénalisée, et la symétrie de I’équilibre dans la deuxiéme étape, afin d’utiliser I'inégalité de
Hardy-Poincaré pour établir certaines estimations. L’hypothése sur le comportement de
W est récupérée par 'hypothése (H2) ci-dessus. Concernant la non symétrie de I’équilibre,
elle est traitée comme suit : afin d’utiliser I'inégalité de Hardy, on rajoute et on retranche
un terme qui fait apparaitre la projection de la fonction M, , sur M dans l'espace L?
muni de la mesure %. Le terme qu’on rajoute est utilisé dans 'inégalité et apparait
dans ’approximation de la valeur propre, tandis que ’autre terme est mis dans 1’équation.
Donc ¢a revient & faire une sorte de correction sur ’équation, ce qui donne exactement
le terme de drift jr pour 8 > d + 1. Ce dernier terme est dominé lorsque 5 € (d,d + 1)
et n’apparait pas dans I’équation. Observons que 8 = d + 1 est le seuil de la convergence

absolue de I'intégrale j; = / vy M?*(v)dv définissant le drift macroscopique.
Ra

Proposition 0.5.6 (Approximation de la valeur propre). Soit § = 2y € (d,d + 4) et

2y—d+2
3

soit o 1= . Alors, la valeur propre p(n) associée a la solution du probléme (0.5.15)

satisfait

1. Pour € (d,d+1),
() = kn* (14 0(n%)), (0.5.28)

2. Pour B € (d+1,d+4),
p(n) —in jr = kn*(1+0(n*)), (0.5.29)

ol Kk est une constante strictement positive donnée par

i/ s1|s| 7Y Hy(s) ds, pour y € (g, %),
{ls1|>0}
- (0.5.30)
[ sl () < s ds, pour € (245,
{|s1|>0}

et ou Hy est l'unique solution de I’équation (0.5.19) satisfaisant (0.5.20).

Pour la limite de diffusion, la convergence de f. et p., & des sous-suites prés, est assurée
grace aux estimations complémentaires suivantes :

Lemme 0.5.7 (Lemme complémentaire). Soit § > d + 1. Pour une donnée initiale
fo € Yﬁ(RM) ou p = 2, et pour un temps T > 0, nous avons les estimations suivantes :
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1. La solution f. de (0.5.25) est bornée dans L= ([0, T]; YA(R*)) uniformément par
rapport a €. De plus,

ol + 2222 [ e,
R2d
19O N0y = 107N ey < Cllfollyngeay — pouwrtout ¢ €0, T].

p—2

| F dvdzdt < || foll5»
F

F

2. La densité p°f satisfait :

3. Supposons que ||fo/F |l < C. Alors,

//( = pEF‘zdv) 7 dxdtgcg"‘i“.
R4 R4

De maniére analogue a celle qui méne au Théoréme 0.5.4, on obtient :

Théoréme 0.5.5 (Diffusion fractionnaire pour ’équation de Fokker-Planck avec drift).
Supposons que d < B < d+4 avec 8 # d+ 1. Supposons que fo € L%, (R*) N L, (R*)
est une fonction positive. Soit f€ la solution de (0.5.4) dans Y, de donnée initiale fy avec
O(e) =e et av:= w. Soit k la constante définie dans (0.5.30). Alors,

1. Pour B € (d,d+1), la suite f¢ converge faiblement étoile dans L™ ([0, T; L%._, (R*?))
vers p(t,z)F(v) ow p est solution de l’équation

op+r(—=N)2p=0, p(0,x)= fo dv. (0.5.31)

Rd

2. Pour € (d+1,d+4), la suite f. converge faiblement étoile dans L ([O, T}, L3, (R2d))
vers p(t,x)F(v) ot p est solution de l’équation (0.5.31).

Remarque 0.5.8. Dans le cas d'un équilibre symétrique, on récupére bien les résultats
des deux sous-sections précédentes, puisque j; = 0, jp = Opa et Hy(—s1,5") = Hy(sy,s').
0.5.2.6 Différence avec approche de Bouin-Mouhot

Les travaux de cette Partie ont été faits indépendamment des résultats de E. Bouin et C.
Mouhot [BM22] et la méthode est complétement différente, d’ailleurs on ne regarde pas
le méme probléme spectral. En effet, dans cette thése on s’est intéressé a ’amélioration
et la généralisation de la construction de Lebeau-Puel pour résoudre le probléme

[Q + 177”1} My = My,

Tandis que dans [BM22], les auteurs ont considéré un probléme spectral modifié, plus
précisément, ils ont regardé une fonction propre avec un facteur de >2 a coté de la valeur
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propre :

[Q +invi] oy, = u%, (0.5.32)

d
avec ¢, € L*(R; %) satisfaisant /Rd on(v) M (v) (v_?); = 1. Cette idée pertinente permet

“d’éviter le probléme de trou spectral pour ce dernier opérateur” et d’utiliser I'inégalité

[ 18- rup 5}—;} <c [ o) a.

ou r est une densité a poids définie par

r(t, ) = /f %. (0.5.33)

Ainsi, par une méthode totalement différente, les deux derniers auteurs ont montré

I'existence de ce qu’ils ont appelé par “fluide mode”, un couple (u(n),qﬁn) solution du
probléme (0.5.32) (|[BM22, Lemma 1.1]).

Cette derniére construction a donné comme conséquence la convergence de f¢ (solution
de (0.5.4)) vers r(t,x)F(v) lorsque € tend vers 0, avec r (définie par (3.1.7)) solution
de I’équation de diffusion fractionnaire (0.5.23) (|[BM22, Theorem 1.4]). Enfin, la limite
de diffusion avec la bonne densité p := [ f dv est récupérée grace a la convergence
fe = r(t,z)F(v), I'inégalité de Holder et I'hypotheése || fo/F |l < C.

0.5.3 Propagation de régularité Gevrey pour les solutions du sys-
téme de Vlasov-Navier-Stokes

Cette sous-section concerne la derniére Partie (III) de ce document, ot nous abordons le
probléme de propagation de la régularité Gevrey (et d’analyticité) pour les solutions du
systéme de Vlasov-Navier-Stokes (VNS) sur T¢ x R¢ (ou R? x R?) tant qu'il existe une
solution Sobolev pour ce systéme :

Of+v-Vof+V,-[(u—0)f] = 0, dans (0,7) x T?¢ x R?,
Ou+ (u-Vy)u—Au+Vep = jr—ppu, dans (0,7) x T, (0.5.34)
Ve -u = 0, dans (0,7T) x T, o

u(0,-) = uo, f(0,,-) = fo,
avec
p = ps(t,x) = /Rdf dv et ji=jp(t,x):= /Rdfuf dv,
ot f(t,z,v) = 0 est la densité des particules et u(t,z) € R? est la vitesse du fluide.

Plus précisément, nous donnons des estimations quantitatives de la croissance de la
norme de Gevrey et de la décroissance du rayon de régularité pour la solution de (0.5.34)
en fonction de la norme de Sobolev elle-méme estimée en fonction du champ de force
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||u|[wi., de la densité locale ||pf||~ et du volume du support dans la variable de vitesse
de la distribution f. Comme application, nous montrons 'existence globale de solutions
Gevrey pour le systéme VNS dans T? xR? pour une énergie modulée initiale'® suffisamment
petite, grace au résultat prouvé par Han-Kwan, Moussa et Moyano dans [HKMM20]. De
plus, la propagation de la régularité Gevrey reste vraie sur R? x R? quitte & remplacer les
séries de Fourier (dues au travail sur le tore) par des intégrales.

Avant d’énoncer les principaux résultats, donnons les notations et définitions nécessaires.

0.5.3.1 Notations and définitions

Nous utilisons :
e les notations multi-indices

v i=opt o (vg)™ et Dy = (101) ... (104)™,

otacNLveR, neRyIet i2=—1;
e la définition du coefficient (transformation) de Fourier de f € L*(T? x R?) suivante :

A~

fr(n) = e whTIvN £ (0 v)dado

Td x R4

et de u € L*(T?) :

~ 1 —iz-k
Uy, = o) /’]I‘d e Py (z)da.

Nous définissons les crochets japonais : (k) := (1 + |k|2)% et (k,n) = (1+ k> + \77|2)%
pour tout k,7 € R?. Enfin, on note la norme de Sobolev standard de f dans HZ ,(T% x R?)
par || f||, et on note HY, 5, (T¢ x R?) 'espace de Sobolev a poids de norme

150 = D I FII,
|lal<M
qui peut s’écrire, en variables de Fourier, comme
s = 32 3 [ D3 .
|a|<M kezd

Definition 0.5.9 (Classe i-Gevrey dans T¢ x R?). Une fonction a valeurs réelles f €
C>®(T? x RY) est dite de classe %—Gevrey de rayon de régularité A > 0, correction de

19Cette énergie a été introduit dans [CK15] et a joué un réle important dans [HKMM20]. Elle est définie par :

1

=5 [ o= Gr)Pdvdr+ 5 [ juote) = o) o+ 7]Gig) = (ol

ol (jgo) := Jg3 i, (@)dz et (ug) := [p3 uo(z)dz.
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Sobolev o > 0 et poids M € N, si pour un certain s € (0,1], on a f € L?(T¢ x R?) et

2= D IR s < oo,

laj<M
avec
197 s = WAZD I i= 3 [ (ke D5 ),
kezd
et ou

AZ(0) 1= (k) 7eX e

est le multiplicateur de Fourier. On note par QA’”’M’%(TCZ x R%) lespace des fonctions de
cette classe.

Definition 0.5.10 (Classe 1-Gevrey dans T%). Une fonction vectorielle réelle u € C> (T, R?)
est dite de classe %—Gevrey de rayon de régularité A > 0 et correction de Sobolev o > 0 si
pour un certain s € (0,1], on a u € L*(T%) et

lullR g0 = I 5 = 1AM ull3 = Y (k)27 | < +oo,
kezd
ou
A= (Id— A,)z.
En Fourier, (k)7e**" =: A7(0) est le multiplicateur de Fourier et 4y, sont les coefficients

de Fourier de u sur T?. On note Q’\’”é(Td) I'espace des fonctions de cette classe.

Remarque 0.5.11. Le cas s = 1 dans les définitions précédentes correspond aux fonctions
analytiques réelles.

Enfin, on note par V. (t) le support en vitesse de la solution de 1’équation de transport

(Vlasov) f :
Vio(t) :=sup {|v] : 3 (z,v) € T x R? tel que f(t,z,v) > 0},

et par VM(t) la quantité : VM (t) := V2M(1)|| fol|%e**, ot d ici c’est la dimension.

0.5.3.2 Principaux résultats

Théoréme 0.5.6 (Propagation of Gevrey regularity). Soit (fo,uo) la donnée initiale du
systeme VNS (0.5.34) dans T¢ x R? telle que, fo a un support compact en vitesse et
[ follxoounts 4 [tollxg,0s €5t finie pour un certain s € (0,1], Ag > 0, 0 > 4+ 5 +2 et
M > 2+1. Alors, l'unique solution classique (f,u) € C(0, Tpaz; HY ) X C(0, Trnae; HY)
satisfait pour tout t € [0, T,az) les bornes supérieures

[flIxonrs < Cr(1+t)g(2) (0.5.35)
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et

lul

t
s < (||Uo||,\o,a,s+02 / <1+<>g<<>e—02fo<g<f>dfd<> i, (0.5.36)
0

et pour tout t € [0, Truaz) la borne inférieure

t
At) = Cs(t + 1)_lexp{— 03/ (1 + [Julls + ||f||U’M)dT} >0, (0.5.37)
0

ol
t
o(t) =exp[Co [ (lullwros + Il + V() + 1) ],
0

et ot Th,.. est le temps mazimal d’existence et les constantes Cy, Cp, Cy et C3 dépendent
de la donnée initiale (fo,ug), du rayon de régularité Ao, de la correction de Sobolev o, du
poids M et de la dimension d.

Remarque 0.5.12. Si pour un certain 7' € [0, Tipax), 0 > %l +1let M > % +1,0na

lim sup (Hf(t)H,,M + Hu(t)HU) < 400,
t—T

alors, T' < Tax. Autrement dit, la régularité Gevrey continue a se propager sur [0, 7]
tant que || f|lo.ar + ||u]ls est borné sur [0, T7.

Remarque 0.5.13. Nous pourrions supprimer ’hypothése de support compact sur les
données initiales, mais les estimations de la croissance de la norme Gevrey et du rayon de
régularité seraient bornées en termes de || f||,ar et ||ullo, au lieu de [Jullwre + ||pf]loo +
VM(t) + 1, et pour un temps court. Si nous voulons avoir une propagation pour des solu-
tions globales (avec données petites), nous devons avoir plus de moments finis (en vitesses)
et montrer une propagation des moments dans ce cas. Ceci est analogue aux résultats
de Pfaffelmoser [Pfa92] et Lions-Perthame [LP91] pour le systéme Vlasov-Poisson. Cette
derniére contrainte vient de I’estimation du commutateur dont on a besoin pour controler
le terme de force qui vient de I’équation de Vlasov.

Theorem 0.5.14 (Propagation d’Analyticité). Soit (fo,up) une donnée initiale pour le
systeme (0.5.34) dans T x R? telle que, || follxoo.nr1 + [[W0llrg.01 €St finie pour un certain
Ao >0,0> 42 et M > 241, Alors, la solution classique (f,u) € C(0, Tnaa; HZ ypp) X
C(0, Trnax; HY) satisfait pour tout t € [0, Thnaz) les bornes supérieures

1F ) Ixenrs < follro.ears exp [04/0 (1 + [lu(r)llo)dr] (0.5.38)

et
t
- ¢ T)aTt ¢ T)aT
ol < (ol + Co | I arae €5 OTAC ) RO (0530
0
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et la borne inférieure (0.5.37), ot Y (1) = |[u(t)|lZ + [[f(t)||5 €t Tmax est le temps
mazximal d’existence. Les constantes Cy et Cs dépendent de la donnée initiale (fo,uo), du
rayon de régularité Ao, de la correction de Sobolev o, du poids M et de la dimension d.

Remarque 0.5.15 (Temps d’existence et donnée initiale).

Pour tout ¢ < £1In (%) avec Yp := Y'(0), on a l'estimation suivante :

Y, -1
t 2 t 2 <(1- 0 Ct '
IOl + 17O < (1= 30

Comme application du Théoréme 0.5.6, nous obtenons l’existence globale des solutions
Gevrey pour le systéme VNS (0.5.34) dans T3 x R3. Ce résultat découle directement des
résultats de Han-Kwan, Moussa et Moyano dans [HKMM?20].

Théoréme 0.5.7 (Existence globale de solutions Gevrey pour s € (0, 1)). Soit ( fo, uo) une
donnée initiale pour le systéme (0.5.34) dans T3 x R3 telle que, fo a un support compact
en vitesse et || follxe.o,m,s 1 W0l xe0s €5t finie pour certain s € (0,1), Ao >0, 0 > 142 et
M > g Soit £(0) assez petite au sens du Théoreme 2.1 dans [HKMMZ20]. Alors, il existe
une unique solution globale classique (f,u) € C(0,00; H7(T? x R3)) x C(0, 00; H7(T?))
pour le systéme VNS (0.5.34) satisfaisant pour tout t € [0,00) les bornes supérieures
(0.5.35) et (0.5.36), et le rayon de réqularité \(t) satisfait la borne inférieure (0.5.37).

0.5.3.3 1Idées de la preuve

Les preuves des résultats précédents reposent sur des estimations d’énergie basées sur
une méthode d’espace de Fourier motivée par I'approche utilisée dans [KV09, LO97] pour
étudier la propagation de la régularité Gevrey et analytique pour le systéme 2d-Euler
et [VR21] pour la régularité de Gevrey pour le systéme de Vlasov-Poisson. En effet, on
établit des estimations sur les normes Gevrey des solutions des équations de Vlasov et
Navier-Stokes séparément, en écrivant ces derniéres équations en Fourier et en utilisant
des inégalités triangulaires sur les crochets japonais pour les multiplicateurs de Fourier,
des inégalités de Young (pour la convolution) pour les produits et des inégalités sur
le commutateur pour les termes de force. FEnsuite, afin de se libérer du couplage uf,
nous combinons les deux estimations et on conclut par Gronwall. Plus précisément, les
estimations sur Vlasov donnent :

1d
sl MRenns S (ullwice + D 1130 ars + lellol Fllonell floss

+ (A [ull) + X2l ) 11 s a0

+ (M flloar + N fllxonrs) [ullnors sl fliaos s, (0.5.40)
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et pour Navier-Stokes :

1d
sl Ui + [ulioins S (IVaulloo + 1 lonr + AN FlInonrs) 13 o0 + Nellelleefres

+ Hf”)\,O',M,s”uH/\,a',s

(At Alulls + 22Nl + lullag)) 1l grge (05.41)

Ceci étant vrai pour s € (0,1, M > %+ 1et o>+ 542

Les paramétres s, o et M sont fixes, tandis que A est une fonction en ¢. Le poids
dans lequel M intervient a servi pour controler les moments p; et j; en terme de la
distribution de densité f, et la fonction \ sera choisie de facon a absorber les normes
dont la régularité de Sobolev déborde (& cause des dérivées en temps dans la méthode de
Iénergie : HfHA,H%,M,S et ||u||,\7(,+§,s). On peut voir que si on choisit A de telle sorte que
la norme || f|[xo+35,0,s soit éliminée dans l'inégalité (0.5.40) par exemple, c’est & dire A
satisfait 'inéquation différentielle

A AL [ lloar + llullo) + X2 fllxoars + ullres) <O, (0.5.42)

on aura :

1d
2dt

Ainsi, si les normes ||ul|wies, || f]loar €t ||ull, sont finis alors, le lemme de Gronwall nous

1£13 0ars S Ulullwree + 1) IFI5 onrs + Nulloll flloarlLf 5o nr.s-

permettra de conclure. Noter que pour ¢ > % + 1, on a ||lullyre < [lull,. Il revient
a estimer les normes Sobolev || f||,ar et ||ull,. Ceci se fait de la méme facon que pour
Gevrey. Noter aussi que le choix de A ci-dessus est bon pour les estimations sur u et
'inégalité (0.5.41) devient :

1d
5B + llliorrs S (IVatdloo + 1 o) lullios + (ulls + 1FlIxoars)

A,0,8*

Enfin, pour trouver une fonction A\ satisfaisant (0.5.42), il suffit de prendre la fonction

t
A(t) ==e” Jo atr)dr ()\01 + / b(T)e” Jo al®dc dT)
0

solution de I’équation différentielle

-1

A+ a(t)A +b(H)A2 = 0,

avec a(t) := 1+ ||f(t)

o+ [u®)llo et () = [[f(B)llxonrs + [[w(®)]ro.s-
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CHAPTER 1

Fractional diffusion for the linear Boltzmann equation with
heavy-tail equilibrium and general cross-section

Résumé

Ce chapitre est consacré a la limite hydrodynamique de I'’équation linéaire de Boltz-
mann, dans le cas d'un équilibre & queue lourde et d’une section efficace qui dépend de
la variable d’espace et qui dégénére pour les grandes vitesses. Pour une échelle de temps
appropriée, une équation de diffusion fractionnaire est obtenue. Ce probléme a été traité
dans [MMM11] pour une section efficace indépendante de I’espace, en utilisant une trans-
formée de Fourier-Laplace, et traité dans [Mell0] pour une section efficace dépendant de
I’espace mais bornée, en utilisant la méthode des Moments en introduisant un probléme
auxiliaire. Dans ce travail, nous adapterons la derniére méthode, tout en combinant les
hypothéses des deux références citées.

Abstract

This chapter is devoted to the hydrodynamic limit for the linear Boltzmann equation,
in the case of a heavy tail equilibrium and a cross section which depends on the space
variable and which degenerates for large velocities. For an appropriate time scale, a
fractional diffusion equation is obtained. This problem has been addressed in [MMMT11]|
for a space-independent cross section, using a Fourier-Laplace transform, and addressed
in [Mell10] for a space-dependent but bounded cross section, using the Moments method
by introducing an auxiliary problem. In this work, we will adapt the last method, while
combining the assumptions of the two cited references.

o1



1.1. INTRODUCTION

Contents
1.1 Introduction . . . . . . . @ @ i i i i i i i i i it e e e e 52
1.1.1 Setting of the problem . . . . . . . . . . .. ... ... 52
1.1.2 Mainresult . . . . . . . . e 56
1.2 Preliminariesresults . ... ... ... o oo 58
1.2.1 Properties of the operator Q@ . . . . . . . . . . . ... ... ... 58
1.2.2 Compactness lemma . . . . . . .. ... Lo 60
1.2.3 The auxiliary problem . . . . . . . . ... L L 61
1.3 Proof of the main Theorem . ... ... ... ... ... 63
1.3.1 First part of the limting process . . . . . . .. .. .. ... ... ... 64
1.3.2  Obtention of the limiting operator . . . . . . .. . ... ... ... .. ..... 68

1.1 Introduction

1.1.1 Setting of the problem

In this chapter, we are dealing with the following parameterized linear kinetic equation:

0(c)0if +ev-Vofs=Q(f%), ze€RiLveRt>0,
(1.1.1)
fE(O,Z',U):fO(;U”U)’ xGRd,’ZJERd.

where ¢ is a positive parameter and 6(e) —0> 0 to be chosen later, and where () is the
E—r

collisional linear Boltzmann operator given by

Qf) = /Rd[a(x,v,v’)f(v’) —o(x, v, v) f(v)] dvf (1.1.2)

with a non-negative collision kernel o = o(z,v,v") > 0. For non-negative initial data fo,
the unknown f¢(¢,z,v) > 0 can be interpreted as the density of particles occupying at
time t > 0, the position z € R? with velocity v € RY, since for the following rescaling

x
=—— and 2/ ==
€

)

the function f° can be seen as solution of the family of equations (without primes)

atf—i_vvxf:QE(f)v t>07x€Rd7U€Rda
(1.1.3)
f0,2,0) = fo(z,v), ze€R!, veR?,

where
Q1) = [ folea o)) = oo o' o) ()] v

Note that for £ small enough, the time and position variables considered in equation
(1.1.1) are much larger than those in equation (1.1.3). Thus, the study of the behavior of
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CHAPTER 1. FRACTIONAL DIFFUSION FOR THE LINEAR BOLTZMANN EQUATION

f¢ when € tends to 0 can be seen as a kind of hydrodynamic limit for the kinetic equation
(1.1.3), whose parameter € designates the mean free path, and plays the role of Knudsen’s
number here.

Some classical notations: The collision operator () can be decomposed into a “gain”
term and a “loss” term as follows:

QAN= (N -Q ()
with
Q) = [ olan ) ad Q)= v,

where v is the collision frequency defined by

v(z,v) = /]Rd o(z,v,v)dv = %, (1.1.4)

and F' is the equilibrium of @), a positive function satisfying:

Q(F)=0 and /Rd F(v) dv=1. (1.1.5)

Remark 1.1.1.

1. This splitting, Q = Q@+ — @, is not possible in general because the integrals defining
each piece diverge, but this is not the case in this paper.

2. Such an equilibrium F satisfying (1.1.5) exists under certain assumptions on the col-
lision kernel o, thanks to the Krein-Rutman theorem (see [DGP00] for more details).
A particular case in which this condition is satisfied is when o is such that

Vo, v,0' € RY, o(z,v,v") =b(z,v,v')F(v) with b(z,v,v) =b(z,v,v), (1.1.6)

for some non-negative b € L} (R3?).

3. We return to the Assumptions on ¢ and F' with more details in the next subsection.
See Remarks & Examples 3.1 in [MMMT11]| for a discussion of Assumptions about
the cross section, and Lemma 6.1 in the same reference for the proof of statements

In some cases.

Formally, passing to the limit when ¢ — 0 in equation (1.1.1), we obtain that the
limit fO is in the kernel of () which is spanned by the equilibrium F, which means that
f° = p(t,z)F(v). Thus, it amounts to find the equation satisfied by the density p.
This question of approximation of kinetic equations by macroscopic equations has a long
history, dating back to the pioneering works of E. Wigner [WB61]|, A. Bensoussan, J.L.
Lions, and G. Papanicolaou [BLP79|, as well as E.W. Larsen and J.B. Keller [LK74].
Since then, numerous papers have addressed this topic (for further references, see the
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papers by C. Bardos, R. Santos, and R. Sentis [BSS84], and P. Degond, T. Goudon, and
F. Poupaud [DGP00]). The resulting equations fall into two categories, depending on
the rate of decrease in velocity of the equilibrium F. It is well-known (see [DGP00] for
instance) that when F' decreases rapidly for large velocities (such as when F follows a
Maxwellian distribution function), they proved, in particular, that for the classical scaling
() = €%, the distribution function f¢ converges to p(t, ) F(v) as € goes to 0, with p being
the solution of the diffusion equation

Op— V- (DVyp) =0, (1.1.7)
where o)
v
D= Rd(v ®v) ) dv.

When F' decreases slowly and it is a heavy tail distribution function, satisfying

K
~ —
’,U|d+oz

F(v) as |v| = oo (1.1.8)
for some av > 0, the previous diffusion matrix D, given by (1.1.7) might be infinite. In that
case, the diffusion limit leading to (1.1.7) breaks down, which means that the choice of
time scale 6(¢) = £* was inappropriate. It has been shown in [MMM11] and [Mel10], using
different methods and under various assumptions, that in such cases, the appropriate time
scale involves the parameter «, which appears in the equilibrium. More specifically, for
0(g) = &7 with v depends on «, the following fractional diffusion equation is obtained:

A+ k(=A)2p =0, (1.1.9)

where the fractional Laplacian appearing in the previous equation can be defined by the
following singular integral:

7 . u(z) — u(y)
(—A)2u(z) = coa PV /Rd T — gl dy.
Let’s now discuss in more detail the contexts of the last two references cited: In [MMMI11],
the authors addressed the problem in the space homogeneous case (that is with o inde-
pendent of z). They prouved that when F' satisfies (1.1.8) and the collision frequency v
satisfies
v(v) ~ v’ as |u| = oo,

a—f
-8
leads to the previous fractional diffusion equation. While in [Mell0], the same problem

then for & > 0 and f < min(a;2 — «), and by taking v := the scaling 6(g) = &7

has been addressed but for a cross section which depends on the position variable x but
assuming that the collision frequency is bounded, more precisely

0 < F(v) <o(z,v,0v) < 1nF(v), (1.1.10)
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CHAPTER 1. FRACTIONAL DIFFUSION FOR THE LINEAR BOLTZMANN EQUATION

i.e. for =0 compared to the case of [MMMI11], which gives in particular,
1 < v(z,v) < . (1.1.11)
With the additional assumption
v(z,v) ~p(z) as vl > o0  with v <wp(z) < 1y, (1.1.12)

the same type of macroscopic equation as (1.1.9) was found, with an elliptic operator £
of the same order as (—A)3:

L(p) := PV/ 77(567y)M dy,

RA |z — y|tte
with -
esy) = wlanly) [ e g
0

Towards the end of this section, we mention some other references to previous results
in the context of anomalous and fractional diffusion. The earliest work dates back to
[BGT92|, where the authors showed the diffusion limit of free molecular flow in thin plane
channels. There are also the works of Dogbé and Golse on Anomalous Diffusion for the
Knudsen gas, see for instance [Gol98, Dog98, Dog00]. The term “anomalous” here stems
from the scaling 0() = £2In(e™!) considered in the critical case (i.e., the limiting case
for the integrability of [(v ® v) I;((;’)) dv). Regarding fractional diffusion, the first result
was obtained simultaneously by A. Mellet, S. Mischler, and C. Mouhot [MMMT11], and

M. Jara, T. Komorowski, and S. Olla [JKO09], using two completely different approaches

(using a probabilistic approach for the latter refrence). This was followed by the work
of A. Mellet [Mel10], N. BenAbdellah, A. Mellet, and M. Puel for a collision frequency
that degenerates for small velocities with Maxwellian equilibrium in [BAMP11al, and for
heavy-tail equilibrium with cross-section satisfying the assumptions (1.1.10), (1.1.11), and
(1.1.12) in [BAMP11b] for a Sobolev initial data to obtain strong convergence of f to
p(t,x)F(v) (via a completely different method from the previous ones, based on a Hilbert
expansion).

The goal of this chapter is to show that a similar phenomenon can arise and a fractional
diffusion equation is obtained from (1.1.1) in situations in which the equilibrium is heavy-
tailed (satisfies (1.1.8) for some « > 0), the cross-section o depends on the space variable
x and the collision frequency v degenerates for large velocities

v(z,v) ~ [v]r(z) as |v] = 0o with 1y < py(x) < s,

for some $ € R (with f < min(«;2 — «)). For this, we will adapt the method used in
[Mel10], slightly modifying the auxiliary problem in order to handle the situation when v
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degenerates for |v| large enough and considering for ¢ smooth, the equation
o] P (z, v)x° = elo[ P Vox© = o] Pu(e, v)e(t 7)

for |[u| > 1 and keeping the same problem for |v| < 1. The function x°(¢,z,v), which
will converge to ¢ when e goes to 0, will be considered as the test function in the weak
formulation of the equation (1.1.1). Also, due to the degeneracy of v, the operator @) has
no spectral gap and the passing to the limit in most of terms in the weak formulation is
treated differently to [Mell0]. We only get weak limits.

1.1.2 Main result

First, we denote by LP the space LP endowed with the measure wdv (or wdvdz). For
example, L2, (R?) is the space defined by

L2, I(Rd)::{f:]Rd—ﬂR;/ |f|2zdv<oo}.
Rd F
Before stating the result, we need to make the conditions on ¢ and F' precise.

Assumptions 1.1.2. The first two assumptions are very standard:

(A1) The cross section J(x v,v') is non negative and locally integrable on R?? for all z.
The collision frequency v(z,v) fRd x, v, v)dv’ satisfies:

v(z,—v) =v(z,v) >0, Vo, v € R%
(A2) There is a function F(v) € LL(R?) independent of = such that:
Q(F) = 0.

Then, QT (F) = vF. Furthermore, the function F' is symmetric, positive and normalized
to 1:
F(—v)=F(v)>0 forallveR? and / F(v)dv = 1.
R4

The next assumptions concern the behavior of F' and v for large |v|. We combined the
assumptions of [MMM11]| and [Mel10] to work with a more general collision frequency.

(B1) There exists o« > 0 and a constant £ > 0 such that
[w|[*TF(v) — & as |v] = oo.

(B2) There exists 14 and v, two positive constants, a function vy(x) and a constant § € R
such that
() < v(z,v) < va(v)?, Vo,v € R
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and
lv|Pv(x,v) — w(z) as |v| — oo, uniformly with respect to z.

We assume that v is C! with respect to z and

<C.

[[v) ) 0pv(w, v HLO@(R%)

(B3) Finally, we assume that there exists a positive constant M such that

'V F/b2 E d
F dv’ + ——dv <M, Vr,v e R,
R4 Rd v 1/2

with b := b(z,v,v") := o(z,v,v")F~L(v), I/ = F(¢v) and v/ := v(x,v").
Remark 1.1.3.
1. This last assumption (B3) concerns the collision operator @, so that it is bounded

and has the property of weighted coercivity.

2. Assumptions (A1-A2) and (B1-B2-B3) are exactly the assumptions imposed in [MMM11]
and [Mell10], with v independent of z in [MMM11]| and 5 = 0 in [Mel10].

Theorem 1.1.4 (Fractional diffusion limit for the linear Boltzmann equation).

Assume (A1-A2) and (B1-B2-B3) with o > 0 and f < min{a;2 — a}. We define

a—f

1-8

Let fe(t,x,v) be the solution of (1.1.1) with 6() = &7 and non-negative fo € L%_,(R?*).
Then, f¢ converges weakly star in L°°(0,T; L2, (R*)) to p(x,t)F(v) with p solution to

V=

Op+kL(p) =0

(1.1.13)
p(.YJ,O):,O()(iU) = dfO(xJU) dU,
R
where L is an elliptic operator of order v defined by
1 p(x) — p(y)
=——P —7"d 1.1.14
L(p) - V'W (,y)|x_y|d+7 Y, ( )
with -
n(x,y) = I/o(.r)l/o(y)/ e Jo volse(=shds g,
0
Remark 1.1.5.

1. Note that < 1 and v < 2 for a > 0 and § < min{«; 2 — a}.
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. From (B2), there exists n; and 7 such that
0 <m <n(z,y) <n < oo

In particular, the operator £ has the same order as the fractional Laplacian operator
(—A)/2. Moreover, for o independent of z, the function 7 is constant and the
formula (1.1.14) gives exactly (—A)Y? up to a multiplicative positive constant.

. The operator L is self-adjoint since n(z,y) = n(y, ).

. For a cross section ¢ independent of z, we recover Theorem 3.2 in [MMM11] and for
f = 0 we recover the results of [Mell0].

1.2 Preliminaries results

We start by recalling some classical properties of the collision operator Q).

1.2.1 Properties of the operator ()

Under Assumptions (A1-A2) and (B3), we have the following Proposition:

Proposition 1.2.1. Let f and g two functions in L,%F_l(]Rd). Then we have the following
assertions:

1. The operator Q : L) — L' is bounded and conservative, so the equation (1.1.3)
preserves the total mass of the distributionf and one has

Q(f) dv =0, pour tout f € L}(RY).
Rd

2. The operator %Q 18 bounded in L,%F_l and Q) is dissipative. Moreover,

dv 1 vdv
— < —— —pF|? —, Vfel?,. .. 1.2.1
[our T g [ 1r=pFR 5 Vre L (20)
where p := f dv and M is the constant given in (B3).

R4

Remark 1.2.2. 1. It should be noted that for an unbounded collision frequency, which

degenerates for large velocities, for example, the integrals in inequality (1.2.1) are
conducted with two different measures, namely %” and l’%v. Thus, the operator ()
does not have a spectral gap for the type of cross-sections or collision frequencies

considered in this work.

2. Note that for F' € L2 ,(R?), we get the following inclusion L%, ,(R?) C L.(R%).
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CHAPTER 1. FRACTIONAL DIFFUSION FOR THE LINEAR BOLTZMANN EQUATION

Proof of Proposition 1.2.1. We adapt the proof of Lemma 4.1 in [MMM11], whose authors
had adapted the proof of Proposition 1 & 2 from [DGP00]. Recall that Q(f) = QT (f)—vf.
Thus, to show that %Q is bounded in Li -1, it amounts to showing that %Q* is bounded.

Let f € L?,._,. By using the fact that Q" (F') = vF and (fafdv)2 < (faf;dv) ([oFdv),
we write

S / @l

L2(vF—1) re VF

< /R %( /R da(v,v')F(v’)dv’) ( /R da(v,v')“;(g?)Pdv’)dv
:/Rd%cﬁ(p)/wa(v,v)'];(v))' dv'dv
—/RMU(U,NF(( ))|2d 'du

//de ,If !2

= I £1z:
vF

Hout)

-1

Now, let’s prouve the inequality (1.2.1). We have

2
f)%dv = //R2d U(v,v')f'%dv'dv -/, V%dv
On the one hand,

o= [ Jl.r
—dv = F = F —
/Rd v(v) I dv » o(v',v) dvdv » o(v,v") oz dvdv

On the other hand,

[orEa= [ el [[ sworl
Q :__//de o(v,v") {F—%rdv’dv.

fF — f'F = (% - %) FF.

g::f—pF:/Rd(fF'—f’F)dv':/Rd (%—%) FF'd,

Hence,

Moreover, we have

Then,
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1.2. PRELIMINARIES RESULTS

which implies that

ne (LY g P iy
2 < (/Rda(v,v)F (F_ﬁ> dv) (/RM(U,U,)de).

Thus, by integrating this last inequality against % and using the hypothesis (B3), we

obtain

I\ 2
[t s (s (o [ Eras) ) ([ ot (- £) avar).

Therefore,

2 V /
—dv < —2M =d
/Rdg 7dv RdQ(f)F v

Hence the inequality of the second point of Proposition 1.2.1. [l

Remark 1.2.3. If we had considered the integral fRd 92 dv instead of fRd g% dv, we would
have obtained sup,cpa ( fRd E f dv) in the right-hand side of the penultimate inequality,
which may not be bounded for typical physical examples where v(v) ~ |v|°.

1.2.2 Compactness lemma

As a consequence of the previous Proposition, we get the following compactness lemma:
Lemma 1.2.4. For initial datum fo € L%_,(R*?) and a positive time T,

1. The solution f¢ of (1.1.1) is bounded in L> (O,T; L%,l(RQd)) uniformly with respet
to €. Moreover,
1 = 6 F oz < ClfollEs,660) (1.2.2)

2. The density p° = f¢ dv is bounded in L (O, T, LQ(Rd)) uniformly with respet to
R4

¢ and one has

1] e (0,1:22) < ||f0||L2F L (1.2.3)

In particular, p° converges weakly star in L>(0,T; L>(R%)) to p and f¢ converges weakly
star in L>(0,T; L2, (R*)) to f = p(x,t)F(v).

Proof. 1. By integrating the equation (1.1.1) multiplied by f¢/F and using the inequality
(1.2.1), we obtain:

1d |f6‘2 _ 1 . fe
2dt /de F dxdv_g(g) R2dQ(f) —dxdv

1 e ep2V
S oMo /Rgd‘f P pdade.
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Therefore,

1 dxdov 1 t oV 1 dxdov
- “(t 2 ¢ — p°F|"—=dadv < = 2 )
ZAMU%,wa F +2AM@)A£4MU) P dedy QAQL%@”M F

This inequality shows that f¢ is uniformly bounded in L*°(0,T, L%._,) and gives also the

inequality (1.2.2).

2. For the second point, we write

/wWM—/./fw
R4 R4 R4

2 dvdzx
aos ([ rao) ([ PSR ) <1
R4 R2d F

1.2.3 The auxiliary problem

We adapt the method used in [Mell0] and this step is the key of the proof: it consists
in correcting the error on the test function in the weak formulation. Indeed, for a test
function ¢ € D([0, +00) x R?), we introduce x*(¢, x,v) solution of

[v]Pv(x,v)x° —e[v] Pv-Vox© = [v] Pu(z,v)e(t, z), (1.2.4)

where
1 for |v| <1
_,B - ~ 9
ol { lv|7# for |v| > 1.

Note that for o > 0,

[0)7 < ()7 < V2[o)".

The trick which makes it possible to generalize the work given in [Mell0] to the cross
section which degenerates for large velocities is in the term [v|~? introduced in the pre-
vious equation. It allows to renormalize the collision frequency v in some sense, and it is
as if we consider particles moving with a velocity [v]~Pv.

We can integrate the equation (1.2.4) and its solution x* is given explicitly, according to
the function ¢, by the following formula:

X (t, z,v) = / (0] Pu(z + e[v] Poz, v) e Jo W1 wletelolPusods 4 oy ey "Puz) dz.
0

In order to simplify the writing and to avoid long expressions, we denote by 7 and ¢ the
two following functions:
v(x,v,2) = v(r+ev] Poz,v) and G(t,x, 2) = p(t,x + e[v] Puvz).
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Then,
X (t,x,v) = / (0] Pz, v, 2) e o I PP@wsdsa iy o2y dz (1.2.5)
0

The function x¢ is smooth. Furthermore, thanks to the identity
/OO (0] Po(z,v,2) e Jo [Pl o@es)ds q, — /OO e " du=1,
and the assumpt(i)on (B2), we write :
X~ ol = \ / TTo) Pl v, 2) e BN G(1 0, 2) — ol a)]dz
0
< [ eelulfu) P2l ez
0
= efol[o] Dz~

Thus, x° is bounded in L and converges to ¢, uniformly with respect to x and t.
However, this convergence is not uniform with respect to v. Moreover, we have the
following Lemma:

Lemma 1.2.5. Let ¢ € D([0,00) x RY) and let x° the function given by (1.2.4). Then,

/ / “(t,z,v) — gp(t,x)fdzdvdt — 0 (1.2.6)
R2d e—0
and
/ / v) [0x°(t, @, v) — 8tg0(t,:v)]2dxdvdt — 0. (1.2.7)
R2d e—0
Moreover, there is a constant C' > 0 such that
HXE“L%((O,OO)XRM) < C\|€0||L2((o,oo)de) (1-2-8)
and
HatXEHLZ’F((o,oo)xRM) < CHat(p”Lz((O,oo)XRd)' (1.2.9)

This Lemma is in a way the equivalent of Lemmas 3.1 and 4.2 in [Mell0] but not quite
the same thing, since in [Mell0| we have

/Rd F(v) [Xa(t, z,v) — go(t,x)}dv - 0

and the same for the derivative. The proof of Lemma 1.2.5 is different from the one given
in [Mel10], since in the formula of x¢ involves [v|7?  and even more so in its derivative.
We obtain only weak limits instead of the bounds by €.

Proof of Lemma 1.2.5. We are going to prove the limit (1.2.7) and (1.2.6) is done exactly
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the same way. We have:

|0ex® — atgoHigF = / / F[@txa - atgofdxdvdt = / F/ [@Xa - atgofda:dtdv.
0o Jr2 re  Jo JRrd

On the one hand, using Taylor expansion and assumption (B2), we write

!8,5)( — 8,590‘ ’/ v(z,v,z) e =y o] P i@ v.s)ds [82595(75,3:,,2) — atgo(x,t)]dz

</ vee e lv|[v] P / 10,Da0(t, x + cv[v] P 2s)| dsdz.
0

Then,
‘@Xa — 8tg0| < v2e[w]?0- ’8)(/00 226_”“) (/OO e "7 /1 ’&ngb(t,x,zs)’stdz).
0 0 0
Therefore,
/OOO e 0" — 8t¢‘2dxdt < Ce? [UJQ(PB)||atDmSOH%2((o,oo)de)7
where

o0 oo
C = 1/%/ e”lzdz/ e " dz.
0 0

/ / |00 — D" dadt — 0. (1.2.10)

Hence, for all v € R?

e—0

On the other hand,
‘atX€}2 < / [UJ _Bﬁ(:E? U’ Z) e_ fOZ [UJ 7617(x7v75)ds|6t¢(t7 x? Z) ’2dz
0

g/ vee Y |0up(t, x, 2)|?d 2.
0

Therefore,
o0 2 Vs
/ / |00 |"dedt < 1101172 ((0,00) x ) (1.2.11)
0 R4 Vi
Hence,

F / |0,x° — B[ dadt < zfuaﬁonim € LE(RY). (1.2.12)
0 R4 1

Thus, from (1.2.10) and (1.2.12), and by Lebesgue’s theorem, the limit (1.2.7) holds true.
The inequality (1.2.9) follows from (1.2.11) and [, F dv = 1. O
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1.3 Proof of the main Theorem

The aim of this section is to prove the main theorem whose proof is based on the moment
method. For that, we start by giving the weak formulation, taking the solution of the

auxiliary problem as a test function.

1.3.1 First part of the limting process

Weak formulation: We recall that f€ solves (1.1.1) with 6(¢) = 7. By multiplying the
equation (1.1.1) by x° and integrating it with respect to x, v and ¢, we obtain:

/ fEOx"dadudt — 57/ fo(x,v)x%(0, z,v)dzxdv
R2d R2d
/ [QT(FO)X° — vfoX" +ev- Vox© ff]dadudt.
R2d
Now, using (1.2.4) and the fact that QT (F) = vF, we write
/ fe0x"dxdudt —/ fo(z,v)x%(0, z,v)dzdv
R2d R2d
/ [F5(QT)*(x°) — frre]dadudt
R2d
R0 - @ (] dsdudt
0 R2d
= 5_7/ QT(f) (X" — ¢)dadudt,
0 R2d
and using the decomposition f¢ = p°F + ¢° with ¢° := f* — p°F, we get
- / feOx*dadudt — / fo(z,v)x%(0, z,v)dzdv
0 R2d 0 R2d

- 67/ o Q+<P€F) (XE - <P)dzvdvdt + 57/ Q+<gs)(Xe _ gp) dedodt.
0o JR 0

R2d

The second step of the proof of the main theorem consists in passing to the limit in the
previous weak formulation. First, we rewrite it as follows:

—/ featxedxdvdt—/ fo(z,v)x?(0, z,v)dzdv (1.3.1)
0 R2d 0 R2d

=g /OO » Q" (¢°) (x° — ¢)dzdudt (1.3.2)

/ / / vF (X — ¢)dvdzdt. (1.3.3)
R JRd
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Limit of the time derivative:

Lemma 1.3.1. We have the following limits

—/ feox® dedvdt — —/ / POy dadt
0 R2d e—0 0 Rd

and

- f0X6<Oa Z, U) dedv — — :0090(07 J]) dz.
R4 e—0 R4

The proof follows from Lemmas 1.2.5 and 1.2.4 and Lebesgue’s theorem. Indeed, we have

[ 770~ due)aoaudt] < 1 oo o 1005 = Bl e

< lfollze ey 10X = 9ol £2(0,00,23 (R24)) -

By (1.2.7), [[0:x® — 9epll 2(0,00,L2 (m24)) - 0. Hence, the limits of the previous Lemma
e—
hold.

Limit of a corrector term:

Lemma 1.3.2. For any test function @ € D([0,00) x RY), let x° the function defined by
(1.2.5). Then,

lim 5_7/ QT (") [X°(t,z,v) — ¢(t,z)]dzdvdt = 0.
0 R2d

e—0

Proof of Lemma 1.3.2. First, using assumption (B3), for all ¢ and z, we write:

@< ( e fé:;dQ( [l pes dv/);

o? F' 1 2
—vr ([ Tt} Il

ra F2 V' 12

< MVF||9||LiF71(Rd)a

where we used the notations F’ := F'(v') and v/ := v(z,v’). Also, we have thanks to
assumption (B2), v(x,v) < 1p(v)? < 2u,[v]?. Therefore,

‘ /QJr(gg)(X6 - go)dxdvdt‘ < M/ /2d VF|X€ — gp‘ ||ga||L2F71(Rd)da:dvdt
0o Jr v

<ot [ [l ([ Fol PPl = olav)asa
0 JRre vE Rd

00 2
< 2V2Mng|’L2F71((0,oo)><R2d) [/ / </ [UJBF}XE — g0|dv) dxdt}
v 0 R4 R4
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Now, we have from (1.2.2): [[g°[|12  ((0,00)xR20) < Cez. Then

p1l

(NI

‘/ 2 QJr(ga)()(‘S — (p) dxdvdt‘ o %(Jl + Jg) : (1.3.4)

where

oo 2
Jf:/ / (/ ) [UJ5F|XE—@‘dU> dzdt
0 R4 lv|<e 1-P
oo 2
Js :/ / (/ , [v)PF|x° —go‘dv) dzdt.
0 R4 lv|=e” T-B

Estimation of J;. By decomposing the set {|v| < g_ﬁ} into two parts {|v| < 1} and

and

{1< || < 5_ﬁ}, we write

2/ / K/ [0 F " - “Old“) * (/ L [o]PF|x - s0|dv) }dxdt.
0 RIS 1<jv]<e” T

Now let’s deal with the integral

/0°° /Rd (/ [v] Flx" ~ w\dv>2dxdt,

with Q = {Jv] < 1} or Q@ ={1 < |v| < e T ﬂ} As in the proof of Lemma 1.2.5, using
Taylor’s formula, assumption (B2) and the Cauchy-Schwarz inequality, we write

IX° — | = ‘/ D(x,v,2) e Jo [0 @ vs)ds [(t,z,2) — p(x,t)]dz
</ e "e|v| v / ID.p(t, x + ev[v] Pzs)| dsdz
0
1
gyge\vijﬁ(/ zQel’lzdz) (/ 6”12/ ‘Dx@(x—l—dv\5vzs,t)‘2dsdz) .
0 0 0
Therefore,

oo 2
/ / (/[UJ’BF}XE—cp|dU) dzdt
o Jre \Ja
oo oo 1 % 2
<C’/ / [/8|U|F</ e‘”lz/ ’ngp(a:+€|U|_szs,t)‘2dsdz) dv] dadt
o JreLJo 0 0
%} oo 1
< 082</ |U|FdU) (/ / /|U|F/ 6_V12/ ‘Dxcp(x—|—6|v|_ﬁvzs,t)‘zdsdzdv)da:dt,
Q o JriJa 0 0

(o] —
where C 1= 1y fo 22e 1*dz.
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Now, taking 2 = {|v| < 1} in the previous inequality, we obtain:

00 2
/ / </ [v]’F|x* — go‘dv) dzdt
0 R4 lv|<1
2 [ele] 1 o0 2
< 052(/ |v|de) / e_”lz/ (/ / ‘ngo(x+s|v|_’3vzs,t)‘ dxdt)dsdz
lv|<1 0 0 0 R4

< CeZIIDx90||2L2((o,oo)XRd)‘

Similarly, for Q = {1 < |v| < a—fﬁ}:

oo 2
/ / (/ ) |v[ﬁF’X5—cp‘dv) dzdt
0 R4 1<|vlge” 1-8
2 (%) 1 o]
< C€2</ ) |U|de) / e‘”lz/ (/ / ’ngo(x+8|U|_szs,t)’2dxdt)dsdz
1<|vlge” T-8 0 0 0 Rd
2

< 052||wa||%2(<0,00)de>( [ |v|de)

<Jolge TP
87_1 _ 1 2
< CaZHDMHQL?((O,oo)XRd) (T) ’

where we used the inequality F(v) < C|v|=*~? for |v| > 1, thanks to assumption (B1),
and where we recall that v := % Hence,

. 2
Ji < OHDxSDH%Q((o,oo)de) (57 + 5) : (1.3.5)

Estimation of J5. For the range of velocities {|v| > &fﬁ}, we write

[e'S) 2
J3 ::/ / (/ L, IR —cp’dv) dzdt
0 R4 |v|ze 1-P
< </ ) |U|’8de) (/ / / ) \v|ﬁF’X5 — go‘zdvdxdt)
lu|ze 1-F 0 JREJjp|ze TP
< 2(/ . |U|Bde>/ ) ]v|ﬁF</ / (Ix°)* + |(,0|2)dxdt)dv.
|v|ze 1-P lv|ze 1-8 0 R4

Since [[x*|lz2, < 2|l¢llr2 (see proof of inequality (1.2.11)), and since we have F(v) <

Clv|=>=4 for |v| > £ T then,

2
J; < C||90"%2((0,m)xkd)</| R ‘U’ﬁFdU> < CH@H%Q((O,OO)X]R‘Z)&2W' (1.3.6)

[v]>e 1=
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Finally, going back to (1.3.4) and using the estimates (1.3.5) and (1.3.6), we obtain

/ Q+(9‘5) (XE — (p) dxdvdt‘ < Ce? (5 + 5’7)'
0o JRrad

Which implies that,

2—y

5_7/ QT () (X — gp)dxdvdt’ <C(e7 +e¢
0 R2d

[N

).

Hence the limit of Lemma 1.3.2 holds, since v < 2. U

To conclude the proof of the main theorem, it remains to pass to the limit in the last
line of the weak formulation, the integrals (1.3.3), which is the subject of the following
subsection.

1.3.2 Obtention of the limiting operator

We have the following Proposition:

Proposition 1.3.3. For any test function ¢ € D([0,00) x RY), let X the function defined
by (1.2.5). Then,

lim 77 /Rd v(z,v)F(v)[x (z,0,t) — p(z,t)]dv = —kL*(p).

e—0

where L is the operator defined in Theorem 1.1.4, formula (1.1.14). Moreover, the last
limit is uniform with respect to x and t.

Proof of Proposition 1.3.3. The proof is done in two main steps. The first consists in show-
ing that the small velocities do not participate in the limit, and therefore it will be the
large velocities which gives the elliptic operator £, which is the subject of the second step.

Recall that the limit to be studied is given by

lim 77 /]Rd v(z, v)F(v)[x°(t,z,v) — o(t, z)]do,

e—0

for p € D([0, +o0) x RY) and x° defined by (1.2.5).

First, let’s decompose the integral of the previous limit into two parts, one for {|v| < C}
and the other for {|v| > C'} for some C' > 0 large enough:

| e Fe) (¢ =)= [

lv|<C

v(z,v)F(v)(x° —(p)dv—l—/ v(z,v)F(v)[x" — ¢]dv.

[v|=C
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Also, each of the previous integrals can be written as follows
[ a0 FE) (K - p)dv =

// v(z, v)F(v)[v] Pi(z, v, z) e Jo [ P@vs)ds [6(t, 2, 2) — p(t,z)]dzdo.
0

In order to simplify the computations and without loss of generality, we can replace the
Assumptions (B1) and (B2) concerning the behavior of F' and v at infinity by:

K
o |U|a+d

F(v) and v(z,v) = vy(z)jv|™?, forall |v| > C and z € R<

Finally, we intoduce two functions P. and F, defined by
Ps(x; v, Z) = [UJ _BD(.r, v, Z) e JoTvl “Po(wv,5)ds and P()(ZE, v, Z) = "UJ _By(q;7 U) e—Z[UJ_/BI/((E,U)'
Step 1: Small velocities don’t contribute to the limit.

Lemma 1.3.4. Let ¢ € D([0,+00) x R?) and x° defined by (1.2.5). Assume (A1-A2)
and (B2). Then, the following estimate holds

‘ / VF[XE — <p] dv| < Coe?||Doo|lyw2.ee,
lv|<C

where Cy > 0 depends on vy, vy and C, the constant of assumption (B2). Therefore,

lim 77 /u|<c vz, v)F(v)[x°(t,z,v) — (t,z)]dv = 0.

e—0

Proof of Lemma 1.3.4. By (A1) and (A2),
v(z, —v)F(—=v)Py(z, —v,z) = v(z,v)F(v)Py(z,v, 2).

Then, we can write

vE X" —¢]dv = OOI/F P.—FR) ot x,z)— ,x)|dzdv
AKO =) Agc/o ( ) [t ) — o(t,z)]

+ / / VP [p(t, x,2) — (z,t) — Vap - cv[v] Pz]dedw.
lv|<C JO
Let’s start with the integral of the first line. We have

B -8
[P = o] = {[) (v, ) e 00 770mte g by, ) em 0] Vi 0)

< [0] P, v, 2) — v(w, v)|e” fo oI 7w ads

+ "UJ _Bl/(l’, U) e foz [v] = Bp(z,v,8)—v(z,w)]ds 1 e—zﬁ)j _ﬁu(x,v)'
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Now, since |e7¥ — 1| <y for all y > 0, then
e~ o ol PP —vlewllds _ | oy | oz, v,8) —v(z,v)|.

And since v is C* with respect to z and |[{(v)#0,v|| 1~ < C, then
|0(2,0,2) = v(z, )| = |v(z,z + e[v] Pvz,0) — v(z,v)| < ez|v|||[v] 0| L~ < Cezlul.
Hence,
|P5 - PO‘ < Cel|[v] P (2 4 22)e ™=
We have also,
B(t.2.2) = p(t,2)] = p(t. 2+ elol Pv2) = (t,2)] < Cezlol[o] Dl

Thus, on the one hand,

‘ /viC vF /OOO (P — P) [4(t. 2. 2) — ot 2)] dzdo

< C/ [’UJBF/ 22> [v] 28 (2 + 2%)||Dpl| pedzdu
lv|<C 0
< C2®|Dyg| s

On the other hand,

‘ / VF/ Py[@(t,z,2) — p(t,x) — Vo - ev[v] P2]dzdv
[v]<C 0

S ”2/ WF/ e2e " |o[*[v] "2 D%¢|| e dzdy
lv|<C 0
< C*|DIe| Lo

Hence, the estimate and limit of Lemma 1.3.4 hold. O

Step 2: Convergence to the elliptic operator.
We still have to deal with the following limit

lim e AA}C v(z,v)F(v)[x" — ¢]dv.

e—0
For |v| > C, [v]™® = |v|7?. By performing the change of variable w = ez|v|~Pv, we
1
obtain: |w| = ezlv|' 8. || = (Y75, p= — w _ and do=-L — dw
| | | | ’ | | (EZ) ’ (z—:z)ﬁ w|7% 17ﬁ(sz)ﬁ|w|7%
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So the integral becomes
/ v(z,v)F(v)[x* — ¢|dv
lv[>C

& z s t - t
_ K / / Vo(ZL‘)I/Q($ + w) e fo yo(x-i—;w)ds (10( , & Z:zu) 90(1(7751‘) dwdz
L=06Jo Jilsce: (e2) 176 |w|? =5

K o (! (,O(t, T+ w) B 90<t7 ZL‘)
— e / / e z [y vo(z+sw)ds 1/0(:6)1/0 (1} + U)) dwdz
- 6 0 |lw|>Cez |w|7+d

P >
=: K Lg,

where

ko[ Cue(ers p(t,x+w) — p(t,z)
L = / / Fe ool () (x + w dwdz.
v I ﬁ 0 w>=Cez ( ) ( ) |w|7+d

Hence,

. _ . K (p(tv y) B 90<t7 x)
lim ¢~ Flx* —¢]dv=x lim Lf = PV d
<7 [ P el = Y e S

= —k L*(p),
with
o 1
n(z,y) = Vo(x)l/o(y)/ ZVe % Jo volsz(1=s)y)ds g,
0

In order to justify this last limit rigorously and show that it holds uniformly with respect
to x and ¢, we introduce the function

n(x,y, z) = vo(x)ry(y)z"e * Jo volsz+(1—s)y)ds

and we split the integral L, as follows:

> _ (P(t,l’—f—IU) —QO(t,C(])
L = / / n(z,z+w,z) dwdz
v 0 |lw|>Cez |w|7+d

1
e — go(t,x+w) —QD(t,l')
= n(z,z+w,z) dwdz
/0 /u,;l |w|*

1
Ce t,x +w)— otz
+/ / [z, x +w, 2) — 7z, z, 2)] il 1+d Pl 7) dwdz
0 Cez<|w|<1 |w|

1
ce t, —o(t,x) —w -V,
—l—/ / n(x,z, 2) ot + w) <p§+dx) v 14 dwdz
0 Cez<|w|<1 ‘w‘

o t — (T
-l—/ / n(x,x + w,2) go(,x—i—w)ﬂlgo(,x) dwdz.
é |w|>Cez |w|’}'

The function 7 plays the role of P. for small velocities and was introduced in order to
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make the previous quantities integrable. Note that all the integrals above are defined in
the classical sense without need for principal value and the fact that we have assumed
that v(x,v) = vo(z)lv|™” and F(v) = Clv|=2~? for |v| > C, made passing to the limit
much easier (lim. o L, is exactly the operator defined by the principal value).

This completes the proof of Theorem 1.1.4.
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CHAPTER 2

Construction of an eigen-solution for the Fokker-Planck operator
with heavy tail equilibrium: an a la Koch method in dimension 1

Le travail de ce chapitre et le suivant a été fait en collaboration avec Marjolaine PUEL,
ils font 'objet des papiers [DP23a] et [DP23b] respectivement.

Résumé

Ce chapitre est consacré a la construction d’une solution propre pour l'opérateur de
Fokker-Planck avec équilibre & queue lourde. Nous proposons une méthode alternative
en dimension 1, qui sera généralisable en dimension supérieure. Cette derniére méthode
s'inspire des travaux de H. Koch sur I’équation KdV non linéaire [Kocl5]. Comme con-
séquence de cette construction, on retrouve le résultat de G. Lebeau et M. Puel [LP19]
sur la limite de diffusion fractionnaire pour ’équation de Fokker-Planck.

The work of this chapter and the following one was done in collaboration with Marjolaine
PUEL, they are the subject of the papers [DP23a| and [DP23b] respectively.

Abstract

This chapter is devoted to the construction of an eigen-solution for the Fokker-Planck
operator with heavy tail equilibrium. We propose an alternative method in dimension 1,
which will be generalizable in higher dimension. The later method is inspired by the work
of H. Koch on non-linear KdV equation [Kocl5|. As a consequence of this construction,
we recover the result of G. Lebeau and M. Puel [LP19] on the fractional diffusion limit
for the Fokker-Planck equation.

(0]
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2.1 Introduction

2.1.1 Setting of the problem

Our starting point is the kinetic Fokker-Planck (FP) equation, which describes in a de-
terministic way the Brownian motion of a set of particles. It is given by the following
form

oWf+v-Vof =Q(f), t=20, zeR? veR?
(2.1.1)
f0,2,0) = fo(x,v), xeR? veRY,

where the collisional Fokker-Planck operator () is given by

Q(f) =V, <FVv <%)) (2.1.2)

and F' is the equilibrium of @), a fixed function which depends only on v and satisfying
Q(F) =0 and / F(o) dv = 1.
R4

For non-negative initial data fp, the unknown f(¢,z,v) > 0 can be interpreted as the
density of particles occupying at time ¢ > 0, the position x € R? with velocity v € R?.
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CHAPTER 2. FRACTIONAL DIFFUSION FOR FOKKER-PLANCK EQUATION IN DIMENSION 1

The classical or fractional diffusion limits for kinetic equations have been studied
in a series of papers in recent years. The principal motivation behind this study is to
derive simpler models from kinetic equations with collision operators. Indeed, in the
diffusion approximation, the velocity variable is involved only in the equilibrium. This
approximation is a kind of hydrodynamic limit. When the interactions between particles
are the dominant phenomena and when the time of observation is very large, it reflects
the fact that we are between the mesoscopic and the macroscopic scale. More precisely,
we introduce a small parameter ¢ < 1, the mean free path and we proceed to rescaling
the distribution function f(¢,z,v) in time and space

/ /

B and x:% with 9(5);;0,

t =

which leads to the following rescaled equation (without primes)

0(e)0,f¢ +ev-Vofs=Q(f%), t=0,r € R veRY
(2.1.3)
fE(O,:p,v)zfo(x,v), ZEERd,UGRd.

Note that taking initial conditions independent of ¢ means that we take well prepared
initial conditions in the non rescaled variable. Now, in order to study the behaviour of
the solution f¢ as ¢ — 0, we are interested in the following question: what is the good
time scale 6(¢) such that the limit of the solution f¢ is not trivial? Formally, passing to
the limit when € — 0 in the equation (2.1.3), we obtain that the limit f° is in the kernel
of @ which is spanned by the equilibrium F, which means that f° = p(¢,x)F(v). Thus,
what is the equation satisfied by p and how do we justify this passage rigorously?

The limit of f¢ when € goes to 0 may depend on the nature of the equilibrium
considered. For Gaussian equilibria, the answers have been known for a long time and
it is the classical diffusion that we obtain for a usual scaling 6(¢) = £2. For slowly
decreasing equilibria, or so-called heavy-tailed equilibria of the form F(v) ~ (v)~", it is
more complicated, and the answers to this question has been the interest of many papers
in the last few years, with different methods and for different collision operators. This was
initiated by Mischler, Mouhot and Mellet [MMMT11]| on the linear Boltzmann equation,
for an ad hoc cross section, which does not depend on the spatial variable, where they
obtained classical and fractional diffusion, according to the powers of (v) which appear in
F'. Their method is based on Fourier-Laplace transformation, with close links to earlier
work by Milton, Komorowski and Olla [JKO09] on Markov chains. This was continued by
A. Mellet [Mel10], still for the same equation, more general since it also applies to cross
sections that depend on the position variable. See also the work of Ben Abdallah, Mellet
and the second author [BAMP1la, BAMP11b|, where they used a Hilbert expansions
approach [BAMP11b] and obtained a strong convergence of the solution f¢ to pF for
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2.1. INTRODUCTION

initial data fo in H*(R?).

The diffusion limit for the FP equation has been studed after that of the linear Boltz-
mann one, and seems more complicated. Indeed, there is no spectral gap, thus makes the
limiting process more difficult. In addition, for this equation, all the terms of the operator
participate in the limit, i.e. the collision and advection parts. The limit was studed in
[NP15] with 6(g) = €2 and 8 > d + 4 using the moment method. Also in [CNP19] for
the critical case 3 = d + 4 with 6(g) = *In(e™!) using a probabilistic approach. In both
cases, the authors obtained classical diffusion. Concerning the case d < g < d + 4, it
has been solved recently, by G. Lebeau and the second author in dimension 1 [LP19],
with a spectral approach, then by N. Fournier and C. Tardif in dimension 1 [F'T21]| and
then in dimension d > 2 [F'T20]| by a probabilistic approach. Depending on the range of
the exponents, different regimes corresponding to Brownian processes, stable processes or
integrated symmetric Bessel processes are obtained and described in this last paper (see
also the paper of E. Barkai, E. Aghion, and D. A. Kessler for a physical interpretation of
this equation| BAK14]). Recently, E. Bouin and C. Mouhot [BM22] have constructed what
they call a ‘fluid mode’ using a method that combines energy estimates and a quantitative
spectral method. Their method was valid to scattering models, Fokker-Planck (by intro-
ducing a weighted density, p fRd o) —5dv) and Lévy-Foker-Planck operators. We refer
also to the paper by E. Bouln J. Dolbeau and L. Lafleche [BDL.22|, where the authors
have developed an L2-hypocoercivity approach and established an optimal decay rate,
determined by a fractional Nash type inequality, compatible with the fractional diffusion
limit.

In [LP19], the authors proposed to take the eigenfunction of the Fokker-Planck operator
(with the advection part) as an adequate test function, i.e. take the solution of the spectral
problem

(Q +ickv)M. ,(v) = puMl, ,(v), veR,

written in Fourier variable, £, for the position z. Their construction consists in recon-
necting two branches constructed as follows: They first constructed for each p, e (fixed) a
branch in the half space R, , by introducing an approximate equation for large velocities.
Then, by symmetry of the equation, they obtained a second branch in the other half space
R_, and in order to reconnect the two functions to obtain a C'(R) solution, the reconnec-
tion of the derivatives implies a relation p(e). This method of reconnection seems very
complicated to adapt in higher dimension, because it means that the implicit function
theorem; used to study constraint; must be applied to the whole derivative operator.

The purpose of this chapter is to propose an alternative method, inspired by the work
of Herbert Koch on the non-linear KdV equation [Kocl5|, where we solve the spectral
problem associated to the Fokker-Planck operator, taking into account the advection part,
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CHAPTER 2. FRACTIONAL DIFFUSION FOR FOKKER-PLANCK EQUATION IN DIMENSION 1

working on the whole space R and avoiding the reconnection problems. This method is
generalizable in higher dimension by PDE methods (the subject of the next chapter) and
is probably interesting for generalized potential or non linear problems.

A key tool of the proof of the present chapter is the splitting of the Fokker-Planck op-
erator is involved, which recalls the enlargement theory for nonlinear Boltzmann operator
when there are spectral gap issues. This theory was developed by Gualdani, Miscler and
Mouhot in [GMM10] whose key idea was based on the decomposition of the operator into
two parts, a dissipative part plus a regularizing part. See also P. Gervais (|Ger20| and
references therein) for a spectral study of the linearized Boltzmann operator in L? spaces
with polynomial and Gaussian weights.

2.1.2 Setting of the result

In the present work, we consider for any 5 > 1, heavy tail equilibria
1
(1+ [vf?)2
Before stating our main result, let us give some notations that we will use along this

chapter.

Notations. As in [LP19], in order to simplify the computation and work with a self-
adjoint operator in L?, we proceed to a change of unknown by writing

f=Fig=CsMyg
ith
wi .
(1+ 0?2
since we impose v := 2 > 1 F € L}(R) then, M € L*(R) and Cj is chosen such that

2
/dezl.
R

0()0ig" +ev-V,g° = %&, (Mzay (%)) = 0%g° — W(v)g",

M= Cﬂ—lF% —

?

The equation (2.1.3) becomes

with 21 ( 1)’ |2
W , T+ Dl =~
p— p— .

W) ==y 1+ [v]2)2

We see the equation as
0(c)0g” = —Leg",
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2.1. INTRODUCTION

where

L.o=-0+WW)+ev-V,=—(Q—¢ev-V,)

and
Q=-4A,+ W(“)

We operate a Fourier transform in x and since the operator () has coefficient that do not
depend on z, we get:

0(€)0ig° = —L,)3°, (2.1.4)
where
L, := -0+ W) +in
and
1 = €€,
with & being the space Fourier variable.

The operator £, is an unbounded self-adjoint operator acting on L?. Its domain is given
by
D(L,) ={g € L*(R) ; 99 € L*(R),vg € L*(R)}.

The aim of this chapter is to prove, with a geometry independent method, the following
main theorem.

Main Theorem

Theorem 2.1.1 (Eigen-solution for the Fokker-Planck operator). Assume that 8 €]1,5[\{2}.
Let ng > 0 and Ao > 0 small enough. Then, for alln € [0,n0], there exists a unique eigen-
couple (u(n), M) in {p € C,|u| < n3Xo} x L2(R,C), solution to the spectral problem
L,)(M,)(v) = [ =95+ W(v) +inv] M, (v) = pM,,(v), v € R. (2.1.5)
Moreover, one has
1. The following convergence in L*(R,C),
M, — M| 2 — 0. (2.1.6)
n—0

2. The relationship between the eigenvalue pu(n), the scale of the time variable 0(¢) and
the coefficient k is given by the following expansion:

n(n) = k05 (1+0(3)), (2.1.7)

where k is a positive constant given by
K= —20;/ s TImHy(s)ds, (2.1.8)
0
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and where Hy is the unique solution to the equation

1
[—8j+ﬂl;—2+mﬁﬁ@%:a Vs € R*, (2.1.9)
s
satisfying
/ |Ho(s)|’ds < 0o and  Ho(s) ~ |s| 7. (2.1.10)
{IsI>1} 0

For n € [—no, 0], by complex conjugation on the equation, we get

u(n) = (=) = &l (1+0(|n]"5)).

Remark 2.1.2. The hypothesis § # 2 is technical. It avoids to introduce logarithmic
terms in the expression of ().

Idea of the proof

The proof of our main result is done in two main steps, both based on the Implicit
Function Theorem. First, we consider what we call a penalized equation. We introduce an
additional term that kills the M direction in the kernel of the linear operator computed
at n = 0. That gives the following equation

[_ 92+ W(v) + im)] My p(v) = pM,, (V) — (M, — M, @)@, v € R,
(2.1.11)
M,, € LX(R).

where @ is a function that we will determine later. This penalized equation has a solution
for any p and 1 on the whole space and it allows us to avoid the problem of reconnection
and to work directly on the whole space R. This is one of the key points of this method
and it iallows to generalize this construction in any dimension.

The objective of the first step is to show the existence of a unique solution for equa-
tion (2.1.11) for any 1 and p. Indeed, as we said above, we will decompose the operator
“—924+W (v)+inv—p” into two parts. The first part is chosen such that it admits “a right
inverse” that is continuous as a linear operator between two suitable functional spaces,
continuous with respect to the parameters n and p and compact at n = p = 0. The
second part of the operator is left in the right-hand side of the equation, i.e. is considered
as a source term. Find a solution to (2.1.11) remains to a fixed point process.

In the second step, to ensure that the additional term vanishes, we have to chose p(n)
obtained via the Implicit Function Theorem around the point (u,n) = (0,0).
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2.1.3 Relation to the fractional diffusion problem

In this subsection, we will first give a formal argument to obtain the eigenvalue and then,
we will explain how one can recover the fractional diffusion limit for the Fokker-Planck
equation (2.1.3), and how the eigenvalue is related to the diffusion coefficient in our main
result.

Heuristic on the computation of the eigenvalue. With a formal calculation, we will
present how the time scaling () is chosen and how it appears in the spectral problem.
Assume that the couple (u(n), M,,,) is solution to the problem

Ly(Myy) = (=05 + W (v) + i My, = p(n) My, v €ER.

Then, integrating this equation against M and using the fact that [—9% + W (v)|M = 0,
we get

in/vMW,Mdv:,u(n)/MW]Mdv.
R R

Therefore,

-1
wu(n) = —in/vMudev(/Mudev) :
R R

If M,,,, — M when i — 0 then, we get ( [, ]\4,1,77]\4611))71 — || M||3% = C3. Formally, by
a Hilbert expansion

M, = M +nN + o(n), where [~9; + W (v)]N = +iv]M,
we get
|Myn(v) = M(v)| S 77<U>3_7 for |v| < 77_%30,
and by rescaling the integral on large velocities by v = 77_%5 we finally obtain:

2741

p(n) ~ 7]2/ o ol de+ 207 / s ImHy(s)ds,
{lvl<n™3s0} {s=s0}

where H is the limit of M, , rescaled, solution to the limit “rescaled equation”
1
[— 02+ fY(V——;) +is|Ho(s) =0, VseR".
S

Recall that n = €. Then, u(n) = p(el€]). Thus, if 2y > 5 then we find classical diffusion
with the usual scaling (¢) = &2, and it would be the small velocities which give the
diffusion coefficient. While if 2v < 5 then we get fractional diffusion with a power of
2“’%1 for the Laplacian, the scaling is given by 0(¢) = e”5" and the diffusion coefficient is
determined by the integral for large velocities in this case.

Heuristic of the diffusion approximation. Thanks to the main result of this chapter,
we recover the following theorem (See Section 3 of [LP19] for more details).
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Theorem 2.1.3 ([LP19]). Assume that 1 < < 5 with § # 2. Assume that fy €
L'(R x R) is a non-negative function in L3 (R x R) N L3, (R x R). Let f* be the
solution of (2.1.3) in'Y with initial data fy and 0(c) = e, Let 1 be the constant given
by (2.1.8). Then, f¢ converges weakly star in L ([0,T], L%_.(R?)) towards p(t,z)F (v),
where p(t, x) is the solution to

B+1
6

Op+Kk(=A) T p=0, p(0,z)= /fgdv. (2.1.12)

Introduce ¢° solution to
g(t. & v) = e7"Og(0,€,0),

which gives, going back to the rescaled space variable y, as follows

1 .
(¢ — iz€ ~e t d
o (ta) = o= [ e, e
a solution to equation (2.1.4).

We consider the Fourier transform of p and we will establish that p(t, &) = [ e *p(t, z)dx
satisfies
op+ k|€|%p = 0. (2.1.13)

Let M, be the unique solution in L? of the equation £,(M,) = pu(n)M, given in Theorem
2.1.1. One has

2 ga(t7£7v)MndU = /atgaMnd'U: _E_Q/Eg(gS)Mnd/U

ot
= —5_a/§€£5(Mn)dU: —E_O‘u(n)/ge(t,f,v)Mndv.

Recall that n = £ and by Theorem 2.1.1, e~ *u(n) — &[§|* and M,, — M when ¢ — 0.
Therefore, passing to the limit in the previous equality formally, we obtain the equation

Oip = ‘fya"fﬁ

Which means that p satisfies (2.1.13). Thus, the solution f¢ of (2.1.3) converges, in some
sense, towards p(t,z)F(v), where p is the solution of the fractional diffusion equation

dp+kK(=A)sp=0, p(0,z)= /fodv. (2.1.14)

Returning to the space variable, the fractional Laplacian (—A)Z is a non-local operator
which can be defined by

(—A)%p(x) == cq P.V./R%dy,

which also can be seen as an a-stable Lévy process, and thus can be interpreted as
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a random trajectory, generalising the concept of Brownian motion, which may contain
jump discontinuities.

2.1.4 Notations and definition of the considered operators

Let A and 7 be fixed, where A € C being defined by A := ,un_g. Let us denote by Ly, the
operator
Ly, = =02+ W(v) +inv — AN,

where ( 0
- (v +
W) =-1—+
(v) 1402
and let denote by V := W — IW. We have
v +2)
V(v) = 1002

We will rewrite the equation (2.1.11) as follows:

Ly Myy(v) = V(0)Myy(v) = (Myy — M, 2)®(v), v €R,
(2.1.15)
My, € L*(R).

The two equations (2.1.11) and (2.1.15) are equivalent.

Remark 2.1.4.

1. Since L) does not depend on A, let’s denote it by Lo, Ly := L.

2. If ®(—v) = ®(v) and M, (v) satisfies the equation (2.1.15), then M5, (—v) is also
solution to (2.1.15), since the potential W is symmetric for a symmetric equilibrium
M. Note that this is where the symmetry of the equilibrium M is used and therefore
this is a “non-drift condition”.

3. In the first step of our proof, the continuity of L;j? and the compactness of Lj*
are among the most important and difficult points to prove. The splitting of the
potential W into V and W is the key idea in the proof of these last two points.

We will construct a right inverse to the operator L, defined above. We are going to
study the operator Ly first, then we construct solutions for the equation L), () = f,
with any source term f, from the solutions of Ly(y)) = f, after noticing that L), is in
fact a small perturbation of Ly for A and n small enough.
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2.2 Green function for the leading part of the limiting
operator

We consider the equation:
L) =[R2 +W(@)]y=f veR (2.2.1)

We are going to construct solutions for this equation by the method of the variation of
the constant, which allows us to define a right inverse to Ly. Let’s start by looking at the
homogeneous equation:

L) =[-8+ W) =0, veR. (2.2.2)

2.2.1 Construction of an intermediate solution to the homoge-
neous equation

In order to construct the basis of solution to the homogeneous equation, we need the
following two lemmas:

Lemma 2.2.1 (Behaviour of the solutions of (2.2.2)). If ¢ is a solution for the equation
(2.2.2) then, either ¥ (v) o~ [v|~7 or ¥ (v) o~ |o|7*L. Thus, for a positive constant vy

large enough, there exists a unique function Ry € L>([vg, +00]), with Ry = O(v™2) such
that

o=+ R)  or Y=L+ Ry).
Similarly, either ¥(v) ~ |v|™ or ¥ (v) ~ [v["*'. Then, for a positive constant vy large
enough, there exists a unique function Ry € L>®(] — 0o, —vy]), with Ry = O(|v|™2)) such
that

V=71 +Ry) or = "1+ Ry).
Lemma 2.2.2 (The existence of an intermediate solution for (2.2.2)).

There is a unique positive smooth function v, solution to the Cauchy problem:

L0(¢) = 07
¥(0) =1, (2.2.3)
¢'(0) = 0.

Moreover,
1. For allv in R: ¢(—v) = (v) > 0.

2. There exists a positive constant vy large enough, there exists a unique function R
belongs to L>([vg, +00[), with R(v) = O(|v|™2) such that

Y(v) =" (14 R(v)), V| = v, (2.2.4)
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where ¢ is a given positive constant.

Proof of Lemma 2.2.1. Since W (v) ~ ('YH for v > 1, we consider the approximate

|v]~oo

equation

s e 2Dy

Lo() == [— 02+ T}w = 0. (2.2.5)
The two functions ¢} = |v|™7 and 5 = ||+ are solutions to (2.2.5) in R*, and form a
basis of solutions on R* and R* respectively. Now, since we know the asymptotic profile
of the solutions to (2.2.2), on {|v| = vy}, we will look for solutions via the following change
of unknown

U1 =i (1+ Ry) on [vg, +00) and by = 13(1 + Ry) on (—o0, —vg).

We show the existence and uniqueness of R; for ¢« = 1,2 by a fixed point argument
performed on R; which satisfy the equation

(v +1)
U2

2(47) R, + R = [W — Wi (1+ Ry),

which can be written (after multiplication by ;) as follows

(v+1)

([P Ry = W — D1+ Ry)

and this leads to the implicit equations
[V ) . +1
/ / ¢;2 u W(w)—%](l—i—]ﬁ( ))dw, v = vy, j=1,2,
* 2
~ 1
/ / Wil (w) W(w) — M}(l + Ry(w))dw, v < —vg, j=1,2.

Q(U) w?

Note that the two previous equations are of the form: (Id — K;)(R;) = K;(1) for i = 1,2
with

12(u w2
2

v ;Z(w _'y(’y+1) e v < v i
/oo/ ¢;2<u) W (w) g Jg(w)dw, v < v, j=1,2,

w

/ /w (w)) W(w)—w]g( Ydw, v = vy, j=1,2,
) du

We have for v > vy > 0,

o for j =1:
+1)
n+2 n
Ca / [ o T gt

+1) ., n
274_1 L i w3 dw||v™ g||Loo(vOoo).
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( ) ||/U g ||L 0,00

e for j = 2, we take n > 27 and we write:

27-1—2
ez <o [ [ a0 g

[0 K () (v)] <

1
’7+ )vn 27— 1/ w2fy n— deHU gHLOO (v0,00)
2v+1 v '
v+ 1 n
< —- 10" 9l L% (v0,00) -
2v+1 n+2 -2y

Finally, in both cases, K; is bounded in L*(vg, 00) with

+1) ., 1 +1
1K [] 2250 (v9,00)) < Mvo <o forug > M'
2(2v+1) 2 2(2v+1)

Hence the existence and uniqueness of Ry in L>(vy, 00) with the asymptotic B; = O(v=2)
since Ky (1) = O(v™2).

By doing exactly the same computations for Ry, as in R; (after change of variable
v=—1"), we get

n YOY+1) o e
|[v]"Ka(g)(v)] < mvo2H|U|

The rest of the proof is done in the same way as for R;. O

9] ooy forall j=1,2 if n > 2.

Remark 2.2.3. Note that 0 is the unique solution to (2.2.2) in L*(R). It can be seen
by multiplying the equation by v and integrating by parts over R. Therefore, we cannot
have a solution like |v|~7 in 400 and —oo at the same time.

Proof of Lemma 2.2.2.

Existence: The existence of a unique global solution 1 for the Cauchy problem (2.2.3)
follows from the Cauchy-Lipschitz theorem. Concerning regularity, we have 9%¢ = Wi e
CY(R), then % is in C%(R), and by derivation of the equation, we show that the solution
belongs to C*°(R).

Symmetry and positivity: The function ¢(—v) satisfies the Cauchy problem (2.2.3),
with the same initial condition, hence we get the symmetry ¢(—v) = ¥(v) on R, by
uniqueness of the solution.

Let us now show that ¢(v) > 0 for all v in R. We check it on RT since 1 is even.
Suppose there is v; > 0 such that ¢ (v;) = 0. Since ¥(—v) = ¢(v) then, ¢’'(0) = 0.
So, by multiplying the equation (2.2.2) by 1 and integrating it over (0,v;), we obtain:
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[ [19')2 + W[?]dv = 0. Therfore, ¢(v) = 0 for all v € [0,vy], which contradicts the

fact that ¢(0) = 1. Thus, ¥(v) > 0 for all v in R.

Behavior at infinity: Since ¢ is even, the behavior |v|™7 is excluded, because oth-
erwise ¢ will be in L*(R), which implies thereafter that 1» = 0. Finally, the Lemma
2.2.1 gives us the existence of a unique function R € L*([vg, +00]) for vy large enough,
with R(v) = O(v~?2) such that: ¢(v) = |[v|"™(1 + R(v)), up to a multiplicative constant.
This constant is determined by the uniqueness of 1 and it is positive since 1 is positive. []

2.2.2 Construction of a adequate basis of solutions

Proposition 2.2.4 (A basis of solutions to (2.2.2)). There are two positive functions 1
and 9, of class C*, solutions to the equation (2.2.2) and satisfying

1. For allv in R: ¢y (—v) = 1s(v) > 0.

2. {t1,2} forms a basis of solutions for the differential equation (2.2.2). Moreover,
the Wronskian is given by: W{iy, 1} = 10y — jhs = 1, for all v in R.

3. we have the following estimate

— > calv|7r at + o0
< ) vl for v = v, _)a :
Yi1(v) S { W for v < —vp. moreover  1(v) Gl at — .

(2.2.6)
Hence, the estimate and the behavior of 1y thanks to the symmetry:

v+1 > 14+
a(v) < { |v| for v = vy, and  tho(v) ~ { oy at + oo, (227)

v~ or v < —yg, c1|v|” at — o0,
o[ forwv < ™" at

with vg > 0 large enough, and where ¢y and co are two given positive constants.

Proof. Let 1 be the function constructed in the previous Lemma 2.2.2. We define the
two functions ¢y and 1, by:

o du v dw
i) =) [ S and ) = 0(0) /_WW:W—@. (2.2.8)

We are going to establish the properties of ¢); and those of 1/, are obtained by symmetry.
The function 1; is well defined and positive since ¥ (v) > 0 for all v in R and

1 -2, |—2(y+1 1
~ 2|20 ¢ LY(R).
’QDZ("U) |v]~oo

c|lv|”?  at + oo,

colvat — oco.

Moreover,
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Indeed, since ¢(v) = clv|" " (1+R(v)) for |[v| = v with R(v) = O(v~2). Then, for |v| > v,
big enough
Cilo]™ < P(v) < Gofo ™

Therefore,
+o00 dw +o00 dw
Cilv ™! ) < Yi(v) < Gyl ) for all |v| > v,.
Now, for v > v,
+ood—w ~d /+oo dw -~ C//|U|—2y—1
o V(w) o |wPOD
and for v < —v,
o dw o dw
—— S ——=C>0.

o VHw) T YR (w)
Hence the estimate (2.2.6) hold.
The functions ¢ and 15 are two linearly independent solutions of (2.2.2) and their Wron-
skian is given by:

W1, ¥} :/R% = "1/¢”§‘

Observe that ||1/4||2 is a positive constant by which we can divide in the definition of v,
and 1y in order to obtain W{y, 1} = 1. O

2.2.3 Solutions of Ly(¢) = f and definition of Tj.

Let’s go back to the equation with a general source term (2.2.1). We have the following
Definition /Proposition:

Proposition 2.2.5 (Definition of Ty). There exists a “right inverse operator” of Lo, de-
noted by Ty, with integral kernel Ky such that, for all f in L= (R; (v)~7dv) with o > v+ 2,

To(f)(v) == /RKO(v,w)f(w)dw, (2.2.9)
is solution to the equation (2.2.1), where Ko(v,w) is given by:
Ko(v, w) 1= 1(0)Y2 (W) X fw<o} + ¥1(0)1P2(0) X fws0}- (2.2.10)
Thus,
(N = [ e e [ a@ee . 2

Proof. For f in L>®(R; (v)~°dv) with ¢ > v + 2, the integral (2.2.5) makes sense and Tj
is well defined. The function Ty(f) belongs to C*°(R) since ¢; and 1, are in C*°(R), in
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particular Ty(f) is in C*(R). Moreover, a simple computation gives:

Lo[To(f)] = [0 + W()ITo(f) = f.

2.3 Green function for the leading part of the perturbed
operator

We will proceed as for L, we start by studying the homogeneous equation and construct-
ing a basis of solutions, and establishing the behavior of the latter, then we return to the
equation with right order terme by defining a suitable right inverse operator.

2.3.1 Approximation for large velocities

Since W(v) H—> 0, we will approximate the homogeneous equation
v|—00

Lay () = [ = 82+ W(v) +inv— Ap3]¢p =0 (2.3.1)

by the equation
Lyy(¥) = [ = &2 +inv — A3 ]y =0, (2.3.2)
which becomes after the rescaling v = 77_%5:
Ly(¢) == [0 +is = Ao =0, (2.3.3)
1

where ¢(s) :=(n~3s).

Note that the operator L, is nothing but Airy’s operator “—0? 4+ 2” modified. Let’s give
a little reminder about the Airy function.

Airy’s equation. We collect the following from [Ler17] and [VS].

Lemma 2.3.1 (Fundamental solutions to the Airy equation).

Let us denote by Ai the Airy function given by

1 3
Ai(z) = %/R 461(3+Zt)dt’ ¢ >0. (2.3.4)
+i

Ai s independent of ¢ > 0 and has the following properties:
1. It defines an entire function of z € C and solves the Airy equation:
O2Ai(z) = zAi(2). (2.3.5)
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2. There holds the symmetry:

Vz e C, Ai(z) = Ai(z).
3. Ai(jz) and Ai(j2z), where j = e’ | are two other fundamental solutions of (2.3.5)
with
Vz € C, Ai(z) + jAi(jz) + j2A4i(5%) = 0.

4. There holds the asympotic expansion:

r > T(rtl
Sy (n? ) sin (§<n+m) (332)" [2l < 1.

Ai(z) = (2.3.6)
1 1 2.3 1

2713 14+ 0 —5 | ), V2 € C\R_;|z| > 1,
[ 2VT ( (yw)) VRl

and simarily for derivatives.

We will look for solutions for the equation (2.3.3) under the form:
¢(s) = Ai(as +b).

We have:
D2¢(s) = a0 Ai(as + b) = a*(as + b) ¢(s).

Then, by identification we get

=1 and ba®= -\
Which implies that
ST 2T _)\
ay = elﬁel%, by = — with k=0,1,2.
Ay

Hence, each of the following three functions is a solution of (2.3.3):
ax(s) = Ai [ei%(s +iA)], ba(s) = Ai [ei%j(s +iA)] and ¢\(s) = Ai [ei%jQ(s +iN)].
Note that {aA, bA} form a basis of solutions to the differential equation of order 2 (2.3.3).

Back to equation (2.3.1). The equation (2.3.1) admits two possible behaviors at infinity,
ay, and by ,, which form a basis of solutions for the approximate equation (2.3.2). We
have the following Lemma:

Lemma 2.3.2 (Airy behavior for large velocities for (2.3.1)). For so > 0 large enough,
there exists a unique function R € L®({|s| > so}) (respectively, there exists a unique
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function Ry™ € L®({|s| = so})) such that, the functions

917 (0) = axg(@) (1 + BY(0)), o] > sor 7, (23.7)
27(0) = bay(v) (1+ RY"(n50)),  |v] = son (2.3.8)
are solutions to the homogeneous equation (2.3.1) in {|v] = son~3}, unique up to two

complex multiplicative constants which can depend on A and n, and where ay,(v) =
ax(n3v) and brn(v) = bA(n3v). Moreover, R are holomorphic in {|A| < Ao} for
i = 1,2, with R} (s) = O(|s|~2) and RY"(s) = O(|s|"2|ao(s)[2) uniformly in {|\| < Ao}
and n € [0, o).

Remark 2.3.3.

1. Thanks to the second point of Lemma 2.3.1, the functions ay, and by, are linked by
the following identity:

ay,(—v) = byy(v), VveR. (2.3.9)

2. The Airy function a, decreases exponentially in +o0o and increases exponentially in
—oo and inversely for by:

1 V2
c18 1e” 3% at + oo,
ax(s) ~ 1 3
1

Proof. The proof is identical to that of Lemma 2.2.1, it relies on the fixed point theorem.
e Let’s start by showing (2.3.7). If 7" is a solution to (2.3.1) of the form ax,(v) (1 +
Ri\’"(n%v)) then, after rescaling the equation (2.3.1) by v = sp~3, R} satisfies

20 () (RY") (5) + aa(s) (BY")(s) = Wiy (s)an(s) (L + Ry"(s)),

where W, (s) = n= W (y75s) = 205 Define K3 by

3 +s?

o0 t 2 _
/ / a)‘—(t)duWn(t)g(t)dt, s> So,

K3(g) - )

/8 /s ai((i))duwn(t)g(t)dt, s < —sp.

2
ax

The previous equation on R} is equivalent to (Id — K}")(RY") = K(1).
The computations for the fixed point for large velocities come from [LP19], and which we
will recall here for consistency. Let’s start by introducing the set

U:={e%(x+iN;z > 0,|A < Ao}
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We have from [ZQ07] or also from the equation (2.3.6), for z € U; |z] > 1:

4i(2) = r(2)e H with —0— < fr(s) < —
i(z) =7(2)e with ——— < |7(?)| < —.
(1+]2])3 (1+]z))3
Let’s show that for sy large enough,
n+3 e n
[1s]"*2K3"(g HLOO({\ >s0}) H’ | 9HL0<> ({ls|=s0})"

We are going to establish the previous inequality for s > sy and for s < —sq it is obtained
in the same way, by symmetry thanks to the parity of W, and the identity (2.3.9). We

SR (g)(s)] < (7 + 1) / /

First, there exists a constant C' > 0 such that for all s > 1, |)\| < Mg and t > s, we have

have

G

{nt2

a

2
)\
2
)\

t) 2
t
/ aé\( ) du < Ct 3.
s a)\ (U)
Indeed, by (2.3.6): fourth point of Lemma 2.3.1, and for |A| < Ag with Ay small enough
/t a3 (1) < C/t e_gRe([(Hu)%_(u+u)%}ei%)du
S ag\ (u) S
1
_ Ct/ 48 Re((+i2)E (@i 3)eT) g,
o0 3
< Ct/ e dr ~ Ct 2 ift > s> 1,
0
where we performed the change of variable x = ¥ in the second line and used the mean

value theorem to estimate the real part of the exponent. Thus for |A| < A,

3 2 ~
"2 K} (g)(s)] < 07(7+1)s"+2/ DAL 5" g Lo 1,00)-

s

Then,
3 7(v+1)
s"T2K (o) & O———57|s
I 1) 2o (1,00) TR 15" gl £oo
Finally, K} is bounded in L* (s, c0) with
2C P o
HKi\’"HE(Lm(sOm)) ?fy(’y +1)s,2 < 3 if s is big enough.

The rest of the proof concerning (2.3.7) is identical to that of Lemma 2.2.1. Holomorphy
of R}™ comes from the fact that a, is holomorphic on {|A| < A¢}, since Airy’s function is
an entire function in C.
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e Let us study (2.3.8). For a solution 13" of the form by, (v)(1+ Ré’”(n%v)), the same
computations as for (2.3.7) lead to find R)" solution to

([ (10—~ K")(Ry") = K3"(1),

K" (g t

n(t)g(t)dt, s> so,

K“? / / 2 L(Dg(t)dt, s < —sq.

As in the previous point, we establish the inequality on the norm of Kg\’" on [sg, +oo[, and

on | — 0o, —sp| it is obtained by symmetry. We have

- (6m)

where W{a,, by} is the Wronskian of a, and by given by W{a,, by} = a\b) — a\b, = %

Therefore,
K3"(9)(8) | _ s [ (|026)] [ a®[\[B3)],
e (s < / (m<s> ! ww) 2(s) |70
N ANENOING! a2 (t) gt) | dt
<ot [T (|2 ai<s>D'”(”[’A“)"t—na«w =

where C = 27y(y + 1). Now, since we have |Ai(2)Ai(jz)] = |7(2)* (note that for
the follovvlng choice of determination of the complex logarlthm log(rel?) = log(r) +

i, (rei?) = reei®® for § € (—m, ), one has (¢'65)3 = —(e'§)2). Then, for t > s > 1 and
|A] < A\g with Ag small enough

|t+1)\| 2

1 i
ay(t)b(t)| = —|t+1X72 and < 2. 2.3.10
Jax (0)0 ()] = [t + 20| S e (2:3.10)
Then,
Ky"(g)(s > dt
%)g) <Cy(y+ 1)8"*3/ o
5_(”+5)a,\(5) s PR {57 ] Lo (50,00
Which implies that
K3"(g) 10+ 3] _g 1] s
-n = 0 “n x —n
S ai L (s0,00) (n + %) 5 Cl%\ L>°(s0,00) 2|ls ai L>°(s9,00)

for sg large enough. The rest of the proof is similar to the previous point, which completes
the proof of the Lemma. O
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2.3.2 Approximation for all ranges of velocities

As for n = 0, we are going to construct an intermediate function, solution to (2.3.1), with
good properties, and which will allow us thereafter to define two other solutions forming
a basis of solutions for the ODE (2.3.1) as well as a right inverse operator for L, ,, which
gives us solutions for the equation with right-hand side. For this, consider the following

Ly (¥) = 0,
{ $(0) =1, ¢(0)=0. (2.3.11)

Lemma 2.3.4 (Existence of a global solution and properties). There exists a unique global

Cauchy problem:

solution Y™ for the Cauchy problem (2.3.11), of class C°° with respect to v, holomorphic
in {|A| < Ao} and continuous with respect to n € [0,n0]. Furthermore,

1. For allv € R, p (—v) = 9 1(v) and 7 (v) # 0.

2. For sy > 0 large enough, there is a unique function RN € L>[sq, +oo[, holomorphic
in {|A| < Ao} with BM(s) = O(|s|2]ag(s)|2) uniformly in {|\| < Xo} and n, such
that

M (v) = c,\nﬂTH b, (v)(1+ R)"”(n%v)), Yo > son” 3, (2.3.12)

where ¢y is a holomorphic function in {|\| < Ao}, bounded by two positive constants.

Proof. 1. Existence: The existence of a unique global solution *" for the Cauchy
problem (2.3.11) follows from the Cauchy-Lipschitz theorem.

Symmetry: For all v in R, »(—v) satisfies the equation (2.3.11). Hence, ¢ (—v) =
YM(v) by uniqueness of the solution. Let us now show that the solution ¥ does not
vanish on R, for all A € C;|A\| < X\ and n > 0. We verify it only on R thanks to
symmetry. The idea of the proof was inspired from [LP19] to prove that the rescaled
function does not vanish on R*. Suppose there is v; > 0 such that ¥»"(v;) = 0. Set
v, = 5177_%. By integrating the equation of ¥ rescaled by v = 57]_%, and multiplied by
Wy, (s) := ¢¥M(sy73), between 0 and s, we obtain:

/ {\(\IJ,\,,?)’F—FMNJ 77|2ds—|—13\\1!,\n|2]d3—)\/ ]\I/,\des.
0 ns + 0

Which implies that
(v +1)
ni + 52

Re)l > and ImA > s > 0.

Then,

1
ReA + ImA > min <5+ m> > co >0 for n € [0,n].
s€[0,s1] n3 + 52
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Which contradicts the fact that |[A\| < Ao, since ¢y does not depend on Ay and we can

choose A\g as small as we want.

2. Airy behavior: Since there are only two possible behaviors at infinity [LP19]: ay,
and by, using exactly the same argument that we used to show that ¢*7 = 0, we can
show that the profile a,,, Airy which decreases exponentially at +oo, so in L*(1,00),
is excluded. Indeed, by rescaling the equation by v = 77’%3 and by multiplying it by
Uy () = (73 5) and integrating it over (0, 00), thanks to the condition ()*7)(0) = 0
(recalling that 4" satisfies the Cauchy problem (2.3.11)), we obtain:

[oe) + 1 . oo
/ {|(\IJM)’|2 + MWMPds + 1s|\If>\7,7|2] ds = )\/ |\I/,\,n|2ds.
0 0

7]§ + 52
Then,
1
ReA 4+ ImA > min(s + w) > ¢y >0 forne[0,m).
520 ng —|—82

Hence the contradiction with |A| < A, with \¢ small enough. Thus, the function ¢*"
takes the profile of Airy which explodes at +oo, and therefore 1" (v) e br,(v). To

obtain the equation (2.3.12), by the previous Lemma, there exists a unique function
RM e L®({|s| = so}) such that ¥»" takes the form (2.3.8), up to a multiplicative con-
stant. This constant is determined by the uniqueness of ¥)*". To calculate it, we use the
continuity of 9™ with respect to v at the point 3077_% and the fact that 1" is close to
Y on [—3077’%, 3077’%]. For this last point, we will prove it in the following lemma. O

Lemma 2.3.5 (Some estimates on 1)™").

1. For all o € (0, %), for all a > 0 we have the following uniform convergence:

Hﬁﬁm—w)

" (2.3.13)

= (70/,707%; ,ano—%) n—0

2. There exist two positive constants C and Cy such that, the following estimates holds:
e For all |v| < 307}_%, we have

Crb(v) < [0M(0)] < Catp(v). (2.3.14)
e For all v in R, we have
(v) < Gl (v). (2.3.15)
3. We have the limit du du
/RW m /RW (2.3.16)

Proof. 1. Let o € (0,3) and a > 0. Thanks to the symmetry, we show the limit (2.3.13)
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on [0, an"_%]. Let’s set ™" := ¢™ — ). Then, ¢™" satisfies the equation:

Lo[™)(v) = [02 + W (0)]¢™ (v) = (AnS — i) [$M (v) + 1 (v)]

First, recall that ¥»"(0) = ¢(0) = 1 and (¢*7)(0) = ¢/(0) = 0. Thus, ¢*7 satisfies the
initial conditions ¢»"(0) = (¢»»7)'(0) = 0. The solution of the equation Ly(¢) = S with
#»(0) = ¢/(0) = 0 is given by:

e /w w)dw — (v /wl

taking into account the fact that ¢ (—v) = 1y(v). Therefore, ™" /1) satisfies:

)
90)

1 ’ 5 i A w)||dw
< o [ () + s ()] | = i) () + w0

< o ([0t ot + oo st) (1+ |27 ).

Now we split the two cases, v € [0,vg] and v € [vy, an"’é] where vy > 0 is large enough
such that ¢, and v satisfy (2.2.6) and (2.2.7).

Step 1: v € [0,v9]. We have in this case, ¥, ¢, and 1)y are bounded above and below by
positive constants. Therefore,

sl o )e+I51)
(o) |~ /0(|>\|77 + nfwl) [tha(w) + Y1 (w) ] (w)dw ) [ 1 + L)
< 2 oM
S (Alns ) (14 =7 _
Therefore, for n small enough
’% S D+ (2.3.17)

Step 2: v € [, an"_%]. We have in this case, 1)(v) ~ 07! ~ 9hy(v) and ¥ (v) ~ v, up
to a multiplicative constants, and since these three functions are bounded on the compact

[0, vo] then,
(\‘“53

wz

925“7

o) (MI??S + nfw]) s (w)y (w)dw

i

(4

J

| i+ oo >w<w>dw) (1+‘

J

Therefore,

M1(v)
b(v)

M
K

< [0 + ) + (No? + o) (1 . ]
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Thus,
¢A,n

n
From where, with (2.3.17), we get the limit (2.3.13).

2. From (2.3.17) and (2.3.18), and for ¢ = 0 and a small enough such that, for all v in

< AR +d*n®, Vv € vy, an® ). (2.3.18)

[0, an~3]
A7) A
o) | (1 N H¢ )
¥(v)
we get
o s
H— <1, Yvel0,an 3],
Then,

0, an "), (2.3.19)

[

Y(v) <) < 2¢(v), Yo e

It remains to establish the inequality (2 3.14) on [an~3,son 3], which is obtained by
rescaling the equation of ¥ by v = n~3s. Indeed, if we denote Uy n(s) = w’w(n_%s),
then W, , satisfies
o+ 0T i (s =0
ns + 5
We have by a fixed point argument as in Lemma 2.3.4, W) ,(s) = Wy o(s)(1 4+ 7y, (s)) up
to a multiplicative constant, which may depend on A and 1, and where W, , is the solution

of the last equation with n = 0:

oz Y e e =0

with ry, tends to 0 when 1 tends to 0. Now, since the function ¥, is continuous
on the compact [a, so] and holomorphic in {|A| < A¢} then, since v, does not vanish,
|W) 0] is bounded from below and above by two positive constants, uniformly with respect
to A and 7. Then, since 7, is also bounded on |[a, so|, uniformly with respect to A
and 7 then, by continuity of ¥ at an~3 and the inequality (2.3.19), we get w)‘”( ) =
c)\nJTH\I’A70(S)(1 +r,\n( )) with ¢, holomorphic in {|A| < Ao}. Thus, ¢~ 1M ~ s A0
is bounded on [a 77 5, som” 3] from below and above. Hence the inequality (2.3.14) holds
on [—son~3, son”3).

For the inequality (2.3.15), it comes from (2.3.14) for |v| < son~3 and the fact that
for v > son73, 1 < |6),(v)] and ¥(v) < n~"5 . The case v < —son~3 is obtained by
symmetry.

3. This limit is a direct consequence of the second point, inequality (2.3.15), and Lebesgue’s
theorem, since ¥ is continuous with respect to 1, which gives us simple convergence. []
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Proposition 2.3.6 (Basis of solutions and definition of 7} ,,).

e There are two functions wi\’" and @Dé\’n, solutions to the equation (2.3.1), belonging to
C>(R,C), continuous with respect to n € [0,n] and holomorphic in {|\| < Ao}. Further-
more,

1. {2 3™y forms a basis of solutions for the equation (2.3.1) with W{y}™" 43"} = 1.
2. For allv in R, @Ei\’"(—v) = 3" (v).

e The operator T, defined by the integral kernel K, ,, is a right inverse of Ly ,,:

T (F)(0) = /]R Ko (0, ) f(w)duw, (2.3.20)

with
K (v, w) = 01" (0)03" (W) X {wewy + 017 (0)03" (0) X fwsor (2.3.21)

continuous with respect to (v,w) € R x R and n € [0,n9] and holomorphic in {|A| < Ao}.
Thus, Tx,(f) is solution to the equation Ly () = f.

Proof of Proposition 2.3.6.

e Let ¢/ be the function of lemma 2.3.4. We define the two functions 1" and ", for
v e R, by:

A (o) PMw) [T dw and M () — M) U dw
v ||1/W’"||2/v e ) = /oo )
(2.3.22)

The functions ;" and )" are both well defined thanks to the inequality (2.3.15) which
guarantees that the integral is indeed defined in both cases, and they are solutions to
(2.3.1) having the same regularity as 7, ie. ¥ € C*®(R) for i = 1,2. The conti-
nuity /holomorphy of 77[};\ T for 4 = 1,2 is obtained by Lebesgue’s theorem thanks to the
continuity /holomorphy of 1*7, the limit (2.3.16) and the domination by
(2.3.15). Moreover,

1. We have: W {3, 45} = 90" (03") = (0 ") ™ = |1/9]15° [y gt = 1. Thus,

M and ¥ are linearly independent.

Iw“’(v)\2 S W (v)

2. The second point comes from the symmetry of " (first point of the lemma 2.3.4).

e For f in L*®(RR; Mﬁ) with o > 2, the integral (2.3.20) is well defined, T3, (f)

belongs to C?*(R, C) and we have: Ly ,[Th,(f)] = f. O

Remark 2.3.7.

1. Note that T\ o =: Ty does not depend on A, since the functions 1/1;\ Tfor ¢ = 1,2 are
continuous with respect to n and their limits, when n — 0, v; do not depend on .
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2. Thanks to the identity g@i\’"(—v) = 0y "(v), K, satisfies
K5, (—v, —w) = Ky, (v,w), VYv,w€R.
Thus, for f5,(—v) = fan(v), we get the following identity on T},

Tinlfi(=v) = Taylfl(v), Vo eR.

2.4 Properties of the Green functions corresponding to
the leading part of the operator

2.4.1 Some complementary estimates of the the elements of the
basis

Lemma 2.4.1 (Some estimates on 1" and ¢;™).

1. We have the following estimates:

% ax, (v)], v > 8073,
1
()] S § Wi(v), o] < som73, (2.4.1)
_ o+t _1
N~ |, (v)], v < —son7s.
Similarly for )",
05 (oA, (0)], v > oS,
A _1
103" (V)| S Ya(v), lv] < som 2 (2.4.2)
ol _1
3|0 ,(v)], v < —8on7 5.

2. There is a constant C > 0 such that, for all o € (O,%), a > 0 and for all v €

[—an™3,an"3] one has

>\7 .
‘wl U(Z))Z(;)wl(v) < C((l2|)\|7720 + a37]3a)’ Vi = 1’ 2. (2'4.3)

Proof. 1. We are going to show the inequality (2.4.1), and that on wé\ T is obtained by
symmetry.
e Case 1: v > son~3. We have C < ll—l—R)""(n%v)‘ < Oy since RM(s) = O(|s|~2|ag(|s])?)
for |s| > so with s big enough. Then,
/Oo dw 2(y+1)
21
o [oan(w)]

¥1(v) by (V)
By performing the changes of variables v = 577_% and w = tn_%, and for |\| < Ag with Ag

axy(v)

_ 2741
3

n%a/\m@)
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small enough, we obtain

U (v) ba(s)| [ dt
N3y, (v) cu(s)/s 6, (t)]2

— 4medReT i) / it 4 iAo sRee T ety

~Y

00 N .
:egRe[ei%’r(sHA)%]/ Re[eig(tJri)\)%] |i+ 2k e—gRe[e‘zr(mA)%]dt
s Rele' (t + 1)) 2]

eiRelT v / " Rele't (¢ + e iReET vty

NI NI

AN

<1

<1 and /Oo Refe'? (¢ 4 ix)3)e sReET v 2 gy — ge—éRe[eiZ(s—&-i)\)%}'

e Case 2: v < —son 3. As in the previous case, |1+ R (3 ]v])| is bounded below and
above and since M (v) = E-'rf%am(v)(l + R’\’"(—n%v)) then, by (2.3.13)

>\,77 o0 o0
7(v) < dw dw  _ dw
s / ) / P / e~

EEs
e Case 3: |v] < son~3. We have in this case by (2.3.14), C1(v) < [¥M(v)] < Cath(v)
and thanks to (2.3.15) we get

‘77 5y, (v)

A A 00 00 -1
MO ’”(v)( dw )( dw ) <1
1 (v) ¥(v) /v [0 (w)|? /v [P/ |~
2. The proof of this point is the same as for (2.3.13). O

We will end this subsection with a lemma on the estimation of the kernel K ,.

Lemma 2.4.2. Let o € (0, %) and let a > 0. The following estimate

| K\ (v, w) — Ko(v,w)| S (a2])\]772" + a3773")K0('U, w) (2.4.4)

holds for |v|, |lw| < an“‘é. Therefore, for n small enough or for o = 0 and a small enough,
we have the estimate

[Kag(v,0)] S Ko(v,w),  Yul, [w] < a5 (2.4.5)
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2.4. PROPERTIES OF THE GREEN FUNCTIONS CORRESPONDING TO THE LEADING PART
OF THE OPERATOR

Proof. Let o € (0,3) and a > 0. Denote M = YT — 4y for i = 1,2. We have:

K)\ﬂ?(v7 w) - KO(Ua w) - ¢T7W(U>¢;7n(w>X{w<v} + ¢i’n<w)w;’n<U)X{w>v}
+ 101 (1) (W) X ey + D1 ()P (V)X w) -

By (2.4.3), |¢?’”(Ul)| < (Al +a*p*7)¢y(v) and by (2.4.1) and (2.4.2), ¢ (v)] < ¢i(v)
for all |[v| < an®~ 3 and ¢ = 1,2. Hence inequality (2.4.4) holds and for n small enough or
a small enough with o € [0, 3[ we get estimate (2.4.5). O

2.4.2 Continuity of the functional, introduction of the weighted
spaces

The goal of this subsection is to prove a Proposition on the continuity of the operator T} ,,
in a weighted functional space that we will define below. This continuity presents the key
to the proof of the theorem on the existence of solutions. The proof is based on estimates
of Green’s function K, with weights. We will start by defining the weights as well as
the functional spaces on which we work, then we give two lemmas on which is based the
proof of the proposition on continuity.

Let ng, Ao > 0 small enough and let 1 € [0,70], A € C such that [A\| < Ag. We let

(V) =+1+]%2, velR

and define the weights p*" for i = 1,2 by:

For n > 0:
2 _1
nlax,(v)l, v = som73,
1
Py (v) == { (0)7, v] < son” 3, (2.4.6)
n3bagn()l, v < —son” 3.
For n =0:
py(v) == (1), VweR (2.4.7)
and

for any § € (0, 2).

Note that py” belongs to L?(R) since 2y > 1. We define the Banach space E!, as the
¢
A1

completion of C°(R, C) for the norm: [[¢[|gn =

oo

El :={¢ € C>(R,C)/ ||¢||lgy < +o0}.
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We have the embeddings

*

I g < A1 Mgy for n <.

Lemma 2.4.3. Let § € (0,2). Then, there exists a constant C' > 0 such that:

4‘K0(U,w)|<w>752 dw

(v)=
thus Ty in L(EY, E9) is continuous.

<C, WweR. (2.4.8)

Proof. Thanks to the second point of the Remark 2.3.7, since the weights are symmetric,
we establish the inequality (2.4.8) on RT. Let 6 € (0,2) and let vy > 0 big enough.

Step 1: v > vy. We have

[ty < oo ([ [

/ el +5+2) Wa(v / il +5+2]

For v > wvp: ¢1(v) < v77 and ¥o(v) < v on [—wp,vp]: 1 and vy are bounded by
a positive constant, and for v < —vy we have: ¥1(v) < |v|7™! and ¥y(v) < |v|™7 since

1 (—v) = 9(v). Then,

dw v dw Y dw < dw
vy 8 < v o [
/R| o(v, w)[{w) (V)= o |wrreR +1+ o ||+ +v L, w22

<1+4+0v°<1.

N

Step 2: v € [0,vp]. In this case, we cut the integral as follows:

Amwmmwﬂﬂﬁggw@m(/jﬁmm / %WM)
([ e+ [ )|

and as in the previous step: since v € [0, vg| then, <v>7, 11 and 1y are bounded by a positive

constant. Also, we have for w < —vg: ¥o(w) < |w|™7, and for w > ve: Y1 (w) S w7,
Therefore,

dw 0 dw < dw
SV
LS s [ s e [
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Lemma 2.4.4. Let ng, \g > 0 small enough. There exists a constant C' > 0 independent
of v, n and \ such that

/ | K (0, w) |py" (w)dw < Cpy™ (v) (2.4.9)
R
holds for all v € R, n € [0,1] and |A| < Ao

Proof. The case n = 0 is treated in the previous Lemma so, let  # 0. We will proceed as
in the previous Lemma and since K3, (—v, —w) = K) (v, w) and (=) = pM(v) for
i = 1,2 then, we show the inequality for v € R*. Let denote by

EM (v /|K,\,7vw tlj))dw

Step 1: v > son~ 3. We will cut the integral into four parts, according to the behaviors
of the Q/JZ-)\ T and the definition of the weight, as follows:

>N —Ssomn % son %
g < SO syt [

p)\ n(v) s —son 3

v An
+ [ wéw?”(w)dw%% / M (w) o

on~3 v

Thanks to the inequalities (2.4.1) and (2.4.2) of Lemma 2.4.1, we have for v > son™3

()] _ S L) e o ()]
by S0 OIS0 T o) and SR <o A

For |w| < son~3, |03 (w)| < ¢s(w) < (w)+! and finally for w < —son73,

[y (w)] S 9y (w),

with py” (w) = 73 |ay,(w)] for this range of velocity. Therefore,

?

W=

=

1
—son”3 dw son- % duw
EM(v) S / m [org () o / i ()

o0 son 3 >
o ey (w)by,(w)] _1|bay(v) /m |ax, (w)]?
+ ; 2] gy 3| 20\ [ 1B W
/sfm‘% ! (w)2+e T o)), W)

4

_ A

_E 7.
i=1

In order to estimate I;*", I3 and I}, we will perform the changes of variables w = 53¢
and v = 77_%3.
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e Estimation of I}"":

1
—son” 3 2 L —s 2 ) =5 2
o zﬁh/ N L2E1CO / " 1 OF dt<?7w‘°'§+/ YO <

(w)>+ o (pat)zre i+

[e.9]

e Estimation of I,

1
o d d
I2A7n::/ 7fzsg/ ?551'
—son~ 3 <U)> + R <’LU> +

e Estimation of I;"(v): since |ay(t)bx(t)| < 72 for |A| < Ao and ¢ > s, then

v b $ Sodt
[ ety -t [P0 < [ <
s 3 (W) s (n75t)20 so 370
e Estimation of 1,"(v): we have

on
ban(0)| [ lary(w)]® - * )P
- / <@Z>2+5 dw=n / (3 2+5d$§
v s n 3t> S

Axn(v)
since “a (())‘I 1 and |ax(s)ba(s)] Stz for t > s > 5o and |A| < Ao (by the inequalities of

(2.3.10)).
Step 2: v € [0, 8077_%]- We will proceed exactly as in the previous step by cutting the

-

i
o
N
—~
~
N—
<o
>
—~
~
SN—

Wl

;" (v) =1~

1

*dt
[}"(0) =17

t2+6 ~

bA<S)
ﬂA(S>

|3
Wl

OJ
Wl

N

integral this time as follows

B < 10 (””[ [ i+ / R (w)

70
- / st jan] + L2

2" (v)
We have in this case: p)”(v) = (v)~7 and |1/1;\”7(U)| < ¢;(v) for i = 1,2 by the inequalities
(2.4.1) and (2.4.2), with ¢, (v) < py"(v) and ¥y(v) < (V)7 by (2.2.6) and (2.2.7). Then,

—son 3

03\»—‘
@

)\,n(

Wf’n D1

so0m -3

w)dw.

<

=

—son 3 d v d
A, Z 2 dW w
O B VT o

o] —5077_3

_1

ot qw = Jany()
2y+1 T/ \2v+1 A
+ (v)* / (w)2rHor2 +n3 ()7 / L ()t dw.

somn

The first two integrals are bounded by I {\ i +]§\ "I which is uniformly bounded with respect
to v by step 1. For the last two terms, we write

-

e [ _dw et de o dw
) <w>2'y+5+2 ) <w>27+1 <w>1+5 = R<w>1+5~
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and

2o [ @) © ()7 ay,(w)] dw
0 (0)*"" /5 ! de =13 (v)” L ()t <w7;1+5 dw S e ()10 S

on 3 on 3

O

Wl

since v < son~3 and lay,(w)] <1 for w > son~s.

Proposition 2.4.5 (Continuity of T ,). Let 1y, Ao > 0 small enough. Let n € [0,n9] and
A € C such that |A| < Ao. Then, the map Ty, : E] — EJ is linear continous.
Moreover, there exists C' > 0 independent of n and A such that

ITxn(9)lley < Cliglley, Vg € EY. (2.4.10)

Proof. The proof of this Proposition is a direct consequence of Lemma 2.4.4. O

2.5 Existence of the eigen-solution

2.5.1 Existence of solutions for the penalized equation

In this subsection, we use the "right inverse" operator T}, to rewrite once again the pe-
nalized equation (2.1.15) as a fixed point problem for the identity plus a compact map.
Then, the Fredholm Alternative will allow us to apply the Implicit Function Theorem in
order to get existence of solutions for this new problem, thus solutions for the equation
(2.1.15).

Define F': {\ € C; |A\| < Ao} x [0,70] X Cp(R,C) — C,(R, C) by

F(A\n,h) :=h—"T,(h),

with .
Tan(h) = WTM [Vpy"h — (py"h — M, ®)®].

2
Note that finding a solution h(), ) solution to (X, n, h(X,n)) = 0 gives a solution to the
penalized equation by taking M), = h(A, n)pé\’n.
The function ® is a function satisfying the following assumptions:

1. For all v in R, ®(v) = &(—v) > 0.

2. For all € > 0, there exists g5 € Co(R) such that ||®/p}" — ¢5||eo < € with supp(g?)
independent of A\ and 7.

3. Even if it means multiplying ® by a constant, we can take it such that (&, M) = 1.
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Any continuous function with compact support and satisfying 1. and 3. is suitable. The
function ® := ®,, = CA7n(v>_”pi"” satisfies all the previous assumptions, where o > 0 and
iy is a constant of “normalization” such that (®y,, M) = 1.

Remark 2.5.1.

1. For the following, we fix a continuous function ®, with compact support included in
[—R, R] with R > 0, and satisfying assumptions 1. and 3. above.

2. Note that 7T, does not depend on A since T o does not. Let’s denote it by 7y:

1
To(h) :== Tho(h) = FTO [Voh — (phh — M, )]
2

3. The map 7, , is affine with respect to h. We denote by 7;’}77 its linear part:
! _ 1 A A1
7;\,77(]2) = p)\mT)\,n [Vpg h — <p2 h7 (I)>(I)}
2

Lemma 2.5.2 (Continuity, differentiability and compactness of 7y ,).

Let 1o, Ao > 0 small enough. Let n € [0,m0] and X\ € C such that |\| < A\og. Then, the map
Tan : Co(R,C) — Cy(R, C) 1s

1. continuous with respect to A and n, moreover

T = Talleccy =0, ¥ € [0, (2:5.)
and
HTM7 - 7;,,,7H£(Cb) Q/ 0, vYNeC; ])\’] < Ao (2.5.2)

2. differentiable in Cy(R, C) and its differential is

o7, 1 A, A,
8hn = 7;\l,n = WT)\,T] [VPQ T _<p2 77.7 (I)>(I)] . (253)

3. The map Tg is compact.
where L(Cy) is the space of linear continuous operators from Cy(R, C) to itself.

Proof of Lemma 2.5.2.
1. Continuity of 7T, with respect to A and 7. It is sufficient to prove this continuity for
the map 7, composed with the characteristic function x|_g g, since 7;{77 can be written

as 1

7;\l,n(h) = WT)\J] [glpi\wh - <p§\777h’ (I)>92pi\,n:| )
2

107



2.5. EXISTENCE OF THE EIGEN-SOLUTION

with gy := Vp)"/p}" and g, := ®/p}" belong to Cy(R), the set of continuous functions
converging to zero at the infinity. Indeed, let us denote by 7:\1?,] = 7:\17,] © X[-R,r]- Let
h € Cy(R,C) and let € > 0. Then, there exists ¢5, g5 € C(R) such that ||g5 — gil|oo <
e/(2C) for i = 1,2, where C' is the constant of Lemma 2.4.4. Let R. > 0 such that
supp(gs) Usupp(g5) C [—R., R.]. We have thanks to the Lemma 2.4.4 and since py"(v) <
P(o) with (39, ) = 1

173, (B) = T (W)loo < ClllgT = grllocllBlloc + 1195 = g2llool (03 "R, )]
< Clllgi = g1llss + 1192 = g2llo (02, D)1l .
Hence,
173 (h) = T35 (Moo < ellblloc, VR € Co(R,C). (2.5.4)
Remark 2.5.3.

1. Note that supp(g5) does not depend on h, A and 7, since g; does not depend on the
latter three: g = (v)2HV = 202 ¢ C((R,C) for § € (0,2). Similarly for g, by

<,U>275
assumption. Moreover, since ® has compact support then, for sy large enough and 7

small enough, supp(®) C [—son~3, son3] with p}"(v) = p?(v) on this last interval.
Therefore, R. is independent of h, A and 7.

2. Since ® has compact support then, |(py”, ®)| = |(p3, ®)| = 1 for n small enough.
Therefore,
A7
[ Tan (2", @)@)[| < [[Al]oc-
Let us now show the continuity of 7j\R,7 Let |v] < R and let 1y small enough such that

_1
o * > R. Then, p)"(v) = p(v) for all 5 € [0,70] and for all |v| < R, and we have:

3

R h(w)
T (h)(0) =T (h) (v) = /R (K (v, w) — Koy (0, w)] [gih(w) — (3R, @) go(w)] = 0 dw.

s
NOo

Therefore,

r —TE v ! v, W) — /va?(w)w
T (h)(v) = T, (R)(v))] </_R\Kx,n( yw) = Ky (v, )|pg(u)d (Ngllso + llgzlloc) 1 alloo-

Similarly for A,

R 0 w
T = T W< [ [Fano.0) = Kag(o) P oo + el

We conclude with Lebesgue’s theorem thanks to the continuity of || K| e (- r,r)x[-R,R)

with respect to A and 7, and since | K, | is dominated by K, on [-R, R| x [—R, R] thanks

to (2.4.5). Hence the limits (2.5.1) and (2.5.2) hold.
2. The second point is immediate since 7}, is an affine map with respect to h.
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3. Let us first show that 7, is compact by Ascoli-Arzéla theorem. Define Br(0,1) :=
{h € C([-R, R],C); ||kl < 1} and introduce F := T*(Bg(0,1)). The set F is bounded
because T is bounded. The set F is equicontinuous since for |v; — vo| < £/Cr we have:
| T (R) (v1) — T (R)(v2)| < &, Vh € Bg(0,1), where and Cg is a constant that depends
only on R. Indeed,

75 () (0r) = T (h) (v2) = /| . (KZE?;; | K](;sz; )[glh o0, B)gs] (1) (1)
_ P5(v2) — ph(v1) P 0(w) ) .
- /|w|<R p3(v2) Holon, )pg(m) (917 = (3h, @) o] (w)d
pi(w) 0
+ /ng [KO(Ula ) — Ko(va, )}pg(vz) [glh — (psh, @}gﬂ (w)dw

Since p3 is Lipschitz on the compact [R, R] then,

1] < Crlvr — 02| ([l91]loo + lg2llo0) 1 Allco < Chlvr — v

For I, we write:

5(v2)

0 " P (w) 0
X [g1h — (poh, @)gz](w)dw—l—/vl Ko(vg, w )pQ( )[glh (poh, @) gs] (w)dw.

Thus, since ¢, and 1, are Lipschitz on the compact [R, R] then, |I5] < C|lv; —vs|. Hence,
| 75" (R)(v1) = 75" (h) (v2)| < Crlvr — val.

3

= /I I<R |:[¢1(U1) — 1 (v2) |2 (W) Xwe<wy + P1(w)[P2(v1) — Ya(V2)Xwsu, plw)

The compactness of 7¢ follows from the compactness of 7 and the inequality (2.5.4). In-
deed, we have by (2.5.4), | TH(h) =T (h)]lee < &, Yh € Cy(R, C); ||h]|oe < 1, and since T
is compact with R. being fixed and independent of A, A\ and 7 then, there exists N, € N,
{h;}Ne, € Cy(R,C) such that: T3 (h) € UL, B(hi,€). Therefore, T4 (h) € UN:, B(hy, 2¢).
Hence the compactness of 7} holds. O

Proposition 2.5.4 (Assumptions of the Implicit Function Theorem).

1. The map F(\,n,-) = Id — Ty, is continuous in Cy(R, C) uniformly with respect to
A and n. Moreover, there exists ¢ > 0, independent of X and n such that

|F(A,n,h1) — F(A\, 1, ho) |l < cllhi — holloss Vi, ko € Cy(R,C),Vn, VA < Xo
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2. F is continuous with respect to A\ and n and we have:

A=

1E ) = FOr ey =20 and [F ) = FXn0)lleen

3. F(\,n,-) is differentiable in Cy(R, C), moreover:

OF
S ) = Id—T;,, VA< X, Vne [0,

4. We have: F(0,0, MO) =0 and ‘3—5(0, 0, MO) is invertible.
Proof. 1. Let hy, hy € Cy and let n > 0 and A € C such that |[A| < Ag. Then,

< |[(hy = ha) + T3, (A1 — h2) |
< (14 Clllgrllos + llg2llsc]) 1P = holloo
< cllhy — ha|oo-

[E(Am, b)) = F(An, ha) |l

2. The proof of this point is a direct consequence of the first point of Lemma 2.5.2.
3. Follows from the second point of Lemma 2.5.2.

4. We have for (\,n,h) = (0,0, M/pS), (pSh — M, ®) = 0. Then,

1
F(0,0,M/p3) = @(M — To[VM]).
2
Thus, multiplying this last equality by p) = M and applying the left inverse Ly :=

—02 + W (v), we obtain:
Lo(M — Ty[VM]) = Lo(M) — VM = [, + W (v)]M = 0.

Hence, F(0,0, %) = 0 thanks to the injectivity of the left inverse L.

For the differential, we have 2—5(0, 0, %) = Id — 7]. By the Fredholm Alternative, this
point is true if Ker(Id — 7)) = {0}. Let h € Cy(R,C) such that h — T}(h) = 0. By
multiplying this last equation by p3 and applying the operator Ly, we obtain

(=05 + W (v)](pyh) = (p3h, D).

Now, integrating the previous equation against M and using the fact that (&, M) = 1,

we get
(pah, @) = 0.

Therefore, pSh is solution to [—92 + W (v)|f = O Then there exists ¢y, ¢y € C such that
poh = et M + coZ, which implies that h = 01 + 25 0 Since h € C), and Z ¢ C) then,

co=0and h = CIPT Thus, (p3h, ®) = ¢, = 0. Hence h = (. This completes the proof of
the Proposition. O
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Theorem 2.5.5 (Existence of solutions with constraint).

There is a unique function M), in Ey C L*(R,C) solution to

(0% + W (v) + inv — A3 | My, (v) = b((A, 7)®(v), v eER. (2.5.5)
Moreover,
M M
‘ R [ — (2.5.6)
Py Pl 10

where b(A\, 1) := (Nxy, ®) with Ny, = M), — M.

Remark 2.5.6.

1. By construction, the solution M), is symmetric and we have

Mi%\(—v) = M, ,(v), YveR. (2.5.7)

2. By introducing the function c(A,n), satisfying c¢(\,n)M,,(0) = 1, we can always
take M) ,(0) = 1 in order to simplify the notations. Such a function c(\,n) exists
since the solution M), given by the theorem 2.5.5 does not vanish at 0. Indeed,
M) ,,(0) = 0 leads us to the following contradiction

_ M(0)  My,(0) < ' Myy M
S B0) o)

— 0.
p" P
Moreover, ¢(), 1) is holomorphic in {|A| < \g} and continuous in n € [0, o).

n—0

M(0) =

oo

Proof. By Proposition 2.5.4, F satisfies the assumptions of the Implicit Function Theorem
around the point (0,0, %) Then, there exists A\g,79 > 0 small enough, there exists a
unique function A : {|A] < Ao} X {|n|] < o} — C»(R,C), continuous with respect to A
and 7 such that

F(\,n,h(A\,n)) =0, for all (\;n) € {|A| < Xo} x {In| <o}

Let denote hy , := h(A,n). Note that h) does not depend on A. The continuity of h with
respect to n implies that

lim sy = brollse = limllin, = fhoolle = 0. (2.5.8)

Finally, we take M) , = pé\’"hm, and the proof of the theorem is complete. 0
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2.5.2 Properties of the solution to the penalized equation

Corollary 2.5.7 (Properties of M, ).
1. There exists a constant C' such that, for all v € R |\ < Ao and n € [0, 1]

| My, (v)] < CM(v). (2.5.9)
2. For allv € R and |\ < Ao

lim M), (v) = M(v). (2.5.10)

n—0

Therefore,

lim / My (0) M (v)do = / M2)dv and M, — M in L2(R).  (25.11)
R R n—

n—0

3. We have the following limit

lim n%vM,\m(v)M(v)dv = 0. (2.5.12)
R

n—0

Proof. 1. We have
[ My (0)] < 93" (0) [Baglloe < CPS(v) = CM (v)

since My, = pg""h,\m, with ||hyy|le < C uniformly with respect to A and 7 thanks to
(2.5.8), and since p}""(v) < p)(v). For this last inequality, we have p)"(v) = pd(v) for v e
[—son73, son3], and for [v] > son~3 we have: p3™(v)/pd(v) < (17 3v) Ve~ (™ 30)3 <1
since the function ¢ s t—Ye~ %t
inequality (2.5.9) holds true.
2. We have

Ne)
3

is decreasing for ¢ € [sg, +00) since v > 0. Hence, the

My, (v M(v A
-t - (3}

So, for |v] < son~3, since py(v) = pd(v) then,

M, M M, M
M) (v) = M(v)| < pS(v 4 — A4 — Il —0.
My (0) <>|\p2<>\p§,n = m\\ el
For |v| > son~3, we have p)"(v) < pd(v) < n3, then
M, M
My,(v) = M@)| <nd 2+ |2 - — — 0.
| M y(v) (W) <n ( ‘ pé\’n Y ) 0

Then (2.5.11) is obtained by Lebesgue’s theorem.
3. Let v = 3(y—3). We have 2y —v —1 > 0. Then, (v)*~? € LY(R) and [v[(v) ™ < n's
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for [v] < n~3. Now, since | My, (v)] < py"(v) with py™(v) = ()~ for [v] < s~ 3, then

/R D oM (0) M (v)do

< / b olv) M (0) o / 0 lolpd (0) M (v) do.
|v|<son™ 3

1
[v[Zs0m™ 3

Therefore, after making the change of variable v = n_%s in the second integral, we get

1

< [t [ [ lasias]
R |s|=s0 n—0

with ay(s) = a;wn(vn’%) does not depend on 7 after rescaling. O

’ /R D oM (0) M (v)do

Corollary 2.5.8 (Rescaled solution). We define the function Hy, for all s in R by
Hy(s) =03 My, (75 5). (2.5.13)

Then, Hy, satisfies the rescaled equation

[+ % +is — A Hay(s) = —Vi(s) Hay(s) — 5 (A, ) ®(n 5s), s€R.
"
Moreover, the following estimates hold
1. For all |s] < sg
[Hon(s)] S sl < [s]77. (2.5.14)
2. For all |s| = s
Hanls) S { ez (25.15)

where |s|, = (05 +s%)2 and Vi(s) = [y(v+1)s* — 'y?ﬁ} |s[;*.

Proof. The proof of this Corollary is a direct consequence of the previous one, by making
the change of variable v = 77*%5. 0J

2.5.3 Existence of an eigen couple (u(7n), M, ,) for the complete
operator

The purpose of this section is, first, to find a solution for equation (2.1.5), which amounts
to showing the existence of a A, function of 7, such that the additional term (M), —
M, ®) = 0. We prove it again using the implicit function theorem. In a second step, we
will compute the eigenvalue y = )\77%’ and for this, we will establish some estimates on the
solutions of the equations of M, , and H) , respectively. We summarize these two results
in the following two propositions:
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Proposition 2.5.9 (Constraint). Define

B(\n) == n"5b(\, 7).

1. The expression of B(\,n) is given by

B(A,n) =175(Ny,, ®) = /R (A — in30) My, (v) M (v)do. (2.5.16)

2. The n order of the coefficient in front of X in the expansion on X of B(\,n) is given
by
hmB A7) = )\/M2 (2.5.17)

3. There exists fjo, \o > 0 small enough, a function fi : {|n| < 7o} — {|A| < Ao} such
that:

for all (\,n) € {|n] <o} x {|A| < Mo}, A= fi(n) and the constraint is satisfied:
B(A,n) = B(a(n),n) = 0.

Therefore, ju(n) = n3ju(n) is the eigenvalue associated to the eigenfunction M, == M) n
for the operator L, and the couple (,u(n), M,,) is a solution to the spectral problem (2.1.5).

Proposition 2.5.10 (Approximation of the eigenvalue). Let o := 27—;1 for all ~ E]%, g[
The eigenvalue p(n) satisfies

u(n) = a(—n) = &ln|*(1+ O(In|*)), (2.5.18)

where K 1S a positive constant given by

K= —205/ s ImHy(s)ds, (2.5.19)
0
and where Hy is the unique solution to
1
[— 02 +is+ %]Ho(s) =0, seR", (2.5.20)
satisfying
/ |Ho(s)[?ds < +oo and Hy(s) ~ |s| . (2.5.21)
Is|>1

Proof of Proposition 2.5.9.

1. The first point is obtained by multiplying the equation (2.5.5) by M, integrating it
twice by part and using the fact that [—9% + W (v)|M = 0 and (®, M) = 1.

2. We obtain the limit (2.5.17) by the last two points of the Corollary 2.5.7.

3. The proof of this point is an immediate consequence of the IFT applied to the function
B around the point (0, 0). O
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In order to get the Proposition 2.5.10, we need to prove the following two lemmas: The
first one gives estimates on My, and H,,.

Lemma 2.5.11. For all v > 1 ons has
|Mo,(v) — M) Sn, Yv e [—vg, v (2.5.22)
Moreover, for large velocities
| Mo p(v) = M ()] S 00>, Vo] € v, som73]. (2.5.23)

Therefore,
}Hom(s) — |s|;7’ < |s|2_7 < (s)¥77, V|s| € [0, s0). (2.5.24)
The second one gives the formula of the diffusion coefficient.
Lemma 2.5.12.
1. The small velocities don’t participate to the limit in the approximation of pu(n):

2(y=1)

limn~ "5 / oMo, (v)M(v)dv = 0. (2.5.25)
lvl<vo

n—0

2. For large velocities, we have the following limait:

lim m_2<w3—1) / oMo, (v)M (v)dv = —2/ s Tm Hy(s)ds, (2.5.26)
[v[Zvo

n—0 0
where Hy is the unique solution to (2.5.20) satisfying the conditions (2.5.21).
Proof of Lemma 2.5.11. Recall that Ny, := M;, — M and it satisfies the equation
[—02 + W (v)]Noy(v) = —inu[No,, (v) + M(v)] — (N, ®)®(v), Vv € R. (2.5.27)

Thanks to the symmetry Ny, (—v) = Ny, (v), we establish the inequalities (2.5.22) and
(2.5.23) on [0, son"3]. By writing the solution of the equation (2.5.27) in the basis of
solutions of [—9? + W (v)]f = 0, which is given by {M, Z}, we get:

Nag(e) =(e1 = [ i 2(No, + M) + 00, 2w dw ) 2100

+ (CQ + /0 M (No,, + M) + b(o,n)@<w)]dw)2(v),

¥

where ¢; and ¢, are two complex constants to determine and b(0,7) := (No,, ?). Now,
1
73) ~ 73

{
by using the condition Ny, (0) = 0, we get ¢; = 0, and since |N07n(77’%) S M(n
(that we get from (2.5.9) for v = 53) then,

6= — /0 " liwM (No,y + M) + b(0, 7)®(uw)]duw,
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otherwise we will have | Ny, (n “3)| ~ n~"5", which contradicts the fact that ]Noyn(n’%)] S
ns for all v € (,2). Therefore,

No(v) = — in {M@) /0 " WZ(Noyy + M)dw + Z(v) / WM (Noy, + M)dw

— b(0,) [M(v) /O "o Zdw+ Z(v) / h @de} |

By (2.5.16), b(0,n) = —in [ wMy,Mdw, and since | Ny, (v)] < M(v) then, by dividing
the last equality by n(v)3~7, we get

‘ Noy(v)

< (v)7? /Ov[wM + @] Zdw + (v)"3Z(v) /Oo[wM + @|dw.

We have Z (v (v) Jy M2(w < (v)7and ®(v) < pf(v) < (v) 7772, Thus, |N°’7 B!
for all v € ]R+, in partlcular for v € [0,v0] we get (2.5.22) and for v € [0, 5o~ é] we get
(2.5.23). 0

Proof of Lemma 2.5.12. First of all, since My, (—v) = My, (v) and M(—v) = M(v) for all
v € R, then

—i/RUMO’n(U)M(U)dU = 2/000 vlm M, (v) M (v)dv = 2 /000 vlm (Mo, (v)—M (v)) M (v)do.

1. Recall that o := 22 Then, 1 — a = @ We have thanks to (2.5.9) and (2.5.22):

1
772(13 v) / <U>1—2'ydv’ = (_’ 1)’
|v|<vo

2
11—«

7 N

/ oMoy ()M ()

. 5
n%s / W de,  ye(1,2).
lol<vo 2

Hence (2.5.25) holds true for all v € (3,2), since 2 —a = (5—27)/3 > 0 for v > 1.

The case v = 1 is done by Lebesgue’s theorem thanks to (2.5.10) and the domination of
v|Mp,,|M by v{v)~*" € L'(0,v,) thanks to (2.5.9).
2. For the the integral on [vg, +00), we split it into two parts as follows:

somn
27717(1 |: /
V0

In order to compute the limit of the previous expressions, we proceed to a change of

i

o0

oIm (Mo, (v) — M(0)) M(v)dv + /

son

 vIm My, (v) M (v)do | .
3
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variable v = n’és, which means that we need to compute
S0 o)
71712%)[/17%1)0 s|s|, " Tm [Ho,(s) — |s], 7] ds + /80 s|s|, "TmHo ,(s)ds| .

For that purpose, we will use the “weak-strong” convergence in the Hilbert space L*(0, c0).
First, recall the following estimates given by (2.5.14), (2.5.15) and (2.5.24):
e For s € (0, s9),

Is[,7, v e (3,1 s|77, v e(3,1],

’Hom(3> - ’3|17y‘ S N
s]27, v e (1,3) (s>, vy e (LD

e For s > sy and for all v € (%, g),
|H0n7(3)‘ N ‘GO(S)‘~

Hence, the two sequences (Hy,), and (H,), are uniformly bounded in L'(0,00) and
L*(0, 00) respectively, where H,, is defined by

( s2ImHy,(s) = S%Im[Hom(s) — |s],7], v € (3,1],0 < s < s,
Hy(s) == s 'mH,(s) = s Im[Ho,(s) — [s[,7], 7€ (1,2),0 <s < s,
| sImH,(s) for all v € (3,32) and s > 5.

Now, since the sequence H, is bounded in L?(0,00), uniformly with respect to n then,
up to a subsequence, that we will again denote by H,, we have H, converges weakly in
L*(0,00), thus converges in D’'(0,00). Let’s identify this limit that we denote by Hy. We
have on the one hand, Hy, converges to Hy in D’(0,00). Indeed, recall that H, satisfies
the equation

(v+1)

[_882+'7 27(v +2) 24y
I3

+is| Ho,(s) = n3 L Ho,(s) — 1~ 5 b(0,7)®(n"55).
n

Let ¢ € D(0,00). Then, by multiplying the previous equation by ¢ and by integrating it
by parts, we obtain

/OO {_ O + % +is|(s)Hoy(s)ds
- /0OO {ngw[{(x”(s) — 0 3 B(0,n)®(n"7s) [p(s)ds.

By (2.5.16) and (2.5.12), B(0,1) — 0 when n — 0 and since ®(n~3s) < p"(n~3s) <
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nLgH |s| 727779 then, by Lebesgue’s theorem Hy,, converges to Hy, in D’'(0, 00), the unique

solution to

[—a§+@+is}ﬂo(s) =0.

The uniqueness of Hy comes from the fact that the previous equation admits a unique
solution in L?(1, 00), up to a multiplicative constant [LP19] and that Ho(s) ~ s~7 which is

obtained by passing to the limit, in 7, in the inequality |Ho,(s1)/[s1],” —1] < | Mo,/ py" —
M/pY]|s for s; > 0 small enough.

On the other hand, since s72 and s are in C*°(0, 00) and Hy, — Hy in D'(0, 00) with Hy
unique. Then, H,, converges to Hy in D’(0, c0) and therefore H,, — Hy weakly in L?(0, 00)
with Hy unique and given by

(s2ImHy(s), 7 € (5,11,0 < s <50,
Ho(s) := ¢ s 'ImHy(s), € (1,2),0<s< s,
| sImHy(s) for all v € (3,3) and s > 5.

Moreover, thanks to the uniqueness of this limit, the whole sequence converges. Finally,
we conclude by passing to the limit in the scalar product (H,,l,), where |, definded by

((szls|,7, v e (3,10 <s< s,
L, =4 s°s];7, ve(1,2),0 <5< s,
=7 15 >
\ |s|77 ) ’76(2,2),8/80,

converges strongly in L?(0, 00) to

s277, v € (5,1],0 < s < sp,

, 7€(1,3),0<s< s,

s
I

Hence the limit (2.5.26) holds true. O

Proof of Proposition 2.5.10. By doing an expansion in A for B and by Proposition 2.5.9,
we get

B\, n) = 175b(A\, 1) = 75b(0,7) + A / Mo, Mdv + O(\?).
R
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Then, for A\ = fi(n) and since B(fi(n),n) = 0, we obtain

() =~ 6(0,) ( / Mo,nMdv) L o(rmho.m),

which implies that

—1
yu(n) = i) — —n-%m,n)( / Mo,nMdv) |
By (2.5.11) and (2.5.26),

Jim / My, (v)M(v)dv = || M]3
R

n—0

and

limn~*b(0,n) = 2/ s TmHy(s)ds

n—0 0

respectively. Hence, lin(l)n_o‘,u(n) = k. For n € [—np,0], the symmetry u(n) = @(—n)
n—

holds by complex conjugation on the equation. Thus, the proof of Proposition 2.5.10 is
complete.
OJ

Remark 2.5.13. We do the same calculations as in [LP19] to compute the coefficient .
Also, since it is given by the same integral formula (2.5.19) then, we have x > 0.

Proof of the main Theorem 2.1.1. The existence and uniqueness of the eigen-solution
(1(n), M,) is given by Proposition 2.5.9. The first point, (2.1.6), is given by the Corrolary
2.5.7 and finally, the second point is given by the Proposition 2.5.10. U
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CHAPTER 3

Fractional diffusion for Fokker-Planck equation with heavy tail
equilibrium: an a la Koch spectral method in any dimension

Résumé

Dans ce chapitre, nous étendons la méthode spectrale développée dans [DP23a| a toute
dimension d > 1, afin de construire une solution propre pour 'opérateur de Fokker-Planck
avec équilibres a queue lourde, de la forme (1 + ]v|2)g , dans Uintervalle § €]d, d + 4[. La
méthode développée en dimension 1 a été inspirée des travaux de H. Koch sur I’équation
de KdV non linéaire [Koc15]. Dans ce chapitre, la stratégie est la méme qu’en dimension 1
mais les outils sont différents, puisque la dimension 1 était basée sur des méthodes d’EDO.
Comme conséquence directe de notre construction, nous obtenons la limite de diffusion

fractionnaire pour I’équation cinétique de Fokker-Planck, pour la densité p := fRd fdv
. . . B—d+2 . s .

avec un Laplacien fractionnaire k(—A)~ 6 et un coefficient de diffusion x strictement

positif.

Abstract

In this chapter, we extend the spectral method developed in [DP23a| to any dimension
d > 1, in order to construct an eigen-solution for the Fokker-Planck operator with heavy
tail equilibria, of the form (1+ |U|2)_§, in the range § €]d,d + 4]. The method developed
in dimension 1 was inspired by the work of H. Koch on nonlinear KdV equation [Koc15].
The strategy in this chapter is the same as in dimension 1 but the tools are different, since
dimension 1 was based on ODE methods. As a direct consequence of our construction, we
obtain the fractional diffusion limit for the kinetic Fokker-Planck equation, for the correct
density p = fRd fdv, with a fractional Laplacian m(—A)% and a positive diffusion
coefficient k.
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3.1 Introduction

3.1.1 Setting of the problem

In this present chapter, we deal with the kinetic Fokker-Planck (FP) equation, which
describes in a deterministic way the Brownian motion of a set of particles. It is given by
the following form

Of +v-Vof =Q(f), t=0, v €R? veRY
(3.1.1)
f0,2,0) = fo(x,v), xeR? veRY

where the collisional Fokker-Planck operator () is given by

Q(f) =V, (Fvv (%)) (3.1.2)

and F' is the equilibrium of ), a fixed function which depends only on v and satisfying
Q(F)=0 and / F(v) dv =1.
Rd

Provided fy > 0, the unknown f(¢,z,v) > 0 can be interpreted as the density of particles
occupying at time ¢ > 0, the position z € R? with velocity v € R?.

Recall that one of the motivations for studying the classical or fractional diffusion
limat is to simplify the equations for some collisional kinetic models when the interaction
between particles are the dominant phenomena and when the observation time is very
large. For that purpose, we introduce a small parameter, ¢ < 1, the mean free path and
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we proceed to rescaling the distribution function f(¢,z,v) in time and space

/ /

and =2 with 6(e) — 0,

b= 0(e) 5 e—0

which leads to the following rescaled equation (without primes)

0(e)0;f¢ +ev-Vofs =Q(f%), t=0,r € Ry veRY
(3.1.3)
[0, 2,v) = fo(z,v), zecRLveR.

Note that initial condition written in non rescaled variable are well prepared conditions.

The goal is then to study the behavior of the solution f¢ as ¢ — 0. Formally, passing to
the limit when € — 0 in the equation (3.1.3), we obtain that the limit f° is in the kernel
of Q which is spanned by the equilibrium F, which means that f° = p(¢,z)F(v). Thus, it
amounts to find the equation satisfied by the density p. Note that this limit depends on
the nature of the equilibrium F' considered as well as on the chosen change of time scale

6(e).

For Gaussian equilibria, it is classical (see [BSS84],[BLP79],[DGP00],[LK74],[DPR0O4|
for Boltzmann and [DMG87] for Fokker Planck) that by taking the classical time scaling
() = 2, we obtain a diffusion equation

Op — V- (DVyp) =0, (3.1.4)

where

D= /’UQ_I(—UF)dU. (3.1.5)

For slowly decreasing equilibria, or so-called heavy tail equilibria of the form F(v) ~
(v)7P, it is more complicated, and this study has been the interest of many papers in
the last few years, with different methods and for different collision operators. Fractional
diffusion limit has been obtained in the case of the linear Boltzmann equation when the
cross section is such that the operator has a spectral gap, see [MMM11] for the pioneer
paper in the case of space independent cross section, where the authors used a method
based on Fourier-Laplace transformation, and see [Mell0] for a weak convergence result
obtained by the Moment method, which also applies to cross sections that depend on the
position variable. See also [JKKOO09] for a probabilistic approach.

In the present work, we consider for any [ > d, heavy tail equilibria

2
O ——
(1+v[)2

where U3 is a normalization constant.
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The diffusion limit for the FP equation seems more complicated then the linear
Boltzmann one, and the main difficulty is due to the fact that the Fokker-Planck operator
@ has no spectral gap. In addition, for this equation, all the terms of the operator
participate in the limit, i.e. the collision and advection parts. In [NP15|, the classical
scaling is studied and it is proved in any dimension d that we obtain a diffusion equation
(3.1.4), with diffusion coefficient (3.1.5) as soon as > d + 4. The critical case where
f = d+ 4 is studied in [CNP19], where the expected result of classical diffusion with
an anomalous time scaling is proved, 6(¢) = £?In(e™!). A unified presentation of the
result for even more general cases of 5 can be found in recent papers where the result has
been obtained, by probabilistic method in [FT21] and [FT20]|, and using a quasi-spectral
problem in [BM22|. In this last paper, in addition to the diffusion limit results, an
estimates on the fluid approximation error have been obtained. We refer also to [BDL22]
for this last point, where the authors have developed an L2-hypocoercivity approach
and established an optimal decay rate, determined by a fractional Nash type inequality,
compatible with the fractional diffusion limit.

In this chapter we focus on the the case d < § < d+ 4. By taking as test function the
eigenvector of the whole Fokker-Planck operator (advection + collisions), which converges
towards equilibrium F', we capture at the limit the “diffusion” equation for any § >
d. The computation of the eigenvalue gives us the right scaling in time, 6(¢), and the
diffusion coefficient x at the same time. We are therefore interested in a new problem:
the construction of an eigen-solution for the whole Fokker-Planck operator, which is the
main subject of this chapter.

This spectral problem for the FP operator has already been obtained recently in
dimension 1 [LP19] with a method based on the reconnection of two branches on R, and
R_, but this method of reconnection is difficult to adapt in dimension d. This led us to
look for another strategy, which was the subject of [DP23al, a method inspired by the
work of H. Koch on nonlinear KdV equation [Kocl5|, which allowed us to construct an
eigen-solution for the spectral problem associated to the whole Fokker-Planck operator
with ODE methods in dimension 1. The aim of this chapter is to develop PDE methods
in order to obtain the result in any dimension. This method is interesting since it can be
used for different potentials like convolution, or for nonlinear equations as well. Moreover,
as in dimension 1, a splitting of the Fokker-Planck operator is involved, which recalls the
enlargement theory for nonlinear Boltzmann operator when there are spectral gap issues.
This theory was developed by Gualdani, Mischler and Mouhot in [GMM10] whose key
idea was based on the decomposition of the operator into two parts, a dissipative part
plus a regularizing part. See also [Ger20| and references therein.

Note that we don’t look at the same spectral problem as in the paper by E. Bouin and
C. Mouhot |[BM22|. Indeed, in this paper we were interested in the improvement and
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generalization of the construction given in [LP19] to solve the problem
[Q + igf : U} M,u,z—: = U M,u,z—::

with ¢ being the Fourier variable of . While in [BM22] the authors considered the
following quasi-spectral problem:

[Q +ie€ - v]due = % (3.1.6)

d
with ¢, . € L? (Rd; ?}“ ) satisfying / Ppe(V)M(v) % = 1. The key idea in (3.1.6) is
Rd v

(v)?

the introduction of a weight that allowed to recover the spectral gap inequality for the
latter operator thanks to the Hardy-Poincaré inequality

dv

fan av=c [ 1r-mp o

R4 R4 (v)

where r is a weighted density defined by

dv
t,x) = —. 3.1.7
)= [ F o (3.1.7)
Thus, by totally different techniques based on energy estimates and the study of the
resolvent, E. Bouin and C. Mouhot showed the existence of a “fluid mode”, a couple

(11(€), dpu,e) solution of the problem (3.1.6). Thanks to this construction, they obtain the
B—d+2

convergence of f¢/F towards ([5 #dfu)_lr(zﬁ,x) in LZ([0,T); Hx ° Lg(#)), when &

goes to 0, with r solution to a fractional diffusion equation. Finally, the diffusion limit
with the classical density p := [ fdv is recovered, in a weak sense.

3.1.2 Setting of the result

Before stating our main result, let us give some notations that we will use along this
chapter.

Notations. As in [LP19], in order to simplify the computation and work with a self-
adjoint operator in L?, we proceed to a change of unknown by writing

f=Fig=CsMyg

ith
wi ]

(14 [vP?)2
since we impose v := 2 > 4 F € L}(R?) then, M € L*(R?) and Cj is chosen such that

/ Fdv=1.
]Rd
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3.1. INTRODUCTION

The equation (3.1.3) becomes

1 13

b(EN0 + 20 To” = 10 (09, (41) ) = A - W0l
with

_AM oy —d+2))* —vd

W) = =7 1+ [0]?)?

We see the equation as
0(c)0ig” = —L:g",

where
L.o=—-A,+W)+ev-V,=—(Q —¢ev-V,)
and

Q:=—-A, + W(v).

We operate a Fourier transform in x and since the operator () has coefficient that do not
depend on z, we get:

0(€)0ig° = —L,)4°, (3.1.8)
where
L, :=—-A, +W(v)+inun
with
n:=c¢l| and v :=wv- %,

where £ being the space Fourier variable.

The operator £, is an unbounded self-adjoint operator acting on L?. Its domain is given
by
D(L,) ={g € L*(RY) ; A,g € L*(RY),v19 € L*(R%)}.

Main results.

Theorem 3.1.1 (Eigen-solution for the Fokker-Planck operator). Assume that

d < <d+4 with  # d+1. Letny > 0 and \g > 0 small enough. Then, for alln € [0,n],
there exists a unique eigen-couple (pu(n), My) in {u € C,|u| < n5 Ao} x L2(R?,C), solution
to the spectral problem

Ly(M,,)(v) = [ = Ay + W(v) + inu| M, (v) = pM,,(v), veR (3.1.9)

Moreover,
1. The following convergence in the Sobolev space H'(R?) holds:

[My = M| ;1 gy —2 0. (3.1.10)

n—0
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2. The eigenvalue pu(n) is given by

B B—d+2 B—d+2
p(n) = a(=n) = klnl = (1+0(n 7)), (3.1.11)
where k is a positive constant given by
K= —20%/ s1|s| 7 ImHy(s)ds, (3.1.12)
{sl>0}
and where Hy is the unique solution to the equation
—d+2
[—Aer%Jrisl}Ho(s) =0, VseR\ {0}, (3.1.13)
s
satisfying
/ |Ho(s)ds < 00 and  Ho(s) ~ |s| . (3.1.14)
{Is1]>1} 0

Introduce V', the space defined by

2
V::{f:Rd—ﬂR,/ ﬁdv<ooaund/
Rd F R4

V' being its dual, and

2

(1)

Y :={feL*([0,T] x R4 V); 0()0,f +ev-V,f € L*([0,T] x R V') }.

de<oo},

Theorem 3.1.2 (Fractional diffusion limit for the Fokker-Planck equation).

Assume that d < B < d+ 4 with B # d+ 1. Assume that fy € L*(R*?) is a non-negative
function in L2, (R*') N L3 (R?*). Let f¢ be the solution of (3.1.3) in Y with initial
data fo, with () = 75, Let k be the constant given by (3.1.12). Then, f¢ converges
weakly star in L= ([0, T], L%_,(R*)) towards p(t,z)F(v) where p(t,x) is the solution to
B—d+2
Op+r(=A) " p=0, p0,z)= [ fodv. (3.1.15)
R4

Remark 3.1.3. The hypothesis 8 # d+ 1 is technical. It avoids to introduce logarithmic
terms in the expression of ().

Ideas of the proof and outline of the chapter.

The proof of Theorem 3.1.1 is done in two main steps, both based on the Implicit Function
Theorem (IFT). First, we consider what we call a penalized equation, given by

[ — Ay + W(v) + im)l} Mun(0) = pMyy(v) = (M — M, @)@(v), v € RY,
(3.1.16)
M, € L*(R?).
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where ® is a function, that satisfies some assumptions, that we will determine later. The
additional term allows us to avoid the problem of reconnection by ensuring existence of a
solution to equation (3.1.16) on the whole space R? for any 1 and p. This is one of the key
points of this method. Also, note that the sign before the scalar product (M, , — M, ®)
is important.

The aim of the first step is to show the existence of a unique solution for equation
(3.1.16) for n and p fixed, which is the purpose of Section 2. As we said above, we
will decompose the operator “—A, + W (v) + inv; — " in two parts. The first one is
chosen such that it admits an inverse that is continuous as a linear operator between
two suitable functional spaces, continuous with respect to the parameters n and p and
compact at n = u = 0. The second part of the operator is left in the right-hand side of
the equation, i.e. is considered as a source term. The invertibility of the first part is the
subject of the first subsection, and it is based on an elaborated version of the Lax-Milgram
theorem. While the study of the inverse operator and its properties is the subject of the
second subsection whose main result is the existence of solutions for equation (3.1.16).

In the second step, to ensure that the additional term vanishes, we have to chose
p(n) obtained via the Implicit Function Theorem around the point (u,n) = (0,0). The
study of this constraint is the subject of a large part of section 3 which is composed of
three subsections. The first one is dedicated to the L? estimates for the solution of the
penalized equation (3.1.16). It consists in improving the space to which the solution found
by Lax-Milgram belongs. It is the objective of the second subsection. The last subsection
is dedicated to the approximation of the eigenvalue and the computation of the diffusion
coefficient.

The last section is devoted to the proof of Theorem 3.1.2. It consists of two subsections,
a priori estimates and limiting process in the weak formulation of equation (3.1.8).

3.2 Existence of solutions for the penalized equation

We start this section by some notations and definition of the considered operators. Let
W= )\7}% with A € C and let denote by Ly, the operator

Ly, =—A,+ W(v) + invy; — )\77%,

where ( 142
5 _yy—a+
W(v) = IR
Let denote by V := W — W. We have
1 +2)
Viv) = ——=.
ST
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We will rewrite the equation (3.1.16) as follows

(3.2.1)
My, € L2(R).

The two equations (3.1.16) and (3.2.1) are equivalent.

Remark 3.2.1.
1. Since Ly does not depend on A, let’s denote it by Ly, Ly := Ly .
2. If ®(—v) = ®(v) and M, ,(vi,0') satisfies the equation (3.2.1), then My, (—vi,v')
satisfies also (3.2.1), since the potential W is symmetric for a symmetric equilibrium

M. Note that this is where the symmetry of the equilibrium M is used and therefore
this is a “non-drift condition”.

3. Note that the splitting of the potential W into W and V is crucial in our study. It
plays a very important role whether in the invertibility of the operator L, , or in the
compactness of its inverse at the point (A, n) = (0,0).

3.2.1 Coercivity and Lax-Milgram theorem

The purpose of this subsection is to show that the operator Ly , defined above is invertible.
For this, we are going to define a Hilbert space H, as well as a scalar product (-, )3, on
which we apply a Lax-Milgram theorem.

Definition 3.2.2.

e We define the Hilbert space H,, as being the completion of the space C2°(R? C) for the
norm || - |5, induced from the scalar product (-, -)y,

Hy = {Y € C2RLC); [l = (b9, < +oo}, (822)

(0, )z, = /Rd \vA (%) -V, (%) M2dv+/Rd Vo dv—l—n/Rd |v1] e do,

and where V(v) := W(v) — W(v) = 299250 for all veRY

(1+[v]?)?

where

We have the embeddings
HngH’q*gH(b VOgn*gn

since || lg, < - llg,. <[, forall 0<n®<n.
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e We define the sesquilinear form a on H, x H, by

a(y,¢) = /Rd V., (%) -V (%) M2dv+/Rd Vo dv+in/Rd ) dv—)\n% » Yo dv.

Remark 3.2.3.
1. Note that a(t, ) # ||¢||H,,

2. Note that the sesquilinear form a depends on A and n and in order to simplify the
notation, we omit the subscript when no confusion is possible.

3. Let us denote by Q the operator Q := —A, + W (v). We have Q = Q + V. Thus,

[7(7)

~ B 2 9|
Rd@(w)zp dv = /R V| dv + C%d/[[gd e dv,

with ¢, 4 :=7(y —d+2). Observe that ¢, 4 <0 for v € (£,%4) with d > 4.

the operator () is dissipative since

2
O dv= | Q) dv+ / VIGP do = / M2+ VIgf? dv > 0.
R4 R4 R4 R

Note that we have also the equality

4. Since Q = Q4+ V then, the sesquilinear form a can be written as follows:

a(w,cﬁ)—/Rdvvw-vvgﬁdvjtc%d/w(ﬁ—;i dv+inédvlw¢dv—kn§ Rdwquv.

Lemma 3.2.4. The norm defined by

2 . 2 19 2
]WHHW = /Rd ‘va} dv—l—/Rd )2 dv—l—n/]Rd\lewy dv

is induced from the scalar product

- V.0 vo ;
(U, o)n, = /le Vot - Vo dv+/Rd B dv—l—n/Rd lv1]1¢ do,

and the two norms || - ||, and || - ||z, are equivalent, i.e., there are two positive constants
Cy and Cy such that

Cill¢ll, < 1Pllw, < Coll$lly,, V¥ €My

To prove this Lemma, we need the Hardy-Poincaré inequality that we recall in the fol-
lowing

Lemma 3.2.5 (Hardy-Poincaré inequality [BDGV10]). Let d > 1 and o, = 5%, For any
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a <0, and o € (—00,0) \ {a.} for d = 3, there is a positive constant A, q such that
Aa,d/ [fA(D + )" da </ V(D + |2]*)*dz (3.2.3)
R4 Rd

holds for any function f € Hl((D + |x|2)°‘dx) and any D > 0, under the additional
condition [ f(D + |z[*)*'dz =0 and D > 0 if a < a.

Remark 3.2.6. For f = %, D =1 and a = —~ in the previous lemma, the inequality

becomes )
Aad/ I9F 4, < / Vo[ L )| M2 do, (3.2.4)
" Jra (v)? Rd M
and the orthogonality condition becomes
M
/ I dv=0 (3.2.5)
re (V)
since —y < &4 =: a, for v € (4,42

If we denote by

Then, the inequality (3.2.4) can be written for all g € H,

Proof of Lemma 3.2.4. Let’s start with the right inequality: [[¢[l%, < Cofl¢llg, . Let
Y € H,. Then, since M € L*(R?), by Cauchy-Schwarz inequality we get

M [l )( ) )5 | ~
Rd <’U>2dv‘ < </]Rd <U>4 v /RdM dv < —7(7_’_2)”1#“?_[".

Now, since the function ¢ — P (1)) M satisfies the condition (3.2.5), P(¢ — P(v)M) =0,
then the inequality (3.2.4) can be used and therefore

[ g, [ oPON e R@ME,
R Rd

a (v)? (v)?
<2 <A;}d/d 2M2 dv+ |7D(¢)|2/ Kdv)

2
M? dv. (3.2.6)

V(%) o 02

—1 2 1 M2 - 2
<2 <Aa,d||w||7.~[n + 72(7_}_ 2)2 </]Rd <v>2dv> Hl/}”'}:[n)

< Cralll, .
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We have by the first point of Remark 3.2.3

W\ 2
Vol —
(37
From where we get

reatas Lo (3)]

Hence,

[ Gwwan= [ .

Rd

2
M? 4+ V|| dv :/ V0| dv —i—c%d/ W’—L
R Rra (V)

2 ~
M? + V]p]* dv + \cwd\/ W}' v< (14 Cha)

¥, < Call¥llg,,

with Cy :=4/2(1 + é'%d) a positive constant which depends only on « and d.
To get inequality C1|v (|, < [[¥[[3,. it is enough just to write

(0 2 2 2 _ 2 |1Z)|2
/Rd V”(M) M? + V|| dv—/Rd‘va‘ dv—l—c%d/

re (V)
Hence,

dv < (1 + [eyal)l[9[f3,-

C(1||1ﬁ| ’}:L,, < ||¢||H7]7
1

with C} := (2 + |c,.q]) "2 a positive constant which depends only on vy and d. O
In the remainder of this section, we will work with the norm | - |4, .

Before moving on to the continuity of a, we will prove a Poincaré type inequality which
we give in the following lemma:

Lemma 3.2.7. Let n > 0 be fized. Then, there exists a constant Cy > 0, independent of
n such that the following inequality holds true

V|| L2@ay < Con™ 3H¢H7{,,, Vi € H,,.

Proof. We will split the integral of ||2Z1H%2(R2) into two parts {|v1]| < n’%} and {|v| > n’%}.
e On {|v| > 77_%}, we simply have

2
n’ / CJgPdu < / o6 Pdv < ]2,
{lv1|zn~ 3} {lv1|=n~3}

e While on {|v;] < 773}, we introduce the function G, defined by: ¢,(v1) = (7]%
where ¢ € C*°(R) such that 0 < ( < 1, ( = 1 on B(0,1) and ¢ = 0 outside of B(0, )
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Then, one has

n /{ oPdu < o} /{ (G

[vi|<n~ 3} lv1|<2n~ 3}
v1
/ / B ()
—2n" 3

/ (/ ld““></ Jawl«nwdwl)d@
{lvi|€2n™3} —on~} Coyd

2
S 16H801<CW¢)}|L2({|v1\<2n—%})'
On the other hand, one has
100 (G0)|* = (L1 + 1680 0 + GG (90 + 08y, )
< (7 You HE ) nlvi | [0 2 + 101 + 207 2 or |72 (02 [or | 2 [9]) |Buy 0],

and since () = 0 except on {73 <|w| <2773}, where |7]_%|vll_%§,’7(vl)| < C. Then, by

Wi

2
=17 dv'dv,

wN

/A

n

integrating the last inequality and using Cauchy-Schwarz for the last term we get

2
100 (6 a5 [, lulludu + 0,0l < 1,

{Jv1|zn"3} L2({Jor|<2n5}) ™

Note that we used the inclusion {n~3 < |v1| < 2773} C {|os]| = n3}. Hence, the in-
equality of Lemma 3.2.7 holds. U

Lemma 3.2.8. The sesquilinear form a is continuous on H, x H,. Moreover, there exists
a constant C' > 0, independent of X and n such that, for all ), ¢ € H,

|a(¥, 0) < Cllela, 9], -

Proof. 1t follows from the previous lemma that allows to handle the term 7]%)\ / Yo, O

Remark 3.2.9.

1. By application of Riesz’s theorem to continuous sesquilinear forms, there exists a
continuous linear map A, € L£(H,) such that a(v, @) = (A0, ¢)y, for all ¥, ¢ €
H,.

2. Note that A, , depends on A and 7 since the form a depends on these last parameters.

Lemma 3.2.10. Let n > 0 and X\ € C fized, such that |\| < A\g with Ao small enough.
Let Ay, be the linear operator representing the sesquilinear form a. Then, there exists a
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constant C' > 0, independent of A\ and n such that

el < CllAng®lln,, Wi € My, (3.27)

Proof. We have for all a,b € R and z € C: |a +ib+ z| > |a| — |z|. Now, applying this
inequality to |a(1), ¢)| and using the Lemma 3.2.7 for the term which contains A, we write

MW¢M=‘/(W¢W+cﬂﬁ+ivWF—Aﬂwﬂ®
| R O

2
> 2 || _ 2 2
>| [ 090 + e iae] - Wil
> (1913, — ColAlll¥ (3,
Thena since |a,(?/),77[})| = |<A>\,T]77Z)7¢>H7, < ||A)\,n¢| Hny ¢| Hyy WE get
1/1 2
19113, = VoIl + ey wll, S 1A, 19 13¢, + Col All12]13,- (3.2.8)
2

Let denote
I ::/ Cnul[¢fdv and  IJ ::/ . nfo[]*do.
{lo1l<n™3} {loafzn™5}

Note that [[¢[|3, = [[¥[13, + I + IJ. To estimate I} and I3, we need the following two
steps.

Step 1: Estimation of I7. Let ¢, be the function defined in the proof of Lemma 3.2.7.
Then,

I”é/ njv szdvéng/ Cb|2dv < 160y, (G0 1
F ey il {|v1\<2n_f1§}| it [0 (G )HLQ({Ivﬂ@n 5})
By the same calculations as in the proof of Lemma 3.2.7 for H@Ul(cngb)||2LZ({|M<2",%}), we
get

i< a(B+ IvwlR) (32,9

Step 2: Estimation of I]. Let y,, this time be the function defined by x,(v;) := x(n3vy)
with y € C*°(R) such that: —1 <y <1, x=-1on]—o00,—1], x =1 on [1,400] and
x =0 on B(0, %) Then,

[g ::/{‘ ) n\vl\\¢\2d0</{ 1 nlenqﬁ'&dv,

[vi|zn~ 3} [v1|>5m" 3}
By integrating the equation of ¢ multiplied by x,% over {|v;| > %n_%} and taking the
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imaginary part, we obtain
/ lnmmw¢®=ﬂmGW%mM%—/ 1[VﬂwVAMM%—MﬁMmeO-
{loal>3n"3} {lo1]>3n" 3}

For the first term, by Cauchy-Schwarz: [Im a(y, x,¥)| < || Ax %%, | X4 %, , and for the
last term, by the Lemma 3.2.7:

’mns / x| < ColA[[B2,.
{Jnr]>1n" 3}

Finally, for the second term, we write

_ 'Im [
{lv1l=3n" 3}

= 'Im/ X;ﬂ/_}amwdv
{2y 3<lo<n "3}

1 1
/ el ldy
{317 3<ui|<n 3}

<205 (17)? ||V, (by Cauchy-Schwarz)

‘Im / |Vt Volxot)dv
{lo1|>Ln7 3}

< 20,

(by the inequality (3.2.9))

27

<cg(f;7+||w||§) 19,0

1
where we used the inequality: ab < 03a2+% in the last line and where Cy = sup |t*%X’ )| =
IES!
2

||77_%|U1|_%X;;”Loo({ by C3 =2y/CiCy and C = C5 + %L. Therefore,

1, -1 -
51 3<|vi|<n

_ 1
I < /{ X9 < | Ang e Il + 13+ OVl + ol 1B,

lo1|>5n7 3}

Thus,

< o(uAA,nw bl + Vo] + |A|||¢||%n)-

Recall that we have ||V,[]3 < || Ax,¢|la, |¥]|%, thanks to (3.2.8). Hence,

H,

1< c(||AA,anHnuxnwum T IAIHz/JH%n)- (3.2.10)
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It only remains to handle the term ||x,v||5,. We have, as in the proof of Lemma 3.2.7,

Vo Ot = L + [ Vot + XX, (000,06 + 100, D)
< (7 Yo7 P o [912 + [V |” + 207 2 o |72 [ (02 o1 |2 [1]) |90 0.

Then, ||V, (x,¥)[3 < C(I{ +[Vot[3) < Cll9]f3,, and therefore, [|x,¢[1%, < Cll¥l3,- By
injecting this last inequality into (3.2.10), we get

< c(nAA,wannwmn ; |A|||¢||%{n). (3.2.11)

Thus, by summing (3.2.8), (3.2.9) and (3.2.11), we obtain
1915, < © (sl ol + 1615, ).

Finally, we obtain the inequality (3.2.7) by the inequality ab < Ca® + % applied to the
term || Ay, [[¥]l2,, and with A small enough: |\ < 5. O

Lemma 3.2.11 (Complementary Lemma). Let n > 0 fized and let \g > 0 small enough.
Let A € C such that |\| < Xo. Then, for ally, F' € H, such that |a(y, V)| < C||F ||y, ||1¢ |2,
the following inequality holds

Y], < ClIF ||, (3.2.12)

where C and C' are two positive constants that do not depend on X and 7.

Proof. The proof is identical to that of the previous Lemma, just replace the inequality

|a(, V)| = [(Axg, )ag, | < [ Ang®lla, [¥]l9e, by la(e, )| < ClIF ||, 9], U

Let denote by H;? the topological dual of H,. By the Riesz Representation Theorem, for
all ' € H;, there exists a unique f € H, such that

(F? ¢) = <f7 ¢>'Hn7 v¢ S Hna

where (F, ¢) denotes the value taken by F' € H; in ¢ € H,. Then, by Remark 3.2.9, the
problem

a(h, ) = (F,¢), Vo eH, (3.2.13)

is equivalent to the problem Ay ¢ = f, f € H,. Therefore, equivalent to the invertibility
of A)\J]‘

Proposition 3.2.12 (Existence of solution to the the variational problem). Let 9 > 0
and Xo > 0 small enough. Let n € [0,n0] and A € C fized, with |\ < Xo. For all F' € H;,
equation (3.2.13) admits a unique solution v € H, C Ho, satisfying the following
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estimate

1930 < 9™, < Ol Fllag, (3.2.14)
where C' 1s a positive constant that does not depend on X\ andn. Moreover, for F € L?v)2 -
H;, we have

192 ltg < 19" e, < CUE 12 (3.2.15)

Y
v)2

where L%U>2 denote the weighted L?space: L%U>2 = {f ‘R — C; / |fI2(v)?dv < oo}.
R4

Remark 3.2.13.

The sesquilinear form a depends continuously on 7 and holomorphically on A.
The solution in the previous Proposition, is for A and n fixed, and it depends on A and 7
since a depends on these last parameters.

Proof of Proposition 3.2.12. This proof was taken from [Kho72| to prove the first state-
ment of the Lax-Milgram lemma [page 235]. We want to prove that the linear map A, ,
representing the sesquilinear form a is invertible with continuous inverse, since it implies
that for all f € H,, the equation A, ,1 = f admits a unique solution Y € H,,.

First, the inequality (3.2.7) of Lemma 3.2.10, ||¢||3, < C|Axy¥||3,, shows that Ay, is
injective with continuous inverse, so it is a topological isomorphism from #,, to R(4x,);
in particular R(A,,) is complete and therefore closed in #,,, where we denote by R(A, )
the range of the operator Ay, i.e., R(Ayr,) =={f € H,; [ = A\, ¥ € H,}. To show
that Ay, is surjective, it is enough to prove that R(A,,) is dense; for this, let ¢y € H,
such that (Ay 1, ¢o)s, = 0 for all o € H,; taking ¢ = ¢y we get a(¢o, ¢o) = 0, which
gives ¢g = 0.

The inequality (3.2.14) comes from

10, < ClAN ™y < £l < 1 g,

For the second one, it comes from the fact that the weighted space L%v)2 is continuously

embedded in 7—[;7 O

We will denote by T, the inverse operator of Ly, for A and 7 fixed, i.e., the operator
which associates to F' the solution 7 =: T) ,(F).

3.2.2 Implicit Function Theorem

In this subsection, we use the operator T), to rewrite equation (3.2.1) as a fixed point
problem for the identity plus a compact map. Then, the Fredholm Alternative will allow
us to apply the Implicit Function Theorem in order to have the existence of solutions.
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For this purpose, let’s define F': {\ € C;|A| < Ao} X [0,10] X Ho — Ho by
F()\J n, h‘) =h- 7;\,77(h)7
with
Tan(h) =Ty [Vh — (h — M, ®)®].

Note that finding a solution h(), ) solution to (X, n, h(X,n)) = 0 gives a solution to the
penalized equation by taking M), = h(A, 7).

The function ® satisfies the following assumptions:
1. For all v in R4, ®(v) = ®(—v) > 0.
2. The function ® belongs to the weighted Sobolev space Hj, . := H'(R?, (v)*dv), and
for all v in R?, ®(v) < ]‘{U(;; .
3. Even if it means multiplying ® by a constant, we can take it such that (®, M) = 1.

For the following, we will take the function ® := ¢, 4(v) ~2~7 which satisfies all the previous
. —9_9 —1
assumptions, where ¢, g = ([ (v)7272dv) .

Remark 3.2.14. Note that the operator 7, does not depend on A since T} o does not.
Let’s denote it by Ty. Also, Ty, is affine with respect to h, we denote by ’7;1777 its linear
part.

Lemma 3.2.15 (Continuity of 7x,). Let ny > 0 and Xy > 0 small enough. Let n € [0, no]
and A € C such that || < Ao. Then,

1. The map Ty, : Ho — H,, is continuous. Moreover, there exists a constant C' > 0,
independent of X and n such that

T30 (M)llae, < Cllllg,  Yh € Ho, (3.2.16)

and the embedding T} (Ho) C My, C Ho holds for all n € [0,10] and for all X €
{IA\| < Xo}. Hence the map Ty, : Ho — Ho is continuous.

2. The map T, is continuous with respect to A and n. Moreover, there exists a constant
C > 0, independent of X and n such that, for all ' € [0,n0] and for all [N'] < Ao

77/ 77/ %
[ Ton(R) = T (B) |3y < C(‘l T ‘1 Iy D (1Bl + 120122 ) (3:2.17)
and
[ Ton(h) = Tarm(B)l2e < CIA = X[ (I|Rl3, + H@HL?N), (3.2.18)

for all h € H,.
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Proof. 1. The first point follows from the second inequality of the Proposition 3.2.15.

Indeed, we have by (3.2.15), for all F € L%UV

T3P, < CIFlz,

For hy, hy € Ho, we have Ty, (h1) — T, (he) = 7;1777(/11 — hy). Let denote h := hy — hy and
F:=Vh—(h,®)® € L?U)Q. We have T3, (h) = Ty, (F). Thus, by the last inequality and
by Cauchy-Schwarz for the term |(h, ®)|, we obtain
h 2
<c(llpvi i)
2

173 (M)l < C|(0)*V < —(h, @) {(v)®

(v)

The embedding 7:\17,](7{0) C H, C Hy comes from the previous inequality and the fact
that |73, (0)lle < T3, () g, for all b € Ho.

h -
| < Cllhll.
il

2. Let 9 > 0 and A9 > 0 small enough. Let n € [0,79] and A € C such that |A| < Ao.
Recall that T}, is the inverse of Ly, := Q + inv, — )\ng with Q = —A, + W(v)

Continuity of 7,, with respect to A. Let X' € C such that || < A;. We have for
h € Hy

[Q +invy — M3 | (T [Vh — (h — M, ®)®]) = Vh — (h — M, ®)®

and
[Q + invy — N3] (T [Vh — (h— M, ®)]) = Vi — (h — M, B).
Thus, the function Ty, (h) — Ty, (h) = (Tay — Tovy)[Vh — (h — M, ®)®] satisfies the

equation

Q[Tan(h) = Taoy (W] +itp0n [Ta () = Ty (W] = A [T () = Ty (W] = (A= X Tov  (h)-

Then, by integrating the previous equality multiplied by [7x,(h) — T ,(h)], we obtain

aran(Tan(h) = T (), Tan(h) = T (h)) = (A= X » Ty (W) [Txy(h) = Tov o (h)]dv.

Now, by Cauchy-Schwarz inequality

=0 [ o500~ T | < 0= X [ o 1) e (1) = To (1)

and by Lemma 3.2.7 we get

‘(A—A’)ng g To () [Tan(h) = Tam(P)ldv| < CIA=NTar (A 34, Tan (h) = T (1) [,
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Therefore,
|axa (Tan(h) = Ty (R), Tan(R) = T (R)) | < CIX = X[ T (W), | Tan (B) = Tran(B) 13,
Hence, by the Complementary Lemma 3.2.11, we write
T30 () = Ta (W) lag < NTan(B) = Tavn(W)llae, < CIA = N[ Tx i (R) 34,
That leads to
T30 (R) = Tva(W) o) < CIA = N[(I[All2, + [{0)2]]2).-

Continuity of 7,, with respect to 7. Let n € [0,7]. Without loss of generality, we
can assume that n < n’. Then, as before, we have for h € Hq

[Q +inv — Mp3 | (Tag[Vh — (h — M, ®)®]) = Vh — (h — M, ®)®

and

[Q+in'vr — 3] (Tay [V = (h— M, ®)®]) = VI — (h — M, ).
Thus, the function Ty, (h) — Tay(h) = (Tay — Doy)[Vh — (h — M, ®)®] satisfies the
equation

(@ +invr = Ap3)(Tag(h) = Ta (1)) = [i(n = 1)vr = A0S = /%) T (R),

and integrating this equation against [Ty, (h) — Tx(h)] we get

[

G(Tm(h) = Taay (h), Tan(h) — T\n’(h)) =i(n—n )/ 01Ty () [Tan(h) = Tap (B)]dv

/‘nn YT (h) — Ty ()]

=: If”” +12“7”.

A’ :
For I;""" | we write

I

V<[t =Z it T o 1) = T )

<'u-—

o (W, [ Tam(R) = Taay (1) |24,

Now for IQA”””/, by using Lemma 3.2.7, we write

anmwmﬂmm»—ﬂwmmz

2

/
<77§|)\|'1_ A

aﬂb—- 1T ()l [ T () = Toog (W)
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Hence,

‘a/\ﬂ? (T\Tl(h) = Ty (), Tan(h) — 7;\,77’(}1)) ‘

/ 13
< (\1—% +0|A|]1— A ) 5 (5, [ T () — Togg () 1,
Which implies, by inequality (3.2.12) of the complementary lemma, that
77/ 17/ 2
[ Tin(h) — T ()1, < \1 -1 ow\l 21 W,

Then, since

[Txn(h) = Taw (M)llag < N Tan(h) = Ty ()34,

and since n < 7’ implies that
1T (W)t < Ty (W), < C([IRll300 + [[{0)2]l2),

we get

1 T30 (B) = T (B3, < C <‘1 - % "

+ CAo|l —

) (1l + () @]l2)-

Which ends of the proof. O

Lemma 3.2.16. The map T is compact.

Proof. First, since the two functions g; := (v)?V and g, := ® belong to C}(R¢,R) and
H <1U>2 (R4, R) respectively, where C(R?, R) denote the space of C* functions converging to
0 at infinity as well as their first derivatives, then for e > 0, there exists ¢, g5 € C°(R%, R)

such that [|g5 g lwi= < 55 and g5 —galli , < 5

2c"

(3.2.16). Now if we denote by 7F the operator 75 (h) := Tp [g’f# — (h,®)g5], then we

where C'is the constant of inequality

can write:
173 () = 75 (Ml = || To [(9 — 91) 2/ (0)* = (B, @) (g5 — 92)] ||,
<0155 = b+ 0120165 - el , )bl
< &l hllo-

Hence, ||7¢ — T || c(y) < €. Thus, the operator 7§ can be seen as the limit of the operator
T when € goes to 0. Indeed, for (h,), C Ho such that [|h,|x, < 1 we have up to a
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subsequence, h,, — h in Hy. Moreover, we have

175 (ha) = To (Mllaty < 1T () = T ()l + 1175 () = T (W)l + 1175 () = T ()l
< ellhnllag + 175 (hn) = Tg ()l + llAll
< 26+ |75 (hn) = 75 (M)l o (3.2.19)

Let us now prove that we have the strong convergence ||7E(h,) — TE(h)||3, — 0.

For that purpose, we will use Rellich’s theorem for the sequence H;, defined by H, :=
€ _hn

9t — (hy, ®)g5. Indeed, it is uniformly bounded in H <1v)2 since we have:
2|11 |2 € 2|h |2 2 2| €12
()71, Pdv <2 || g]] < )@l[3(v)7|ga]” ) dv
R R (v)? ( >
<2@ﬁ&+ww%g@m@)mnmw
and

2

dv

2 )29, _ 02 : hy g1 5 Y I,
Aﬂ”“”m“éf>mﬁw 7 o = 2y

S (R + 1912 5l ) Wil S 1

— (i, ®)V 95

where g7 and g5 are uniformly bounded in W' and H,,» respectively, and since || ®|| 12, S
1 and |[|3, < 1. Then, there exists B € H,,. such that (v)H, — (v)I in L*(K), up
to a subsequence, for all K C R? bounded, in particular for K = B(0, R.), where R, > 0

is such that

supp(g;) U supp(g;) C B(0, Re).
The limit H° can be identified as the unique limit in D'(R?), H* = g1 — (h,®)®. So for
all ¢ > 0, there exists N € N such that, for all n > N, we have: HHfL — HE”L?w'z < 35

Therefore, for ¢ < % and n > N, we obtain, thanks to (3.2.19) and the inequality

175 ()llsey < CIE] 2 ,, that:

T3 ) = To )y < 22 + CIft, =81z, <&

Hence the compactness of T} holds. O

Proposition 3.2.17 (Assumptions of the Implicit Function Theorem).

1. The map F(\,n,-) = Id—"T,,, is continuous in Hy uniformly with respect to X and 7.
Moreover, there exists ¢ > 0, independent of A\ and n such that

||F()‘7777 hl) - F()‘vna h2)||7‘[0 < C||]’L1 - h2||7'l07 Vhlu hQ € HO,VU S [077]0],\V/|/\| < A
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2. The map F is continuous with respect to X and n and we have

lim [|[F(A, 7, h) — FO\ 7', 1) |3 = lim [|[F(\,m, k) — FON, 0, 1) |3, = 0, Vh € Ho.
n—n’ A=A

3. The map F(\,n,-) is differentiable in Ho. Moreover,

OF
%(/\7777 ) =1Id - 7;\l,777 \V/|/\| < )\O;Vn S [0’770]

4. We have F(0,0,M) =0 and g—Z(0,0, M) is invertible.

Proof. 1. Let hy,hy € Ho. Let n € [0,m0] and |A] < Ag with 1y and Ay small enough.
Then,

IF(X, 1, h1) = F(A 0, ho)llae < [[(ha = ha) + T3, (hy = ha)|la
< (14 O) [y = hall,-

2. The proof of this point is a direct consequence of the second point of Lemma 3.2.15.
3. The third point is immediate since 7, is an affine map with respect to h.
4. Recall that Ly = Q is the inverse of Ty and V := W — W. Thus, since we have

Lo(F(0,0,M0)) = Lo(M ~ To[VM]) = [Q — V](M) = Q(M) = 0.

Then, we obtain F(0,0, M) = 0, thanks to the injectivity of L.

For the differential, we have g—i((), 0,M) = Id — T]. By the Fredholm Alternative, this
point is true if Ker(Id — 7j) = {0}. Let h € Mo such that h — Tj(h) := h — Ty[Vh —
(h, (I>><I>} — 0. Applying the operator Ly = Q to this last equality we obtain

Q(h) —Vh+ (h,®)® = Q(h) + (h, D) = 0.
Integrating this last equation against M and using the fact that (®, M) = 1, we get

Therefore, h is solution to @Q(h) = 0. Then, there exists ¢;,c; € C such that h =
1M + coZ. Since h € Hy and Z ¢ Hy then, co = 0 and h = ¢; M. Thus, (h,®) = ¢; = 0.
Hence, h = 0. This completes the proof of the Proposition. O

Theorem 3.2.18 (Existence of solutions with constraint). There is a unique function
M), in Hy solution to the penalized equation

[—A, + W(v) + inv; — /\ng]M,\m(v) =b(\,n)®(v), veRL (3.2.20)
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where b(A,n) := (Ny,, ®) with Ny, := My, — M. Moreover,

[Nxllso = My — Mll3e — 0. (3.2.21)
n—0

Proof. By Proposition 3.2.17, F satisfies the assumptions of the Implicit Function Theo-
rem around the point (0,0, M). Then, there exists Ao, 779 > 0 small enough, there exists a
unique function M : {|A| < Ao} X [0,19] — Ho, continuous with respect to A and 7 such
that

F(\n, M(\n)) =0, forall (A\,n) € {|A <X} x [0, 1]

Let’s denote M)y, := M(A,n). The function M) o does not depend on X and the continuity
of M with respect to n implies that

L[| My — Mol = [ Mgy — M, = 0.

Remark 3.2.19.

1. Since ®(—v) = ®(v) for all v € R* and the function M, (—vy,v’) satisfies the
equation (3.2.20) then, by uniqueness, My ,(—v1,v’) is solution to (3.2.20) and the
following symmetry

M;\m(—vl, V') = My, (v1,0") (3.2.22)

holds for all (vi,v") € R x R4 € [0, 0] and || < Ao.
2. The sequence |b(A, )| is uniformly bounded with respect to A and 7 since |b(\, n)| —
n—

0, which we obtain by the Cauchy-Schwarz inequality and the limit (3.2.21):

b )| = [(Nay. )] < H%

[{)@ll2 < [[Napllaol[{v)@ll2 —> 0. (3.2.23)
9 n—0

3.3 Existence of the eigen-solution (u(n), M,.,)

The aim of this section is to prove Theorem 3.1.1. It is composed of three subsections.
In the first one, we establish some L? estimates. The second one is devoted to the study
of the constraint and the existence of the eigen-solution (u(n), M,). Finally, in the last
subsection, we give an approximation of the eigenvalue and its relation with the diffusion
coefficient.

3.3.1 L? estimates for the solution M A

In this subsection, we will establish some L? estimates for the solution of the penalised
equation (3.2.1).
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Proposition 3.3.1. Let ny > 0 and Ao > 0 small enough. Let M), be the solution of the
penalised equation (3.2.20). Then, for all n € [0,m0] and for all X € C such that |\| < Ao,
one has

1. For all v > g, the function M), is uniformly bounded, with respect to X and 7, in
L*(R4,C). Moreover, the following estimate holds

HN/\WH%Q(Rd) = || My, — MH%Z(Rd) S A+ v, (3.3.1)

where v, — 0.
’I’]—)

2. For all v > d“ the function |v1|%]\/[,\777 1s uniformly bounded, with respect to \ and
n, in LQ(Rd,(C).

Proof. We are going to prove the first point, the second is done in a similar way. Let denote
v := (v1,v") € RxRIL. The proof of this Proposition is given in four steps and the idea is
as follows: first, we decompose R into two parts, RY = {|vy| < son~ 3} U {|v1| = son 3},
small/medium and large velocities. In the first step, using the equation of M, ,, we
estimate the norm of M), for large velocities to get

|2
L2({jn2s0m~8))

I/lHM,\ +C1,

2
H Am ’77HL2({|U1|<8077_%})

where v, and ¢; depend on sy, A and n. To estimate || M)y, || it is enough to

1
L2({|v1]<son”3})’

estimate || N, || since M belongs to L?, which is the purpose of steps two

L2 ({for|<son™8)) _ _
and three. In step 2, using a Poincaré type inequality, we show that

where (] is a positive constant and ¢y depends on sy, A and 1. Then, in the third step,

+C27

< Gi||M

L2({or|<son~ 3<|v'[}) ”’”L? ({Jo1[>s0n" 3 })

using the Hardy-Poincaré inequality, we prove that
|2
L2({Jul<son 3Y)

< 1| N vs|| M + cs,

’"”H ({lo1[>s0n" 5 })

2
[ Nxp v"”Lz({wgsOn-%})

with v, v3 and c3 depend on sy, A and 7. The last step is left for the conclusion: we first
fix s¢ large enough, then |A| small enough, then 7 small enough, we obtain v, < 1< }1

4
and 1 (C’1 +

T 2) < %, which allows us to conclude.

Before starting the proof, we will define some sets to simplify the notations and avoid

long expressions. We set: A, := {|v1| < son 3} (resp A, = {|vi| < 2s0n~ 3}), B, =

{|v| < son 3}, Gy = {|v1| < s < |V} (vesp., G = {|U1| < 250773 < 2]} ‘and
={lwn| = 82077 5
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? fe pi!

NN\

Cyi={Jor | son + < ']}

N\ N\

B, = {in|< sor 3}

L

A = {lv = s 7}

Nk

LA - | LA lnd
U = —s8pny L & i = 8qh 3
A,:=DB,uC, U =sm

Figure 3.3.1: Decomposition of R? into A, and A

The part Aj is represented by the blue zone, while the part A,, in green stripes, is
broken down into two other parts: the brown zone B, for |v'| small, and the yellow zone
C, for |v'| large. The parts fln, C~’77 and D, are an extensions “in the direction of v,” of
the parts 4,, €, and Aj respectively, and are not shown in the figure above.

Step 1: Estimation of || M), || 12 Ag). We summarize this step in the following inequality:

||MA,17||L2 Ag) 2 HTI UlM/\m”y(Ac) ~ g3 (HN/\,n |L2 ) T 01) (3.3.2)

where ¢ = c1(\,n,50) = 552 n% (|b(\,n)| + )|||v1|5M||L2(Rd where 0 can be chosen as
follows & := 1(y — %) to ensure that |v|°M belongs to L.

e Estimation of ||77%U1M)\7,7||L2(A%). In order to localize the velocities on the part A7 and
to be able to use the equation of M), and make integrations by part, we introduce the
function x,, defined by: x,(v1) == X(son”11/3), where y € C*°(R) is such that 0 < y < 1,
x = 0 on B(0 ,2) and xy = 1 outside of B(0,1). Then, one has: HUéUlM/\,n”L?(A%) <

||773U1XnM/\,n||L2(Dn . Now, multiplying the equation of M, , by 011\7[)\,77)(,27, integrating it
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over D, and taking the imaginary part, we get:

||’I7%’U1X77M)\,17HiQ(D )= —nélm(/ Q(Mk,n)le%anydv) +Im()\/ névllMMXanv)
K Dy, D

_nélm(b()\,n)/ CI)UlM/\,nX%dU)
Dy,
— —E] + EJ + EJ.

Let’s start with FJ and Fj which are simpler.
e Estimation of EJ: For this term, we just use the fact that on D,: 3 < n3|vy|. Thus,

|EJ| = ’Im()\/ nilwllMAande)
D

n

2|1A| 1
< Pttty 633

e Estimation of EI: First of all, since ®(v) := ( [oq (v>*2*27dv)_1 Agf)g) then:

9 2
PV)X 1150033 (V) < Cg "1 M (v). (3.3.4)
In particular,
D (v)xy(v1) < Csg s M(v). (3.3.5)
Similarly, we have:
_5 9 5
1 gy gty S S0 0 || [0 M| 2 gay- (3.3.6)

Then, using (3.3.5), we get

-1 v |b(A7 7))| 1
‘E;” = '77 sIm (b(Av 77)/D (I)UlM)\,ﬂXZdIU) ‘ < 4 5% HXﬂMHLQ(Dn)HnglenMAanL?(Dn)'
n
Finally, by inequality (3.3.6)
oA )| (41 2 95 2 2
|E5] <2 2 73 000 Moy |2, , + 45070 [[10° M| 2z |- (3.3.7)

e Estimation of E}: By an integration by parts, we write

E} = n_%lm Q(Mk,n)leAmXZdv
D”I

1 _ _ M
= 7]3Im/ [)(77]\4')\777 —+ 2,UIX;]M>\:77} 81)1 < ]QTI)MXnd'U.
Dy

Thus, by Cauchy-Schwarz

M
O, (ﬂ) My

Bl <ns
’1| n Vi

(ungA,nuLa(Dn) T 2|rv1x;MA,n||L2<Dn>).
L2(Dy)
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Since x; = 0 except on: D, \ A7 = {%017’% < | € 3077%} C A, = {|ln| < 3077*%},
Then,
v, Moyl 2o,) = lvixg Magllz2opag) < CIM gl 20,0\ 49)5

where C'= sup [tx'(t)]. Also, we have: |\x,Mx,llz2p,) < ﬁlln%len%,nllmwn)- Thus,

1<tk

M,,
Oy, ( MW>MX"

Finally, by Young’s inequality:

M
Oy, (ﬁ) Mx,

MAW)

1

BV <n7s

1,1
(Lt + Wby )
L2(Dy)

2
1. 1 1
+ ?H”SUlXﬂMAWH%?(Dn) + S_O”M)\JIH%?(Dn\A;;)'

12(Dy) %0
(3.3.8)

B S 5077_%

It remains to estimate H@v (

M)\ 2 M)\
1 ( M) M)

MXnHLQ(D For this, one has

2

L?(Dy)

_ M, M,
_ 2 i 777 2
= Re /Dn {Q(MM)M,\WXU+2Q’7§” M"avl( Vi )M ]dv
= F/+ F]. (3.3.9)

By integrating the equation of M), ,, multiplied by M ,\,T,x%, over D,, and using (3.3.4), we
obtain

ns b(\,7)
721 T | (0 P52 bl + DMy |- (33.10)
0 0

For Fy, by inequality (2Cab < 2C2a® + &):
M,
Oy, (_n) My
M "2,

M
Oy (—]\;.\fn) My,

| F5 | < 21x, Moy ll 22,

1

20 ||M/\ nHL2 (Dy\Ag)

L2(Dy)
2
77§ 2 1 M,
<O ||M ey + =0 | == | M , 3.3.11
Wbl + g ()2 Ga
where C' = sup [tx/(t)] and C" = 2C?. Then, we obtain by returning to (3.3.9)
3<lti<t
2
M, ? ns 1 M, ’
O, | =22 | M < |F| 4 C' 5 | M |I17 o)+ 5110w | =% | M
‘ 1( M) o L2(Dy) il s | A’n”LQ(D"\A”)jL? "\ M o L2(Dy)
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M,
Oy, (_77) My
‘ M 22,

Hence, from (3.3.10), (3.3.6) and the last inequality

My,
o ()

Which implies, by inequality (3.3.8), that

Therefore,

2 2
773
SIF] + _QHM)\,HH%?(D,,\AC)'

2

2
ns 1b(A; m)
o) S _(2) {(‘M 50 )HU?’UanMMiHLZ‘ + HM)\JIH%Q(D,,\A%)
L2(D,

g O 1P

L+ A\ 2 2
B S K'M s2 H”SUanMMHLQ(Dn) + ||MA,n||%2(Dn\Ag7)
_ 26 2
+ 5570’3 !b(%n)\I!ImPMllLQ(Rd)}- (3.3.12)

Thus, by summing the inequalities obtained from EY, EJ and EY, namely (3.3.12), (3.3.3)
and (3.3.7) respectively, we obtain

14 |b(A, 1
oMl S o | (W4 ) laorgMaal g + 1l

_o5 28 2
g O o1 |
Hence the following estimate

1 2 1 o 28 2
||773U1X77M>‘777HL2(D7]) S 5 (HMAWH%?(Dn\A%) +507°n3 |b()\»77)|H|”U1|6MHL2(R¢1)> (3.3.13)

holds true for sy > 0 large enough and for all |A| < Ay and n € [0,n], with A\ and
no small enough. Finally, (3.3.2) comes from the previous inequality (3.3.13), and since
Dy \ Ay C A, and D, \ Ay C D, implies that,

o5 26 2
HMA,n”%?(Dn\A%) < |’Nx\,n‘|i2(,4n) + HMH%Q(Dn) < HN/\,nHi%An) S TRE H|U1|5M||L2(Rd

Step 2: Estimation of ||N,,|lz2,). In this step, we will establish the following in-
equality:
||N>\,n||%2(cn) S INall72 (ag) T cy, (3.3.14)

where ] = 55015 (s3IAl + s§ + |b()\,77)])|Hv|5MHL2(Rd and where we recall that 0 :=
ly=9), C, = {|wn] < son3 < ||} and A = A{lu| = son~3}. We start with the

following Lemma:

149



3.3. EXISTENCE OF THE EIGEN-SOLUTION (u(n), M,..,)

Lemma 3.3.2 (Poincaré-type inequality). Let R > 0 be fized and let C be the set defined
by: Cr = {v € R% |vy| < R < ||} Then, there exists a constant C' > 0 such that, for
any function 1 in the space H := {fCR ‘801(%)’2M2dv < o0; Y(=R,) =9Y(R,) = 0},
the inequality

( 1/1

||¢||%2(CR CR2H8111 MHL2 (Cr) (3.3.15)

holds true.

Proof of Lemma 3.3.2. We have for v € H: — = / Ov, (ﬂ)dw.
M _R M

Then, by taking the square and applying the Cauchy-Schwarz inequality, we get:

o 2 2 ! R
|w‘2 < MZ('UM'U/)(/;R 81)1 <%>dwl) < %dwl /_R 01;1 <%>M

')
Now, we have for vy, w; € [-R, R] and |v'| > R M (v1.0') < 1. Therefore,

) MQ( ,U/)
R
(G
|¢2§R/ avl(— M
| » i

Thus, we obtain the inequality (3.3.15) by integrating the last one over Ckg. U

2
dw1 .

2
d’LUl.

Now back to the estimate of |[Nyyl[z2(c,)- Let ¢ € C®(R) such that 0 < ¢ <1, (=1
on B(0,1) and ¢ = 0 outside of B(0,2). We define ¢, by: (,(v1) := C(W) Then, for

n > 0 and sy > 0 fixed, by applying Lemma 3.3.2 for R = 3077_%, we obtain:

CUN)\,T]
(52

2

, (3.3.16)

“NA,n|’%2(c7,) < HCnNAm”iz(cn) S 537775 ~
L2(Cy)

recalling that C,, := {|v| < 2503 < 2|¢/|}. Furthermore,

Co Vo ? ¢y N
= 20\ M < ol /—— | M
Oy ( M v M

L2(Cy)

2 —
- - Re/ Q(CnNA,n)CnN)\mdv.
) p

LQ( n Cn

However,

Re[ Q(CWN/\M)CWNAmdU = Re/ [Q(NAHN/\,HC% - CnC;/‘NA,nF - QCnC;N/\malez\,n} dv
C’W

C’”
= Q(N/\n)NAng dU+/ |C N)\nl dU (3317)

Gy
where we used the fact that Q(¢,Nx,) = Q(Nxy)Cy — ¢ Nay — 2¢) 0y, Ny in the first line,
since Q) := —ﬁvv (MZV(M)) = —A, + W(v), and did an integration by parts for the

term fén CaCrl| Napnl?do, and used the identity: Re(fdy, f) = 50, |f]* in the second line.
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To handle fén | Ny |*dv, we have:

16l = [ 1NsPd < Iy ¥l
Cy C’,,\B,C]

1

since (; = 0 except on: C, \BC = {son 3 < |v1] < 25073 < 2|} C AC 7, and that on
C, \ By we have: |¢/(vi)| $ . Then,

N e < TN 2 3.3.18

[ 1NsaPdo S TNy (3:3.18)

To handle Re fén Q(Nyy)NxpCidv, we will proceed as in EY. Indeed, recall that Ny,
satisfies the equation:

Q(Nyy) = (A5 — inoy) Ny + (A5 — invy) M — b(X, n)®

Then, multiplying this equation by N ,\7,7@? and integrating it over C’n, we get

‘ . Q(N/\,U)N)\,ncgdv
Ch

< A (16 Ml + 1M1 cs,) + / [ M Ny G2
n

+’MAﬂﬁ\/i‘¢ﬁthﬂdv. (3.3.19)
C”?

Note that: Re/~ inv1 | NanCy|?dv = 0. Since inequality (3.3.4) remains true on C,: |v/| >

C”I
1

son~ 3, we have:

/ @8l £ 56" M s INanGollac (3:3.20)
S 5070 P M| oy I NAGoll 2
§—Q5WOmmec+mﬂMMWJ (3.3.21)

Now, the right hand term of the first line in (3.3.19) is treated as follows:

/. TG < 255750 5 16Nl 116 M

gléQMOQNmH >+Wﬂ%ﬂ§w)- (3.3.22)

Hence, from (3.3.16), (3.3.18) and the estimates obtained for the terms of (3.3.19) we
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obtain
s 0 5 8
HCT]N)\,nHiz(é S (Sg’)\| +53 6773 +506773’b<)‘ n)‘)"CHNAnH + ||N>\nHL2(Ac
+ 05 (370N + 5577 + 55" [b(A ) || o] MHL2

So, for sy fixed and |A| and n small enough, (s3|A|+ s§~ 05 + s5°m3 b(A, n)|) < 3 and the

term |G, Nayll3, 2(Gy) in the right side of the previous inequality is absorbed. Thus,

[ _ 2
16Nl S 1Nl + 1% (5371 + 537 4 s IO 1) ) |10l M g

Hence the inequality (3.3.14) holds.

Step 3: Estimation of || Ny,| 12(s,). Recall that B, := {|v| < sy~ 3}.We claim that:
5 Sy L 2
INxallz25,) < VlHNAJ]H%?(An) + 53MHWMH%2 ag) 561 3 s Moy |[ o)
5
+ (s3I + ey = IDIM3 + 5§03 [[or [ M| (3.3.23)

M2 MM
where vy 1= v1(\,n, s0) = sE|A| + 33—577% and ¢, := / / And
Rd <U> R

Let us denote Ny n = My, —c, M the orthogonal projection of M) , to M for the weighted
scalar product f . On the one hand, we have:

HN)\WHLz(BT,) ||N)\77||L2(Bn+|c77 1H|M||%2(B

and - 9
N Am

(v)

since (v) < son” 3 on B,,. On the other hand, applying the inequality (3.2.4) to N A Which

2

INxallZ2s,) < son”

)

L2(RY)

satisfies condition (3.2.5), we obtain:

N, |2 N 2
/ Ml *"J dv < Cg / Vo =22 )| M2dv.
R4 <U> Rd M
Therefore,
2
_2 Ny,
[N\l e,y S son Vv< M”>M + |ey — L[IM]|72ga). (3.3.24)
L2(R4)
We have moreover,
N 2 _
HVU( A}")M Q(Nyy) Ny v,
L2(R4) R4
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Then, by integrating the equation of Ny, multiplied by N, ,, we obtain

/]Rd Q(N,\7n)]\7f,\,ndv + [(Nx, ®)|?> = Re /]Rd ()\ng(|N,\m|2 + MN,\J,) — inleN,\n) dw.

From where,

Nas
21 WM
= (5¢)

For the last term, using the fact that ImWN,, = ImM,,, we write

2

S W (1Nl + 1218) + 0 [ JonMImNsfdo. (3325
L2(R9) R4

03 wMHmNMmU—/’%wnk%mMﬂmmmmw+/“%wﬂmMMMﬂw

" A5
(3.3.26)

and since on A, = {|v| < < son 3} we have: |vi['0 < 3(1)_5775%1, and on Ay = {[v1] >
son 3}, M(v) < sy 773]1)1]‘5M( ) then, we obtain

E / oy MmN, ,|dv (3.3.27)

SRLATIY N So,M

S g 1] H2 sollNagllzaca,) + [[n3vs /\WHLZ’(A,g)

Ly

S5 25 soll NanllZaa,) + H77301MMHL2 4¢) + 2s0][[on]’ MH (3.3.28)

Thus, returning to (3.3.25) we get:
N, ? 2
VoS )M B N g+ N
L2(R4)

E) 249 1-§ 2+5

5007 [0 Mo gy + 18NS + 5870075 | [oa M| g

2

Hence the inequality (3.3.23) holds by multiplying the previous one by s2n~3 and adding

the term |c, — 1H|M||L2(Rd

Step 4: Conclusion. In this step, we will combine all the estimates obtained in the
previous steps in order to conclude. First, by summing the inequalities (3.3.14) and
(3.3.23) obtained in steps 2 and 3 respectively, and since A, = B, U C,, we obtain:

6

2
%Q(An) S VlHN)\mHQLQ(Ay,) + (5(2)|)\| + 1)||N>\,77||%2(A0 5 H77301MA,7;HL2(A%)

(2N + ey — DM o + (3.3.20)

—§5 9 _5 9 2
where vy = s3[A| + 5§70 and ¢f == sg"n (55 + S+ [BOS0))[[[0] M][ 7 gay- Now,
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since

o5 28 2
||N>\,77||%2(Ag) S HM>\777||%2(A%) + 5 2577 3 H ‘Ul|6MHL2(A%)’
then, using inequality (3.3.2) for the two terms || M M,H%Q( 4¢) (in the previous inequality)

and ||77§U1M,\7,7H2LQ(AC) (in (3.3.29)), returning to inequality (3.3.29) we obtain:
n

1
INaallzzan S (0 + ) INanlZaa,) + (S31A + leg = IDIM |2y + 5.
0

Therefore, we first set sg large enough so that sig < i, then for |A| and 7 small enough so
0
that vy := s3|\| + 33_577% < 1, we get:
INxallZ2ca,) S (s5IAl+ leg — IDIM T2 gay + 3 S 1. (3.3.30)

The right-hand side of the inequality above is uniformly bounded since s3|\| < %, lc,—1| —
0 and c¢g — 0 when 7 goes 0. Indeed, we have

M2 ONTY [ M(My, - M
ey — 1| = </ —zd“) ( A ) dw
Rd <U> Rd <U>
M || M Ny
< ‘ @ <T>’7 < ClINay e m 0. (3.3.31)
2 2

For ¢, we have ¢ < n% since [v]’ M € L? for all v > ¢ and since |b(\,n)| < 1 thanks to
the second point of Remark 3.2.19.
Now, we resume all the assumptions we did on sy, A et n:

& 1+ [b(A, )] 1 G 1 2 35,9
S—O<\)\| +S—% < Sy < T Cs(sgIAl +s57n3) <

1
0 4

and .
[ S
CalsAl + 55705 + sgnS L)) < 5.

Recall that ¢ := %(7 — g) > 0 for all v > %l. So, if we start by setting sy large enough,
then X\ small enough, then n small enough, we recover all the previous inequalities.

Finally, by injecting the inequality (3.3.29) into (3.3.2), we obtain:
1, 1 1
Mgl Z2ag) < S_%HTPUIMA,nHLz(A%) < S—g(vl +el) S (3.3.32)

Hence, N, , as well as M), are uniformly bounded in L*(R?). Now, from (3.3.29) and
(3.3.32) we obtain:
INxallZe@ay S 1A+ ey — 1] + 5.

Hence the inequality (3.3.1) holds with v, := |¢, — 1| + c3 — 0. O
n—
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3.3.2 Study of the constraint

In this subsection, we will show the existence of a u, a function of 7, such that the
constraint (M), — M, ®) = 0 is satisfied. Let us start by giving the following result,
which is a Corollary of Proposition 3.3.1.

Corollary 3.3.3. Let M), be the solution to equation (3.2.20). Then, for all X\ € C such
that, |A| < \g with Ao small enough, the following limit holds:

lim [ n3v My, (v)M(v)dv = 0. (3.3.33)
n—0 Jpd
For A =0, one has
lim [ My, (v)M(v)dv = M?(v)dv. (3.3.34)
n—=0 Jpd Rd

Proof. For the first point, we proceed exactly as in (3.3.26), i.e. cutting the integral into
two parts A, := {|v1| < son~ 3} and Af, we write:

<5 [ for]n M (0)| Mo (0)[do
An

’ / Do My (0) M (v)do
Rd

+ [ o] o P M () 5o My, (v) | do
Ag

< 555773H|W|§MH2<SO||MA7W||L2(AT7) + HnélemHm(A%))’

Then, thanks to (3.3.30) and (3.3.32), we get

Wl

— 0.
n—0

/ n%le,\m(v)M(v)dv
Rd

SN
For the second point, for A = 0, we write

< |[Nogll z2a) | M| 22 (ra)

[ [tosfo) 2160 p1(0)c

and the limit (3.3.34) holds true thanks to the inequality (3.3.1) of Proposition 3.3.1. O

Proposition 3.3.4 (Constraint). Define

B(/\v 77) = ﬁ_%b(N 77)'

1. The expression of B(\,n) is given by

BOWn) =1 3 (Ny,, ®) = / (A — i v) M () M (v)dv. (3.3.35)

Rd
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2. The n order of B(A,n) in its expansion with respect to X\ is given by

. 0B )
7171&1] a(o,n) = RdM (v)dv. (3.3.36)
3. There exists 7o, Ao > 0 small enough, a function \ : {|n] < o} — {|\ < Ao} such
that,
forall (\,n) € [0,7[x{|\| < Ao}, A= A(n) and the constraint is satisfied:

B(A\,n) = B(A\(n).n) = 0.

Consequently, u(n) = 77§5\(77) is the eigenvalue associated to the eigenfunction M, :=
Mﬂ(n),n for the operator L,, and the couple (,u(n), Mn) 15 solution to the spectral problem
(3.1.9).

Proof. 1. The first point is obtained by integrating the equation of M), multiplied by
M, and using the assumption (M, ®) = 1.

2. This point is exactly the limit (3.3.34) of Corollary 3.3.3.

3. The third point follows from the Implicit Function Theorem applied to the function B
around the point (A, 7) = (0,0). O

3.3.3 Approximation of the eigenvalue

In this subsection, we will give an approximation for the eigenvalue p(n) given in Propo-
sition 3.3.4. The study of this limit is based on some estimates on M, ,, the solution of
equation (3.2.1) for A = 0, as well as the solution of the rescaled equation.

Before giving the Proposition which summarizes the essential points of this subsection,
we will first start by introducing the rescaled function of M, as well as the equation
satisfied by this function. Recall that M, satisfies the equation:

[Q + invi] Mo (v) = =b(0,n)®(v), v E€RY,

with Q = =4V, - (M?V,(5;)) and b(0,n) = (Mo, — M, ®). Then, the rescaled function
H, defined by H,(s) := n’%MQn(n’%s) is solution to the rescaled equation

[Qy +is1] Hy(s) = =175 b(0,)®,(s), s€RY, (3.3.37)
where
— 1 -2y ) A 1 /2 n-—2
Q= _ISI_'YVS' |s], 27V 5 )) |sl, 7 =n"3sM(n~5s) = (05 + |s|°)
n n
and
y+2
D,(s) := Dy is) = Cyd n%|s|;“’_2. (3.3.38)
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Note that: Q(M) = 0 implies that Q,(|s|,”) = 0.

Proposition 3.3.5 (Approximation of the eigenvalue). Let o := w for all ~ €

(4, H4). The eigenvalue p(n) satisfies
p(n) = 1i(=n) = kln* (1 + O(|n|%)), (3.3.39)

where Kk s a positive constant given by
K= —20;/ s1|s| 7" ImHy(s)ds, (3.3.40)

{sl>0}

and where Hy is the unique solution to

—d+2
|:— As + % + 151:| Ho(S) = 0, S € Rd \ {0}, (3341)

s
satisfying
/ |Ho(s)[?ds < +o0o and Hy(s) ~ |s|77. (3.3.42)
{ls11>1} 0

Remark 3.3.6. Note that the existence of solutions for equation (3.3.41) is obtained by
passing to the limit in the rescaled equation (3.3.37), while the uniqueness is obtained by
an integration by part on R?\ {0}, using the two conditions of (3.3.42).

In order to get the Proposition 3.3.5, we need to prove the following series of lemmas:

The first one show that the small velocities in the first direction do not participate in the
limit of the diffusion coefficient.

Lemma 3.3.7 (Small velocities).

1. For ally € (42, T4 one has

T2 072
2
/ ImMon(v) ", < (3.3.43)
fo<ry | (V)
2. For all v € (4, %*)
lim 771_“/ v1 Mo, (v)M (v)dv = 0. (3.3.44)
=0 {lo1|<R}

The second one contains some important estimates on the rescaled solution for large
velocities.

Lemma 3.3.8 (Large velocities). Let sg > 0 be fized, large enough. We have the following

estimates, uniform with respect to n, for the rescaled solution:

1. For all v € (£,41), one has

1
H|Sl|2ImHnHL2( + ||811II1H77”L2({|51|>SO}) SJ 1. (3345)

{Is1l<s0})
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2. For all v € (£, &), one has

+ [Is1ImHy[[ L2 (g1 2503 S 1- (3.3.46)
L2({Is1]<s0})

‘ ImH,

|3|n

Proof of Lemma 3.3.7.
1. By Remark 3.2.19, since M, is symmetric with respect to v; in the following sense:
MXn(_Ul’ V') = M), (v1,v") then, ImM,, is odd with respect to vy. Therefore,

MTImM,,, / /0 dv1 / dov, ]
————"dv = MTImM, MImM, d
L. W [ e oalin.) Mo V)7 |40

* - d
= / / [ImMo’n(Ul, U/> + ImMom(Ul, ):| M— U do’
R2-1 Jo < >

=0.

Note that we used the symmetry of M in the previous equalities. Thus, the function
ImM,,, satisfies the condition (3.2.5). Then, by the Hardy-Poincaré inequality (3.2.4),
there exists a positive constant C., 4 such that:

ImM,,,(v) |” _ HImMM ?

[ ® v (e

Now, as in step 3 of the proof of Proposition 3.3.1, we have on the one hand,

IHI]\IOJ7
()

2

< O%d

2 L2 (Rd).

2

) Q(ImMy ) Im M, ,dv.
2 R

On the other hand,
Q(ImM,,,) = nuiReMy,, —n ( /]Rd leReMomdv) 0}
Which implies that,
QUM iMoo < £ |, s 28, + 1 30 0o el ).

‘Rd

Hence the inequality (3.3.43) holds thanks to (1 + |v1|%)]\40,77 € L*(RY) for v > 4L
(Proposition 3.3.1).

2. First, since v1ImM,, and M are even functions with respect to vy, then

R
/ vy Mo, (v)M (v)dv = 2/ / vy Im Mg, (v) M (v)do'duy. (3.3.47)
{lvi|<R} Rd-1
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(v)

Case 1: v 6] 41]. We have by Cauchy-Schwarz,
[ Mo (0)M (o] < Ry~ Mol M2 < R [ Nag ol =3 0.
since 1 —a = Hdezv 0 for all v < # and ||[ImMo,[|2 = [ImNo, |2 < || Noyll2 m 0.
Case 2: v G]d%l, dT[ Similary, we have by Cauchy-Schwarz,
e /{|UI<R} 01 Moy (0) M (0)dv| < 7'~ [[on () M| o i '%

L2({Jv1|<R})
5 772704 — 07

thanks to the inequality (3.3.43) and since a < 2 for v < £ and vy (V)M € L?({|v1]| < R})

for v < d+4 O

Proof of Lemma 3.3.8. We will establish estimates on different ranges of (rescalated)
velocities, and in order to avoid long expressions in the proof, we will fix some notations
of “sets” as in the proof of Proposition 3.3.1. Let denote s := (sl,s’) € R x RL
Let so > 0. We set: A : {|31| so} (resp., A == {|s1| < 2s0}), B := {|s| < so},
C = {|s1] < s0 < |5'|} (resp., C = {|s1| < 250 < 2|5'|}) and finally D = {|s1] = 2}.
Also, for n > 0, we denote by Kn the function defined by K, := H, — ¢,[s],”, with ¢,

given by
“Hr Ll Hy(s)
Cp = \3|727*2d3 —1_—Zds, Vn>0.
n n 2
Rd Rd |S|n

s|VK, (s
[ LRy,
R4 |8‘77

Thus, K, satisfies the orthogonality condition (3.2.5) of the Hardy-Poincaré Lemma 3.2.5.

Note that

Remark 3.3.9.
e Observe that

M2 N\"' [ M®@w)M
Cy = / = dv Mdv.
Re (V)2 Rd (v)?
Hence, ¢, — 1 by (3.3.31).
n—0

e Since My, (—vy,v") = My, (v1,0") for all (v1,0v) € R x R?"!, then
ImH,(—s1,5) = —ImH,(s1,5), V(s1,5) € R xR
Therefore, Im ¢, = 0.

1. Let v € (d d;rl). To prove the first point of this lemma, we will proceed exactly as
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in the proof of Proposition 3.3.1. We estimate H ’81|%KWHL2(B) using the Hardy-Poincaré

inequality, || ]sl\%KnH L2(0) using the weighted Poincaré inequality, Lemma 3.3.2, and es-
timate ||s1H,||12(ac) using the equation of H,. Thus, we obtain the inequality (3.3.45) by
combining these estimates and since |sl|é|s|;7 < |s1l2]s|™ € L2(A) for v < o

Estimation of |H51‘%KWHL2(B)' Recall that B := {|s| < so}. On the one hand, we have:

H’Sl‘%KWHiQ(B) S H’Sl‘%f(nHi?(s) + ey — 1”“51’%’5|;7||2L2(B)’

and by the Hardy-Poincaré inequality (3.2.4) we get

2 2

[ A [ IR A (el [
nllz2(m) n 2
Therefore,
1 2 f( 2 1 2
|||51‘§K77HL2(B) S so|[Vs <| i )|5| ! 2+|Cn—1|H\51|§|5|;7HL2(B)- (3.3.48)

On the other hand, since VS( K_"W
Isln

HV(JT >"7

Now, since Im ¢, = 0, by the second item of Remark 3.3.9, we write |ImK,| = [ImH,| <
|H,|. Thus, by splitting the integral above into two parts, on A := {|s1| < so} and on A,
we obtain:

v ()]

Hence, returning to (3.3.48), we get:

= V.(£2), then
) (‘5‘77

—Re/ Q,(K,)K,ds < ‘Re/ is|s], 7 K,ds
Rd

‘Re/ s1|sl, " Tm K, ds|.
Rd

2

H|Sl|%|S|;v||L2(A)|||81|%K77HL2(A) + Hls‘me(Ac) SlHnHLZ(Ac)'

1
1312 24 1o ) < ZH|31|%KnHiQ(A) + Csollls ] o

+C<£W&ﬁbrﬂﬁ%ﬂ+k%—1Mbﬂﬂﬂﬂﬂ;w0 (3.3.49)

Estimation of |||81|%K77HL2(C)‘ Recall that C' := {|s1]| < so < |¢'|}. This step is identical
to step 2 of the proof of Proposition 3.3.1. We start with estimate on HCSOK,]H;(G). We

(G et
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have by using the inequality (3.3.15):

2

”CSOKUH;(C*) S 50|05

, (3.3.50)

L2(C)
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where (y,(s1) == (2 ) with ¢ € C*°(R) such that: 0 < (< 1,(=1onB(0,1)and ( =0
outside of B(0,2), and where C':= {|s;] < 250 < 2|5'|}. We have

2
oo (), = o (S i
| |n L2(C) | |n

On the other hand, as in (3.3.17):

2

L2(C)

= R‘e/éQ"](CSOKn)CSOKWdS'

Re/ Qn((soKn)CsoKndS :RG[QU(KU)KU §0d3+/ |C§0Kn|2d3-
C C C

Then,

Re [ Qo) Riys <

Re/~ —is1]s], Y K,¢G ds
o

+/~ ¢ K, [P ds.
C

< lsal#1sl M o 1o Kl e

_ 24y =
+ 075 [b(0, )] / |@,K,C2 |ds
C

For the first term, we get

Re/—isl\swvf_(n 2 ds
o

For the second term, recall that ®,(s) :=c,q nWTH|s|;7*2, (3.3.38), we get:

_ _5
000,10 [ 8056 s 55 000,10 s sl o o
< 50201l gy + 165 e )

For the last term, since (i = 0 except on C \ B® = {so < |s1] < 2s0 < 2|¢|} where
G (51)] S %, and since C'\ B¢ C A€, then

1 2 1 _
AMﬂﬁw—é\Mﬂﬂw<QMmenghmhmy@W%Wﬁm-
Therefore,

1o K132y S sl ] N 2 111 oo K, 2+ 50 b0, )l 1¢ K, I7:

[

50 2000, ) [/ 151 7|2y, + ;ﬂaﬂmqu+mwwmmq
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Since [b(0,7)| < 13, thanks to (3.3.33) and (3.3.35), then for 7 small enough we get
1= 1 1 2
HCSOKUHiQ(C‘) < solllsal2]s| 7HL2(O)|||51‘2§50K77HL2(0) T S_%HslHnHLQ(A

-1 1 a2 _
+ 50 71000, [[[s112 18177 [ oy + N8I 72 )

O <CH )I "

1
HislléésoKnlliz@ = Séllisl\%IS\’”Hm o1l ol ooy + - llst Hall e

Now, by (3.3.50), we get

2
|||Sl|%CSOK77H2L2(C~') S QSOHCSOKnHiz(C*) < 5

2(C)

Then,

OM\H

b(0, )| [[1s112 151 |[2(cy + Sollls] ™ 120

Finally, since |||51\%K,7HL2(C < H|51|%(50K7,||L2(é), we get:

sl ollfay S St + sEllsal 2l ey + solls| 7 Maay— (3351)

Conclusion: Since A = BUC then, by summing the two inequalities (3.3.49) and (3.3.51)
we find:

1 C
13112 263 oy < ZH|51’%KnHi2(A) i s_OHSIvaH;(AC) +C(s5 + ley = 1D[ls112151 7|25
+ CsplllsI ™M Z2ae)

Hence,

1312 520y S H81HHL2 + (56 + leq = IDllstl 217 5oz + solllsI 2 ey
(3.3.52)

where A := {|s1] < 250}. So it remains to estimate |s1Hy HLQ(AC where A := {|s1] = so}.

Estimation of ||51H,,HL2(AC). We have HslHnHLQ(AC) < HslxsoHnHLQ(D), where g, (s1) 1=
X(Sl) with y € C*(R) such that 0 < x <1, x =0 on B(0,1) and x = 1 outside B(0,1)
and where D := {|s1| > 2}. Now, 1ntegrat1ng the equation of H, against slangO and
take the imaginary part, we obtain:

/ ‘81X50H77‘2d82 —Im(/ Qn(Hn)SIaniods) —77_73+21m<b(0,7])/ @nslaniods>
D D D

(3.3.53)
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Let’s start with the second term which is simpler, by (3.3.38) we have,

MRS

n

_ 1 ~
Im@ﬂmué@wdﬂﬁﬂﬁ\s;wmmmmuwm@mamwm@w)
0

1 _ 2
S S_%‘b(0777)’ (”‘8‘ ’YH%Q(D) + H81X50H77HL2(D)> .

For the first term, we will proceed exactly as for EY (first step in the proof of the Propo-
sition 3.3.1). By integration by parts, we write:

_ H,
‘Im/ QW(Hﬁ)SlHnXEOdS = ‘Im/ a <| | )|S’ 'YXSO [XSOH +281HWX;0]dS
D D n
H,
=X 881 — | | ’YXSO ||X50H77||L2(D)+2H81X;OHWHL2D
(D)
sl L2(D)
1 H, 2 2
<30 (B |+ Sl il
sl L2(D) 0
2
S0 H 1 2
Y a ( FYXS + —|s X; H
9 5 |n s | 0 L2(0) SOH 1Xs0 ’7HL2(D)

Now, since x),, = 0 except on: D\ A®:= {3 < [s1] < s} C A where [\ (51)] S %, and
since |H,| < |Ky| + |s|,”7 then,

2 _
0 Holl oy S Wl Bonaey S 1l + sl 2o

1 5 = —
S L (s Bl + sl )

Therefore,
_ H 2 9
'Im/ Qn<H’7)81H77X§0dS < S0 851 <—n’y> ‘S|;7Xso + _2”51X30H77H%2(D)
D S| r2(p)y S0
¢ 12 -
+ (st Byl ey + Nsil2ls o ) (3:3:54)
sg (4) (4)
Let us now deal with the term |0, (| |—w)| 81y " Xso | L2(py: BY an integration by parts, we

can see that:

|7 (s i

2 H,
/[%()n%02m%0"6( )ﬂ”ks
2y |5y sy
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3.3. EXISTENCE OF THE EIGEN-SOLUTION (u(n), M,..,)

Therefore,

H,
Osi | —L ) 18|77 vs
(2]

Re / QT] 7]XSO ds

H _
@(—%)%wm
|57

Re / Q’? nXSOdS

H,
a(Hﬂ)|w%

‘Re / Qn "YXS()dS

+ 2[IX Hyll 22 ()
12(D)

1 2

2

+ 21X Hyll 720y +
L2(D)

Which implies that,

H,
( )|s! ”xs()
|5l

+ 4HXSOH HL2 (D\A¢)

5;anmuwmmmuum + 1 o
0

1 2 _
< 011y + 115

1 1 1o
T (ST R SRR

Thus, injecting this last inequality into (3.3.54) we obtain:

i [ Qo1 ds| € 5 |04 100D s il + i 58
sy + 10T

and going back to (3.3.53), using the fact that |b(0,7)| < 1 by Remark 3.2.19, we get:
Wwﬁwhms?Wwﬂme+Wﬂng%WMMWWQMHWWMWJ

Finally, for sy large enough, the term S%HleSOHnH%Q( p) is absorbed and we obtain thanks
0

to the inequality ||s;H, ||L2 A0) ||31X50Hn||%2(/3):

o1l S 5 (Mosl ol g+ NsslHsl g + I ). (3359

Now, by injecting the inequality (3.3.55) into (3.3.52), we get:

1
st Koy < ©(Glsal Bl + sl 1517 sy + 8011y )
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Where we used the fact that A C D and |¢, — 1| < 1 by Remark 3.3.9. Finally, for
so large enough, the norm |||31|%Kn||iQ(A) which appears in the right hand side of the
previous inequality is absorbed, from where:

a2 20 2oy S s6llsal 21817 gy + sillsl ™ [faae S 1 (3.3.56)

since for v €]¢, F2: |s1]2]s| 7 € L2(A) and |s|™ € L(A°). From the inequality (3.3.55)

we deduce that H|81‘2KWHL2(A) < 1 implies that HslHnHLQ(AC) < 1. Thus we obtain
(3.3.45).

2. Recall that K, := H, — cpls|, " satisfies the orthogonality condition (3.2.5) of Hardy-
Poincaré inequality (3.2.4) and that Ime, = 0. It follows that, Imf(77 = ImK, = ImH,,

so by (3.2.4), we get on the one hand
1% 2
e o], = |7 G ) ]
B 2
On the other hand,

K P - : o E _af2 -
HVS( T’7>\s|nV :/ Qn(Kn)Knds:Re(—l/ sl|s\n7Knds)—n 3 b(O,n)/ P, K, ds.
‘8‘77 2 R4 R R4

We have: b(0,7 fRd o, K ds > 0. Indeed, by performing the change of variable s = 7731}

2 2

K,

|5|n

N’Y7d

H ImH,
2

|3|17

” ImK

|5|n

~X
L2(A L2(A)

we obtain:

/ P, K,ds = n%d / d Ny, dv = nWTMb(O,n).
R4 R4

Now, since Re( — z/ sl\s]nﬂ_(nds) = / s1|sl,"ImK;,ds, then we write:
Rd Rd
K 2
v, (—) s
H |sln” "l

Therefore,

< / |s1]s, " Tm I, |ds
R4

_ / 1], |ds + / 51l TmH, |ds (3.3.57)
A Ac

2

|7 ()

It remains to estimate the norm |[s;H,||12(a¢). Recall that D := {|si| > 32}. We start by
estimating ||s1Xs,Hyll22(p)

HS1|5|1_’Y||L2(A) sl 12(A)

SlHn”LQ(AC)' (3358)

_1 1 _
+ So 2H|81|§|$| ’YHLQ Ac)
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We have; as before; the two equalities:

/ ‘51X50Hn‘2d3: —Im(/ Qn(Hn)slﬁnxiOds) —nwaﬁlm<b(0,n)/ @nslﬁnxgods>
D D D
d

H _ _
= ’Im/ 8 < )Xsol ‘ [XSOHH+251HTIXISO}dS
D

|sly”

Y XU AERE
D

The term on the right in the first equality is treated in the same way as before and we
have:

2

n

_ _5
Im (b(o, g /D (I)"SIangodS) ‘ < s 2 1000 [131121815 | o o 5150 Hll

_5
< 80 2[0(0, 1) <H|51|§|3|;7HQL?(D) + HlesoHnH;(D))
(3.3.59)

For the left term in the first equality we write:

H _ _
’Im/ 0s <‘ ‘ )Xsol | [XSOHW + 231H77X;o}d8
D n

_ H
zwzhm/xmm@( )MJ|
D |3|n

_ H,
Ig = 'Im/ SIXSOHnas1( )| ’ ’YXsOdS
D

sy

(rrﬂ)X%”'y
H
V(H >”W
1 H
g_ SH 22 o
Q%OMXlowﬁwV(Hn>H
H
Oy (—)|s| v
o

1 H,
< - (ool + |9 (5 )l

|5l

<I7+ 13,

where

and

Then we write

I? < ||X80H77||L2(D)

L2(D)

1
< —[s1Xso Hyll22(D)
50

3, (3.3.60)

2

and

13 < 81 X0 Hyll 22(0) X, | o (VA€

L*(D)

7. (3.3.61)

2
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Hence, by the inequalities (3 3.59), (3.3. 60) and (3.3.61) to estimate ||=5‘1X80H77||%2(D)7 and
by inequality (3.3.58) | - W) 8‘;7“2, we get:

ImK. 0

_3
+50° H|81|%|8|_7HL2(AC) s1Hy| 12 (a¢)

L2(4)

1
51 Xs0 HyllZ2(p) 5 ||51| | _WHLQ

[l

i Hull + 55 0001 (1 21 g, + st il )

1 1 1 a2
+ S_HSIXSOHWH%Q(D) + 3_/2|||31|2 s 7HL2(D)'

1
S T P e :
0

Hence, for sy large enough and since ||51H,,||%2(Ac) < |IsiXso Hall72 ()

ImH

51 Hy 2240, —||51\ Py + 50 sl sl | (3:3.62)

L2(A)

So, going back to (3.3.58) and using inequality ab < Ca? + 2, we get:

407
2
K,
<ol (g )
12(4) sl

Thus, by (3.3.62) we obtain

2 1 ¢\ |/ImH, |’ T 112 12
L2(A)< (Z+S_3)H IS\nn L2(A)+C/<||Sl|8| llzzgay + Illsal=1s 7HH(D))'

ImH, _
| < + il g

? _ 1HImH,7 ?
|s]y

2 s, L2(A)

C 12 C 5
+ 5 [[ls1121sl 7HL2<D)+2_30||8115fn||L2(Ac)

H ImH,

|3|n

Finally, for splarge enough

ImH, ||”
H i N Hsﬂs!l”Hig(A) + Hlsllélsl_VHiQ(D) < 1. (3.3.63)

|3‘77

L2(4)

By (3.3.62), it follows that |s1H,]3, 2(a¢) S 1. Note that for y €], 2 we have:
safslylsl,” < sils|'™ € L(A) and |si[2|sl,” < [saf2]s| 7" € L*(4°).

Hence the inequality (3.3.46) holds. O
The third Lemma contains some complementary estimates on the rescaled solution.

Lemma 3.3.10 (Complementary estimates). For all n € [0,m] and for all v € (£, 42),

()
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the following estimate holds

H, _Cn| | 7
||

<1. (3.3.64)

N’Y, ~

L2(RY)

" L2(R9)
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The last one gives the formula of the diffusion coefficient.

Lemma 3.3.11. We have the following limit:

lim in'~ / v Mo, (v) M (v)dv = —2/ / s1|s| 7" ImHy(s)ds, (3.3.65)
0 {ln[>R} 0 Jrist

where Hy is the unique solution to (3.3.41) satisfying the conditions (3.3.42).

Proof of Lemma 3.3.10. We have by the Hardy-Poincaré inequality and the inequality

(3.3.57):
o <[P

< [ lsllsl, i s
Rd

_ / [su]1s];7 [TmH, |ds +/ su]1s];7 [TmH, |ds.
{Is1l<s0} {Is1|>s0}

Case 1: 7 € (% i) By Cauchy-Schwarz and inequality (3.3.45) of Lemma 3.3.8 we
get:

H, — Cn||7 2

Ay

sl L2(R7)

/ ’81‘S| ’Y|ImH |d$ H|$1| ’ |77 HLQ({|31\<50} H|$1’%ImH77HL2({\sl|gso}) 51
{ls1]<s0}

and
/ [s1lls], " [TmHy|ds < IIs sly” HLQ({|31\>50} || s1H, ||L2({\sl|>so})
{Is1l>s0}
Case 2: v € (41, 24) Similarly, by Cauchy-Schwarz and inequality (3.3.46) we get:
ImH,
/ |Sl|| | 7|III1H ‘ds H81| |1 ||L2({\81|<80} HTH 51
{Is1]<s0} Sl N2 ({lsi1<s0})
and
/ |s1l[s],, " [TmHy|ds < H’ sl,” HLQ({|31\>50} HslH ||L2({\sl|>so})
{Is1=s0}
This completes the proof of the Lemma. U

Proof of Lemma 3.3.11.
First of all, since M, (—vy,v") = My, (v1,v") and M(—vy,v") = M(vy,v') for all v; € R
and for all v € R, thus

i/ v Mo, (v) M (v)dv = —2/ vIm M, (v) M (v)do.
{lv1|=R} {vi=R}
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Then, in order to compute the limit

d+1—2y d+1—2y

lim in— 3 / v My, (v)M(v)dv = —2lim n~ 3 / viIm M, (v) M (v)dv,
{lo1[>R} {vi=R}

n—0 n—0
we proceed to a change of variable v = n_%s, which means that we compute

lim s1ls|, "TmH, (s)ds.
=0 Sty T

For that purpose, we use the weak-strong convergence in the Hilbert space L?(R, x R¢1).
The estimates of Lemma 3.3.8 imply that the sequence H, defined by

1
( SfImHn(S), S (%17 %]’O <81 < S0,
Hy(s) := q |s] ' TmH,(s), v € (HL 4 0 < 51 < s,
( siImH,(s) forall ~ € (4, 22)and s; > so,

is bounded in L*(R?), uniformly with respect to 1, which implies that H, converges weakly
in L?(R%), up to a subsequence. Let’s identify this limit that we denote by Hy € L?(R%).
We have on the one hand, H, converges to Hy in D'(R?\ {0}). Indeed, recall that H,
satisfies the equation

{—A5+7(7_d+2)

|s|2 ﬂli@HMﬂ—nJ?MQméﬁg

s[5

wlro

+ isl} H,(s) =n
Let ¢ € D(R?\ {0}). Then, by integrating the previous equation against ¢, we obtain:

/ YOED Gy, (s)ds
R4\ {0}

[l

win

/Rd\{o} {— Ag + M + isl} o(s)H,(s)ds =

[

24y

—n~ 73 b(0,n) /Rd\{o} P, (s)p(s)ds.

Thanks to the uniform bound (3.3.64) and since ®,,(s) < ns |s|7277 and b(0,7) — 0 then,
passing to the limit when 7 goes to 0 in the last equality, we obtain that H, converges to
Hy in D'(R?\ {0}), solution to the equation

—d+2
|: — AS + % + i81:| Ho(S) = 0 (3366)
s
Moreover, for all v € (4, 4%), the function H, satisfies the estimate

+ s Hyll 2 (ganjzs0p) S 1,

HHn — cylsly”
L2({]s1[<s0})

‘5|77
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thanks to the inequality (3.3.64) and the first point of Lemma 3.3.8 for v € (£, 1], and

thanks to the second point of Lemma 3.3.8 for v € (4!, 44). Therefore H, satisfies the
estimate Hy— |5
— |s -
‘ - = + lls1Holl L2({js1 2501 S 1-
5 L2({]s1]<50)

Now, [|s1 Hol| 2({js: 250y S 1 implies that Ho € L2({[sa| > 1}) and || Rgb=]] L 0
implies that Hy(s) ~ |s| 77, a different behaviour near zero would make the latter norm

infinite. These two conditions imply that Hy is the unique solution of the equation (3.3.66).
Thanks to the uniqueness of this limit, the whole sequence H, converges weakly to

1
[ s2ImH,(s), v e (4,410 < 51 < s,
Ho(s) == q |s|""mHy(s), v e (HL H) 0 < 51 < s,
( silmHy(s) for all vy € (4,44) and s > so.

27 2

Finally, we conclude by passing to the limit in the scalar product (H,, I,,), where |,, definded
by

r 1
st lsl,?, v e (4,40 < |s1] < so,
|77 = $1|S|7177’Y’ Y € (%a %)a 0< 51 < 50,
\ |S|77’Y7 Y S (%l7 dT4)7 S1 2 S0,

converges strongly in L?(R; x R% 1) to

1
(sflsl 7. v e (5B 0<s <50,
o= 9 sifs['77, v e (HE H), 0< s < s,
\ ‘S‘_W7 Y € (%la %)7 51 2 S0-
Hence the limit (3.3.65) holds true. O

Proof of Proposition 3.3.5. By doing an expansion in A for B and by Proposition 3.3.4,
we get

B, n) =n75b(A\,n) = n756(0,n) + A [ Mo, Mdv+ O(\?).

R4
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Then, for A = A(n) and since B(A(5),n) = 0, we obtain:

i) =—n-§b<o,n>( Mo,nMdv) +o(irb(0, ).

Rd

which implies that

-1
n‘“u(n)=n3‘°‘A(n)=—n‘“b(0,n)( MOWMdU) :

Rd

By (3.3.34) and (3.3.65),

lim [ My, (v)M(v)dv = |M|; = C’ﬂ_2

n—0 R4
and

lim n=*b(0,7n) = 20;/ / s1|s| 7 ImHy(s)ds'ds;
n—0 0 Rd—1

respectively. Hence, lin%n_au(n) = k. For n € [—ny, 0], the symmetry u(n) = f(—n) holds
n—

by complex conjugation on the equation. So it remains to prove the positivity of k. By

integrating the equation of M, := Mj against M, we obtain:

L(5)

Now, taking the real part and using the equality p(n)||M,|5 = rn*(1 + o(n®)) we get:

ol (5e)

Therefore, multiplying this last equality by 1~

H
()
R4 el

|s],%7ds = k(14 0,(1)).
Thus, k > 0. If Kk = 0 then,
2
|s|727ds < lim inf/

H
e ()
Rd || R |s|n

Therefore, Hy = |s|~7. Which leads to a contradiction since Hj is solution to equation

(mm

2
M2dv+in/ vlanIZdvzu(n)/ | M, |*dv.
Rd R4

M?dv = kn®(1+ o(n®)). (3.3.67)

® and performing the change of variable

1 .
v =135 we obtain:

2

2
]s|;27ds = 0.

(3.3.41). Hence, the proof of Proposition 3.3.5 is complete. 0

Proof of Theorem 3.1.1. The existence of the eigen-solution (u(n), M,) is given by Proposi-
tion 3.3.4. The limit (4.1.6) follows from inequality (3.3.1) for [\ = |A\(n)| < ny — 0,
n—
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thanks to (3.3.39), with the limit (3.2.21) obtained by Theorem 3.2.18. Finally, the second
point of Theorem 3.1.1 is given by Proposition 3.3.5.

3.4 Derivation of the fractional diffusion equation

The goal of this section is to prove Theorem 3.1.2. The proof was taken from Section 3
in [LP19] and adapted for the dimension d.
(RY) and Y2 (R?*):

Let’s start by defining the two weighted L? spaces, L},,_,

P
.,

(R := {f R? — R, / IfIP F'7P dv < oo} and YE(R*):= LP(R?, L%, ,(R%)).

Recall that our goal is to show that the solution f¢ of the Fokker-Planck equation (3.1.3)
converges; weakly star in L ([0, 7], L%_,(R?)); towards p(t,z)F(v) when e goes to 0,
where p is the solution of the following fractional diffusion equation:

B—d+2

op + k(—A) p=0, p0,2)= [ fodv. (3.4.1)

Rd
Remark 3.4.1. Note that we will work with the Fourier transform of p and we will prove
that p(t,&) = [ e *p(t, x)dx satisfies

5 =0. (3.4.2)

3.4.1 A priori estimates
We start by recalling the following compactness lemma:

Lemma 3.4.2 ([LP19, NP15|). For initial datum fy € YE(R??) where p > 2 and a positive
time T'.

1. The solution f¢ of (3.1.3) is bounded in L>([0,T]; YE(R?)) uniformly with respect
to € since it satisfies

fe p—2
B P J p
| f (T)||Y£ / /R?d < ) 7 F dvdzdt < ||f0||Y§,. (3.4.3)
2. The density p*(t,x) fRd f¢ dv is such that
loF @17 < 52"Vl follypgaey  Sorall ¢ €[0,T]. (3.4.4)

3. Up to a subsequence, the density p° converges weakly star in LOO([O, TY; LP(Rd)) to p.

4. Up to a subsequence, the sequence f¢ converges weakly star in LOO([O, T, Y}’(RQd)) to
the function f = p(t,z)F(v).
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As a consequence, we have the following estimate:

v

Corollary 3.4.3 ([LP19]). Let F = C3M? with M = (1+v]*)"2 and § = 2y € (d, d+4).
Let f¢ solution to (3.1.3) with 0(¢c) = 5. Assume that | fo/Flleo < C. Then g° =
fEF_% satisfies the following estimate

y—d+2

T 227711 y—
/ / ( ‘ga — pEF% ‘Zdv> dsdz < e’ al (3.4.5)
0o Jrd \Jrd

Proof. Recall the Nash type inequality [CGGR10, RW01, BBCGO§|: for any h such that
/hde = 0, we have

ﬁ
/ R*Fdv < C ( \vvhdev) (|h|2) 7= . (3.4.6)
R4 R4

Define h = °F 2 —p° = f —p° and define o = 21=942 d+2 . Observe that from HfHLp (R2d) =

||;||L% and Lemma 3.4.2, formula (3.4.3), we have
1ol 2o :ph_{(rjo 1hollze, _ reay = plggo [Bllze, @2ay = (Al -

Thus by Lemma 3.4.2, formula (3.4.3) taking p = 2, we get

2'y d+2

T R
/ / ( ygf—pEF%Pdv) dzds = / / ( / hZde) dzds
0 JRd \JRd Rre \JRd
C/ / </ |V,h)| de) (IR]|%) 72 dzds
Rd
<o [(L(5)

F dv) dads < Ce®

O

3.4.2 Weak limit and proof of Theorem 3.1.2

By solving equation (3.1.8), we write
g(t.&v) = e"Og(0,€,0),
which gives going back to the rescaled space variable x
1 .
(tx,v) = —— Tt G5 (t, €, v) dE.
Fltrn) = o [ 6 g

Our purpose is to pass to the limit when ¢ — 0.
Recall that fe(t,z,v) > 0 and [ f*(t,z,v)dzdv = [ fo(x,v)dzdov for all ¢ > 0.
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Let p°(t,&) = [e™€p(¢t,z)dx be the Fourier transform in z of p* = [ fedv = fng%dv.

Proposition 3.4.4. For all £ € RY, (°(-,€) converges to p(-,€), unique solution to the
ode

Op+ KE[*p=0, py= d fodv . (3.4.7)
R

Proof. Let € € R? and let M,, be the unique solution in L?*(R?, C) of £, (M,) = u(n)M,
given in Theorem 3.1.1. One has

g (t, & v )Mndv = /@g M,dv = — /E M dv
- -/%c<> el [ 5706 )My

Therefore one has, with Fe(t,z) = Cy [ ¢°(t, z,v) M,dv,

dt

Fe(t,€) = et "rEIEN F2(0,€), Vit > 0. (3.4.8)

By Theorem 3.1.1, we have e *pu(el¢|) — k|€|*. Moreover, the following limit holds true:

WERY 0.6 = Cp [ 5(0.60)Mdv > n(©) (3.4.9)

The verification of (3.4.9) is easy. One has §°(0,v,€) = fo(v,&)F~2(v) = gg%fﬁ> and

M, — M in L*(R?) thanks to (4.1.6). Thus, (3.4.9) holds true by Cauchy-Schwarz

inequality by writing:
2 3
s [ #0.6omtyto = )] < o [ Bao) ([ 13, - arpav)”
VEERY, O /QE(t,g,v)Mndv — p(t,€) in D'(]0, co[xRY). (3.4.10)

=

It remains to verify

By (3.4.8) and (3.4.9), for all ¢ € R? and ¢ > 0, one has hH(l] Fe(t,€) = e ™" po (), thus
E—>

(3.4.10) will be consequence of the weaker
Cg/gs(t,x,v)]\/[ndv — p(t,z) in D'(]0,00[xR?) . (3.4.11)
Let us now verify (3.4.11). For that purpose, we write
Cjs /gaMndv —p=0Cj /(g8 — paF%)Mndv + p° /(C’f;]\f77 — F%)F%dv +p —p.

By using (3.4.5) and the first point of Theorem 3.1.1, the limit (4.1.6), we pass to the
limit. The proof of Proposition 3.4.4 is complete. 0
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Proof of Theorem 3.1.2. From the two last items in Lemma 3.4.2, we have just to prove
that for any given &, the Fourier transform p(t, ) of the weak limit p(¢,y), is solution of
the equation (3.4.2), which is precisely Proposition 3.4.4. O
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CHAPTER 4

Fractional diffusion for Fokker-Planck equation with drift

Résumé

Dans ce petit chapitre, nous allons étendre les résultats des deux derniers chapitres aux
équilibres plus généraux, n’ayant pas forcément une formule explicite telle que F'(v) =
C§<v>_5 , et ne satisfaisants pas I’hypothése de symétrie. On montre que sous certaines
hypothéses sur le comportement de F' a l'infini ainsi que le potentiel W, nous obtenons
que la densité tend vers une solution de 1’équation de la diffusion fractionnaire avec ou
sans drift, selon la décroissance de F. Ceci nous permet de montrer rigoureusement les
résultats mentionnés dans [BM22, Section 9] “Remarks and extensions”.

Abstract

In this short chapter, we extend the results of the last two chapters to more general
equilibria, not necessarily having an explicit formula such as F(v) = C’é(v}‘ﬁ , and not
satisfying the symmetry assumption. We show that under some assumptions on the
behavior of F' at infinity and the potential W, we obtain that the density tends to a
solution of the fractional diffusion equation with or without drift, depending on the decay
of F. This allows us to rigorously show the results mentioned in [BM22, Section 9|
“Remarks and extensions”.
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4.1 Introduction

The proof of Theorems 3.1.1 and 3.1.2 presented in the previous chapter, allows us to
tackle the case of a more general equilibrium, since we didn’t use the fact that F' (or M)
was given explicitly, but rather used the decomposition of the potential W into two parts
(its tail for high speeds and the remainder which is of lower order) to show the existence
of solutions for the penalized equation, and the symmetry of the equilibrium, in order to
use the Hardy-Poincaré inequality to establish some estimates.

The proofs in this chapter are identical to those in the previous one. We only give the
results obtained and the changes needed to be made.

4.1.1 Notations and assumptions on equilibrium

Let 8 > d+ 1. We denote by jr the vector

JF ::/ vF(v) do,
R4
and by 7; the scalar
J1= / v F(v) do.
Rd
Let f¢ be the solution of the Fokker-Planck equation

0(€)Ofe +ev-Vofs =V, (FV, (L)), zeR,veR,t>0,
(4.1.1)
f8(07x7v):f0(xav)a l’eRd,UERd.

We denote by f. the function defined by
f&(t7 x, U) = fa(ta Tr— gl_atha U)a
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solution to the following equation:

0(c)0,f. +e(v — jp) - Vaofe =V, - <FVU (%)) (4.1.2)
Finally, we denote by j. the function pj.(¢,z) := p°(t,x — e'~*jpt). Note that we also
keep the same notations introduced in the two previous chapters (M := F %, ...). Thus,

for the change of unknown ¢ = %, the function g. satisfies the following equation for F'

smooth:
9(5)atg6 + 5(” - jF) : vw.&e - Avge - W<U)§67
with AM
W(/U) = 7

Assumptions 4.1.1.

(A1) Assume that there exists an equilibrium F such that F(v) > 0 for all v € R? and
there exists S > d and a constant C'z such that:
Cs

~Y
[v]—o00 |U|’B

and / Fw)dv= | M?*(v)dv = 1. (4.1.3)

Here, Cs is a constant of normalization.

(A2) Concerning the potential W, we assume that there exists a constant o € (0, 2y—d+2)

such that g4 .
0<ww)—20=4+2) = 0(—), (4.1.4)
V|—00

|U’2 ”U|2+U

where v := g

The assumptions on the behavior of W is recovered by the assumption (A2) above.
Concerning the non-symmetry of the equilibrium, it is treated as follows: in order to use
Hardy’s inequality, we add and subtract a term corresponding to the projection of the
function M,,,, on M in the space L? endowed with measure %. The term that is added
is used in the inequality and appears in the approximation of the eigenvalue, while the
other term is put in the equation. So that amounts to making a kind of correction on the
equation, which gives exactly the drift term jr for § > d+ 1. This last term is dominated

when € (d,d + 1) and does not appear in the equation. Observe that f = d + 1

is the absolute convergence threshold of the integral j; = / vy M?(v)dv defining the
d

R
macroscopic drift.

4.1.2 Main results

Assume (A1) and (A2). Let’s start with the spectral problem:
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Theorem 4.1.2 (Eigen-solution for the Fokker-Planck operator/with drift). Assume that
d < p <d+4 with B # d+1. Letny > 0 and Ay > 0 small enough. Then, for alln € [0,n],
there exists a unique eigen-couple (pu(n), M) in {p € C,|u| < n3 Ao} x LA(R%, C), solution
to the spectral problem

Ly(M,)(v) = [ = Ay + W(v) +inu | M, (v) = pM,,(v), veR (4.1.5)

Moreover,
1. The following convergence in the Sobolev space H*(R?) holds:

[y = M| 1 gy v a (4.1.6)
2. The eigenvalue (1(n) satisfies
o Forpe(d,d+1):
B—d+2 B—d+2
pn)=rkn s (1+0(n = )), (4.1.7)
o Forpe(d+1,d+4):
L B—d+2 B—d+2
p(n)—injr=ry 5 (14+0(m = )), (4.1.8)
where Kk is a positive constant given by
[ sl ds for € (4,421),
{|s1|>0}
k= (4.1.9)

i / si1s| [ Ho(s) — [s| 7] ds,  for v € (451, d454),
{Is1|>0}

and where Hy is the unique solution of equation (3.1.13) satisfying (3.1.14).
As a consequence of this result, we have the following Diffusion Limit Theorem:

Theorem 4.1.3 (Fractional diffusion limit for the Fokker-Planck equation/with drift).
Assume that d < 8 < d+ 4 with B # d+ 1. Assume that fo € L%, (R*!) N LY, (R*)
is a positive function. Let f€ be the solution of (4.1.1) in Y, with initial data fo with
O(e) =% and a := #. Let k be the constant defined in (4.1.9). Then,

1. For B € (d,d + 1), the sequence f¢ converges weakly star in LO"([O,T]; L%_l(RQd))
towards p(t, z)F(v) where p is solution to the equation

op+r(=AN)zp=0, p0,2)= [ fodv. (4.1.10)
R4

2. For B € (d+1,d+4), the sequence f. converges weakly star in L= ([0, T); L2, (R*®))
to p(t,x)F(v) where p is solution of equation (4.1.10).
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Remark 4.1.4. In the case of a symmetric equilibrium, we indeed recover the results of
the previous chapter, since j; =0, jrp = Ora and Hj realizes the symmetry

Hy(—s1,8) = Hy(s1,5), V(s1,s") € R x R,

Remark 4.1.5. The hypothesis g # d+ 1 is technical. It avoids to introduce logarithmic
terms in the expression of u(n).

4.2 Existence of the eigen-solution

Let us recall the procedure of the proof of Theorem 4.1.2. It is done in three steps: The
first consists in showing the existence of a unique solution for the penalized equation. In
the second step, we improve the functional space in which the solution M, belongs by
establishing some L? estimates. Finally, these estimates are used to study the additive
term in the penalized equation and show the existence of a function p = p(n) such that
the additive term disappears.

4.2.1 Existence of solution for the penalized equation

Under Assumption (A2), all the proofs in Section 3.2 remain unchanged as well as the
existence of solutions for the penalized equation and we have:

Theorem 4.2.1. There is a unique function My, in Hy (defined in (3.2.2)) solution to
the penalized equation

[—A, + W (v) + inuy — M5 | My, (v) = b(A, p)®(v), veR? (4.2.1)
where b(A,n) := (Ny,, ®) with Ny, := My, — M. Moreover,
1NAw o = M = Ml —2 0. (4.2.2)

Recall that ® is given by ®(v) := cmd%, where ¢, 4 is a constant such that (M, ®) 2 = 1.

4.2.2 [L? estimates and eigenvalue
There are no changes in this subsection. We have the following two Propositions:

Proposition 4.2.2. Let 9 > 0 and \g > 0 small enough. Let M), be the solution of the
penalised equation (4.2.1). Then, for all n € [0,m0] and for all A € C such that |A| < Ao,
one has

1. For all v > g, the function M), is uniformly bounded, with respect to X and n, in
L3R4, C). Moreover, the following estimate holds

INsallZ2 ey = 1 Mam = M 72ay S 1A+ v (4.2.3)
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where v,, — 0.
n—0

2. For all v > %, the function |U1|%M)\7n 1s uniformly bounded, with respect to A and

n, in L*(R%,C).
The second is on the existence of the eigenvalue:

Proposition 4.2.3. Define

BO\m) =17 3b(\, ).
There exists 7o, Ao > 0 small enough, a function X : {|n| < 7o} — {|A| < Ao} such that,
for all (A, n) € [0,70[x{|\| < Ao}, A = A(n) and the constraint is satisfied:

B(\,n) = B(A(n),n) = 0.

Consequently, u(n) = n%S\(n) is the eigenvalue associated to the eigenfunction M, :=
Mf\(n),n for the operator L,, and the couple (,u(n), Mn) 1$ solution to the spectral problem
(4.1.5).

This last Proposition gives the first part of Theorem 4.1.2. The second part consists in
studying the behavior of u(n) for n small enough.

4.2.3 Approximation of the eignenvalue

It is in this phase that the symmetry of equilibrium plays an important role.

Proposition 4.2.4. Let § =2y € (d,d+ 4) and let a := w. Then, the eigenvalue
w(n) associated with the solution of the problem (4.1.5) satisfies (4.1.7) for B € (d,d+ 1)
and (4.1.8) for p € (d+1,d+ 4).

The proof of this Proposition relies on a series of Lemmas. Let us first recall some
notations used in the previous chapter and then give the necessary changes. The function
H,,, is the rescaled of the function M, defined by

_a _1
Hy(s) :=n"3 Moy(n 3s).
We denote by m,, the rescaled equilibrium M
my(s) =03 M(n75s).
Also, the constant ¢, is defined by

n
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so that it ensures the orthogonality condition in the Hardy-Poincaré inequality

[ Wanlt) = M@IMO) o, _ [ le) momalolimats) g, _

(v)? [

Finally, the expression of b(0,7) is given by

b(0,n) == (Mo, — M, ®) = —in /Rd v My, (v) M (v) do.

Recall that ¢, = 1 when n — 0, for all v > g. Moreover, thanks to the second point of

d+1

Proposition 4.2.2, for v > we get

ey — 1| = ¢S glb(0,n) S 0. (4.2.4)

The proof of the following two Lemmas does not change.

Lemma 4.2.5 (Large velocities). Let sg > 0 be fized, large enough. We have the following
estimates, uniform with respect to n, for the rescaled solution:

1. For all v € (£,41Y), one has

d
27
1
H|51|2 77)HL2({|S1|<50} + Hsl( mn)”L2 ({Is11Zs0}) ~ S L (4'2'5>

2. For all v € (H2, &), one has

+ Is1(Hy — my) | 2(gsyzs0p) S 1- (4.2.6)

HHn — My
L2({]s1]<s0})

Lemma 4.2.6. For alln € [0,1] and for all v € (2, 52), the following estimate holds

Vs, (ﬂ>m77
My

Concerning the passage to the limit, the impact of the non-symmetry comes into play,

<1 (4.2.7)
12(RY)

Sv,d

H H, —c¢,m,
L2(R4)

and we have the first result on the small velocities:

Lemma 4.2.7 (Small velocities). 1. For all v € (4, %), one has

lim n'~ / v1 Mo, (v) M (v) dv = 0. (4.2.8)
=0 {lor|<R}
2. For all v € (42, E4) | one has the estimate

Mo,n(v)<—>ch(v> 2dv <, (4.2.9)
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and the limit

n—0

lim 771_0‘/ v1[ Mo, (v) — M(v)|M(v) dv = 0. (4.2.10)
{lo1[<R}

dily.

Proof. 1. For this point, the proof does not change and we write for v € (%l, 5

11—«

Ui

[ Mo ()M ) de] < Ryt~ Mo 1012 — 0,

{lo1|<R} =0

since 1 —a = 421 > 0 for all v < 4L

2. The inequality of the second point follows from the Hardy-Poincaré inequality, see

proof of Lemma 3.3.7. For the limit (4.2.10), an additional term comes into play to use

d+1

inequality (4.2.9), but it is a factor of |c, — 1| which is smaller than 7 for v > ==:

‘ /{|”1|<R} v1[Moy(v) = M(0)|M (v)dv

< ‘ /{ o) — M@ )

+ lep, — 1 / v M?(v)dv
{lv1|<R}
Mo — C M
< || (v) M ‘—,n !
| iy W eaqul<ry
1
+ len — 1\H|U1|2MHL2({|U1|<R})

S,

thanks to the first point of this Lemma, inequality (4.2.4) and Proposition 4.2.2. Hence,

i / o1 [ Mo (v) = M) M (0)do| < 1P —s 0,
{Jo1|<R} =0
since 2 — o > 0 for y € (4, 44) O

For the Lemma which gives the coefficient x, the proof requires some modifications.

Lemma 4.2.8. We have the following limats:

1. Forv € (4,4t1);

lim 7]1_“/ v1 Mo, (v)M (v)dv = / s1]s|7 Y Hy(s)ds, (4.2.11)
{lv1[>R} {ls1[>0}

n—0

2. Fory € (4, 44):

lim n*~@ v1 [ Mo, (v) =M (v)|M(v)dv = s1ls| 77 |Ho(s)—|s|77|ds, (4.2.12
n /{|v1|>R}[’() (V)] M (v) /{ 5|77 [Ho(s)—|s|7"]ds, (4.2.12)

n—0 |s1|>0}

where Hy is the unique solution to (3.3.41) satisfying the conditions (3.3.42).
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Proof. First, by performing the change of variable v = 77’%3, we write:

Ula/ v1 Mo, (v) M (v) dv :/ symy(s)H,(s) ds. (4.2.13)

{ls1l>Rn?}

As in the previous chapter, the passage to the limit in the preceding integral is based
on the argument of strong-weak convergence in the Hilbert space L?. Thanks to the
equivalence (4.1.3), we have the convergence of m,(s) to |s|™” when n — 0, and thanks to
the inequalities of Lemmas 4.2.5 and 4.2.6, we have the weak convergence of | s |2 (H,—m,)
to |s1|2(Hy — |s|™) in L2({|s1] < 1}) and of H, to Hy in L2({|sy| > 1}). Thus, to ensure
the convergence of the integral (4.2.13), we need to subtract the first moment in certain

cases.

1. Let v € (4, 41). We have:

simy(s)Hy(s) ds = s1m(s)[Hy(s) — my(s)] ds

1
{12[s1|>Rn3}

—i—/ simi(s) ds+/ symy(s)H,(s)ds.
{1>[s1|>Rn3} {Is1|>1}

Now, since we have the strong convergence of |s;|2m,, to |si|2]s|™ in L2({|s;] < 1}) and

of my, to |s|™ in L2({|s1| > 1}), and this is true for v € (%, 41). Then, the previous

integrals converge to

/ s1ls| 77 [Ho(s) — |s|7]ds +/ s1|s|27ds +/ s1]s| 7" Ho(s)ds
{1=]s1/>0} {1=[s1[>0} {ls1[=1}

= / s1]s| 7" Ho(s)ds.
{Is1>0}

dil did)
2

5 , we have

2. Similarly for v € (

[ s~ my(o)] ds= [ Symg($)LHy(5) — o)l
{ls1|>Rn3} {

1
12[s1|2Rn3}

+/ slmn(s)Hn(s)ds—/ slmg(s)ds.
{ls1[>1} {ls1[>1}

The same arguments as for the previous point allow us to pass to the limit in order to
obtain:

/ 515 THo(s) — [s|~7]ds + / 51| Ho(s)ds — / 51]5|~2ds
{1>|s1|>0} {Is1|=1} {Is1|=1}

= [ slslla(s) — Is| s
{ls1[>0}
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Remark 4.2.9. Note that for v > 21 we have f\51|>1 s1|s|727ds = 0, but the integral of
s1]s|7%" is not well-defined on {]s;] < }

With all these Lemmas, the rest of the proof of Proposition 4.2.4 is identical to that of
Chapter 3.

4.3 Derivation of the fractional diffusion equation with
drift

For the diffusion limit, the convergence of fe and p., up to subsequences, is ensured thanks
to the following complementary estimates:

Lemma 4.3.1. Let 8 > d + 1. For an initial datum f, € YE(R?*) where p > 2, and for
a time T > 0, we have the following estimates:

1. The solution f- of (4.1.2) is bounded in L= ([0, T]; YA(R?*)) uniformly with respect

to €. Moreover,

Eml,+ 2222 ] e,
1P ey = 10" DN o zay < Cllfollypaay  for all ¢ €10, T).

p—2

1E P qodedr < 112
F

F

2. The density p° satisfies:

3. Suppose that || fo/F ||« < C. Then,

B*d —d42
/ / ( = pEF‘ZdU> dedt < Ce™ 5.
R4 R4

The proof of this Lemma is identical to that of Lemma 3.4.2.

Proof of Theorem 4.1.3. For € (d,d+ 1), the proof given in Section 3.4 does not change.
For B € (d + 1,d + 4), we define the function h.(t,z,v) := ¢°(t,x — '"%jp,v) which
satisfies the equation

e%0the + (v — jp) - Vihe = Q(he).

In Fourier (in x), one has
he(t €,0) = (. € v)e "<,
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Thus, by integrating the equation of h. against M,, we obtain

% he(t,€,0)M, dv = /E),JALaMn dv = —¢7¢ /[En(ﬁa) — injihe] M, dv
= —© / hel Ly (M,) — inji M,) dv
= =) ~ ingi) [ (e, €.0), do.
By the second item of Theorem 4.1.2,
e [uln) = mjr] — slE*

The rest of the proof is analogous to the case 5 € (d,d + 1).
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CHAPTER D

Gevrey regularity and analyticity for the solutions of the
Vlasov-Navier-Stokes system

Ce chapitre fait I'objet du papier [Dec23].
Résumé

Dans ce chapitre, nous prouvons la propagation de la régularité %—Gevrey (s € (0,1)) et
de lanalyticité (s = 1) pour le systéme de Vlasov-Navier-Stokes sur T¢ x R? (ou R x R%)
en utilisant une méthode d’espace de Fourier en analogie avec les résultats prouvés pour
le systéme d’Euler dans [KV09] et [LO97] et pour le systéme de Vlasov-Poisson dans
[VR21]. Plus précisément, nous donnons des estimations quantitatives pour la croissance
de la norme de i—Gevrey et la décroissance du rayon de régularité pour la solution du
systéme en termes de champ de force V,u, la densité locale p; et le volume du support
de la variable de vitesse de la distribution des particules f. Comme application, nous
obtenons D'existence de solutions i-Gevrey (s € (0,1)) et analytiques (s = 1) pour le
systéme de Vlasov-Navier-Stokes dans T?¢ x R? (ou R? x R?). En particulier, cela implique
I'existence globale de solutions Gevrey (s € (0,1)) dans T? x R? (ou R? x R3).

This chapter is the subject of the paper [Dec23].

Abstract

In this chapter, we prove propagation of £-Gevrey regularity (s € (0,1)) and Analyticity
(s = 1) for the Vlasov-Navier-Stokes system on T¢ x R? (or R? x R?) using a Fourier
space method in analogy to the results proved for the Euler system in [KV09] and [LO97]
and for Vlasov-Poisson system in [VR21]. More precisely, we give quantitative estimates
for the growth of the %—Gevrey norm and decay of the regularity radius for the solution
of the system in terms of the force field V u, the local density py and the volume of the
support in the velocity variable of the distribution of particles f. As an application, we
obtain existence of t-Gevrey (s € (0,1)) and Analytic (s = 1) solutions for the Vlasov-
Navier-Stokes system in T¢ x R? (or R? x RY). In particular, this implies existence of a
unique global Gevrey solutions in T3 x R3.
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5.1 Introduction

5.1.1 Setting of the problem and historical context
In this chapter, we deal with the Vlasov-Navier-Stokes system (VNS):

Ohf+v-Vuf +V, [(u—v)f] = 0, in (0,7) x T? x RY,
. _ - g . d
(VNS) Ou+ (u-Vy)u— Ayu+ Vp Jr—pgu, in (0,T) x Td,
Ve-u = 0, in (0,7) x T
U’(Oa) = Uy, f(Oav) = an
(5.1.1)
where py and j; are the local density and local current respectively:
p = ps(t,z) = fdv and j:=jg(t,x) = / vf dv.
Rd Rd

This system of nonlinear PDEs describes the transport of particles (described by their
density function f) within a homogeneous incompressible fluid (described by its velocity
u and its pressure p). This description corresponds to a regime where the particles volume
fraction is small compared to that of the surrounding fluid. It belongs to the broad family
of flurd-kinetic systems or couplings, which were introduced in the pioneering works of
O’'Rourke [O'R81| and Williams [Wil85] for the description of sprays involving a large
number of particles. We also refer to [Des10| for a general overview on the description of
multiphase flows, as well as to [Rei96]. Among all possible couplings (we refer to the intro-
duction of [GHKM18] or [EHK23] for other examples), the Vlasov-Navier-Stokes system
has been intensively studied because of both its physical relevance and the mathematical
challenges that it offers. It has been for instance shown to provide a good description of
medical aerosols in the upper part of the lung (see e.g. [BGLM15, BM21]). The VNS
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CHAPTER 5. GEVREY REGULARITY FOR THE VLASOV-NAVIER-STOKES SYSTEM

system (5.1.1) is fully coupled: both unknowns f and u depend on each other. This is
due to the Brinkman force (the source term in the fluid equation) and the drag acceler-
ation (the inertial term in the kinetic equation). We refer to [BGLM15] for the physical
justification of these, and to [DGR08, BDGR17, BDGR18, Hill8, HMS17| for the (par-
tial) mathematical derivation of the former. The physical constants are all normalized
in (5.1.1). The VNS system can also be considered with inhomogeneous or compressible
Navier-Stokes equations [CK15, Chol7, CJ22b] and additional terms in kinetic equations
[CKKK?22, CJ22al]. Note that the case of compressible Euler equations for the fluid, cou-
pled to a kinetic equation, has also been investigated [BDOG|.

The study of the VNS system, from a mathematical point of view, has been the topic of
several research papers in the last twenty years and in many directions of research. The
Cauchy theory, addressing the existence of weak global solutions for the VNS system,
has been tackled in dimension 2 and 3 in various domains of space (see for instance
[ABAMB97, Ham98, BDGMO09]), and also allows for more complex physics in the model
(see [BGM17, BMM20]). It mainly consists in obtaining a Leray weak solution for u and
a renormalized weak solution (in the sense of Di-Perna and Lions [DL89]) for f, using
a remarkable energy-dissipation identity that is satisfied by solutions to the system. In
dimension 2, the uniqueness of such solutions has been shown in [HKMMM19]. In [CK15],
Choi and Kwon showed the existence of a unique strong solutions to the inhomogeneous
VNS system in a time interval that depends on the initial data (provided that the initial
data is sufficiently small and regular), and also established an a priori estimate for the
large-time behavior of the solutions to the last system in a spatial periodic domain, i.e.
in T3. This last question, concerning the long-time behavior of (VNS) solutions and
large-scale dynamics, has attracted a lot of attention and has been the subject of several
advances over the last few years. Indeed, it is expected that the cloud of particles aligns
its velocity on that of the fluid,

u(t) — Uoo’ f(t) — poo ® 511:7)007

t—4o00 t——+o0

for some asymptotic velocity v> € R? and profile p>(¢,z). The answer to this question
was obtained first in [HKMM20] for Fujita-Kato type solutions, in the 3d torus case and
in [HK22] in the whole space R?, while the case of a 3d bounded domain (with absorption
boundary conditions for f) and the half-space case are investigated in [EHKM21| and
[Ert21] respectively. Another type of asymptotics has been studied on VNS, we refer to
[HKM21, HI8, Ert22] for more details. It should be noted that the “rigorous” derivation
of the VNS system from an ODE system written at the microscopic scale remains an open
problem. We refer to [DGRO08, Hill8, HMS19, CH20, Hil21, HJ20] for a partial answer.
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In this work, we investigate the propagation of higher regularity for smooth solutions
to the Vlasov-Navier-Stokes system. Our method is based on the notion of Gevrey class
regularity, which is a stronger concept than the C'* regularity. It not only asserts that all
derivatives of the solution are bounded, but also that these bounds depend on the order
of the derivatives in some prescribed way. Gevrey |Gev18| used this notion as a setting
in which to extend Cauchy-Kowalevski existence arguments to classes of functions that
are not necessarily analytic (for a review of the analytic case see, e.g., [Joh82]). In fact,
they are special cases of the quasianalytic classes [Had12]. La Vallée Poussin [LVP"24a|
showed that, among the quasianalytic functions, the Gevrey classes are characterized by
an exponential decay of their Fourier coefficients, see [LO97, Section 2| for a definition
of Gevrey classes and the proof of their characterization by Fourier transformation and
Sobolev spaces (see also [KM60]). An equivalent definition is given in Subsection 5.1.2.
In turn, this characterization has proven useful in investigating different questions for
the solutions of various nonlinear partial differential equations. For example, this notion
played a very important role in the proof of Landau damping in the paper by Bedrossian,
Masmoudi and Mouhot [BMM16], where the authors improved the Mouhot-Villani result
[MV11].

Concerning the question of propagation of higher regularity, more precisely the propa-
gation of Gevrey regularity and Analyticity, has been the subject of several papers since
the seventies. In [FT89], Foias and Temam proved that the solution of the Navier-Stokes
equations (in dimension 2 and 3) is in the Gevrey class for a Sobolev initial data and a
Gevrey source term which does not depend on the solution, with an affine (in time) radius
of regularity. The fact that the source term here is not complicated (since it is indepen-
dent of the solution) plays an important role in this gain of regularity and it allows to take
advantage of the dissipative term. Contrary to this last result, for Euler’s equations, the
radius of analyticity (of regularity in the Gevrey case) decays exponentially in time (and
as long as the quantity fot |Vu(s)||oods, which appears in the exponent, remains finite).
The first result on the Euler system have been derived by Bardos, Benachour and Zerner
(see references [BBZ76, Bar76, Ben76]) who use estimates on the Green function of the
Poisson kernel in the complex plane to describe the region of analyticity. For results on
the local propagation of analyticity see the works by Baouendi and Goulaouic [BG75], Al-
inhac and Metivier [AM85, AMS&6|, and references therein. These results were continued
by the work of Levermore and Oliver [LO97] where they proved the propagation of the
analytic regularity in dimension 2 on T? using a method of Fourier space based on the
notion of Gevrey regularity. However, the analyticity radius decay rate obtained by these
last two authors was exp(—exp(expt)), which is faster than the exp(—expt) obtained by
Bardos, Benachour and Zerner in [BBZ76]. Subsequently, Levermore and Oliver’s result
was improved by Kukavica and Vicol in [KV09] who showed the same rate of decay for
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the analyticity radius obtained in [BBZ76], but using a Fourier space method instead.

Recently, using a Fourier space method in analogy to the results proved for the 2d-Euler
system in [KV09] and [LO97| and applying techniques used in the proof of Landau damp-
ing [BMM16], Velozo Ruiz [VR21| proved the Gevrey regularity propagation for solutions
of the Vlasov-Poisson system, giving a quantitative estimate of the decay in the radius of
regularity (it is an exp(—expt) decrease which was obtained, as for Euler) for the solution
of the system in terms of the force field and the volume of the support in the velocity
variable of the distribution of matter.

In this chapter we address the problem of propagation of Gevrey regularity for the VNS
system on T x R? as long as there exists a Sobolev solution (f,u) for this system. More
precisely, we give quantitative estimates for the growth of the Gevrey norm and decay of
regularity radius for the solution of (5.1.1) in terms of the Sobolev norm which is itself
estimated in terms of the force field ||u|[y1., the local density ||pfl/o and the volume
of the support in the velocity variable of the distribution f. As an application, we show
global existence of Gevrey solutions for the VNS system in T? x R3 for initial modulated
energy small enough, due to the result proved by Han-Kwan, Moussa and Moyano in
[HKMM20]|. Furthermore, the propagation of Gevrey regularity remains true on R% x R?
even if it means replacing the Fourier series by integrals and minor modifications.

5.1.2 Notations, definitions and preliminaries

In order to write the main theorems of the chapter, let introduce the usual Gevrey norms.
In the following, we use the multi-index notations

Ua = U?l . (’Z}d)ad and DZ[ = (16’1)‘“ ce (iad)ad,

where a = (ay,...,0q) E N v e RY npe R and 2 = —1.
We define the usual Fourier coefficient (transformation) of f € L?(T? x R?) by

fr(n) == // e wh=IvN £ (0 v)dado
27'(' Td xRd

~ 1 —ix-k
Uy, = 2y /W ey (z)de.

We denote by (-, -) 2 the scalar product in the Hilbert space L? and we define the Japanese
brackets: (k) := (14 |k[*)Z and (k,n) := (1 + |k[>+ |n|>)? for all k,n € R%.
Finally, we denote the standard Sobolev norm of f in HZ (T x R?) by | f|l, and we

and of u € L*(T?) by
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denote by HY,.,,(T* x R?) (as in [VR21]) the weighted Sobolev space with the norm
150 = D I fll3
o] <M
which can be written, in Fourier variables, as
af 2 o
£ i= 30 32 [ D3 Atk an
<M kezd 7R

Definition 5.1.1. (2-Gevrey Classes in T xR?). A real-valued function f € C*(T%x

R?) is said to be of Gevrey class % with radius of regularity A > 0, Sobolev correction

o > 0 and weight M € N, if for some s € (0, 1], we have f € L*(T¢ x R%) and

113 ors = D [0 fllR s < +o00,

la|l<M
with
[0 1B = IADG o= 3 [ (o) e b D3 oo,
T peza R
and where

A= AF(n) = (k)7

is the Fourier multiplier. We denote by g)""’M’%(Td x R?) the space of functions of this
class.

Definition 5.1.2. (1-Gevrey Classes in T%). A real vector function v € C*(T% RY) is
said to be of Gevrey class % with radius of regularity A > 0 and Sobolev correction o > 0
if, for some s € (0, 1], we have u € L*(T¢) and

a3 s = X ully = A7 w5 = Y (R)*7 20 iy < oo,
kezd
where
Ac=(1d - A,)z.
In Fourier variables, (k)7e*"" =: A2(0) is the Fourier multiplier and 4y, the Fourier

coefficients of u on T?. We denote by g)"”’i(Td) the space of functions of this class.

The transport equation. The Vlasov equation
of+v-Vuf +V,- [(u—v)ﬂ =0

can be rewritten as

Ohf+v-Vof+(u—wv) - V,f—df =0.
For s,t > 0 and (z,v) € T? x R we define (see [HKMM20, Definition 4.1]) the charac-
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teristic curves (X(s,t,x,v),V (s,t,x,v)) as the solutions to the system of ODEs

d
gX(s,t,a:,v) = V(s t,z,0), X(t, t,x,v) ==z,
(5.1.2)
diV(s,t,x,v) = u(s, X(s,t,z,v)) — V(s,t,x,v), Vit t,z,v) =wv.
s

By the method of characteristics, for a smooth vector field u, we can write the solution f
to the Vlasov equation as

ft,z,v) = e fo(X(0,t,2,v),V(0,t,z,v)). (5.1.3)
As a consequence, for almost all ¢ > 0,
1 ()| oo ey < Nl foll oo raxmeye™.

It is clear thanks to (5.1.3) that if fy has a compact support, then f(¢,-,-) will also have
a compact support for all £. We denote

Xoo(t) :==sup {|z| : 3 (z,v) € T? x R? such that f(t,z,v) > 0}.

In other words,
suppf(t,-,-) € T¢ x B(O, Voo(t)).

Note that, under this notations, we can write
1f O ag00 < VRO ]loo < V@) folloe™ (5.1.4)

Notation: We denote by VM (t) the quantity
V() = VM) foll ™. (5.1.5)

On the existence of strong solutions for VNS. In [CK15|, the existence of a unique
strong solution was proved for the inhomogeneous Vlasov-Navier-Stokes system in  x R3
with Q = T? or R3?, under some assumptions on the density o, taking f, with compact
support in position and velocity and under the smallness of || fo|| m2(Qxrs) + ||to || m2(0)- For
our system (5.1.1) which corresponds to ¢ = 1 in |[CK15, Theorem 1.1], the solution is
given in the following sense:

For any T > 0, there exists € := ¢(T") > 0 depending only on T" such that if

[ foll 2(@xre) + [[uoll r20) <€,
then, the VNS system (5.1.1) admits a unique strong solution (f, u) satisfying
o fcC(0,T; H*(Q x R?)) ;
e uc C0,T; H*(Q) N L*0,T; H*(Q) and du € C(0,T; L*(Q) N L*(0,T; H'(Q) ;
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o V.p <€ C(0,T; L*Q) N L0, T; H(R).

A modulated version, denoted by £(t), of the energy FE(t) (see Definition 1.7 and
Definition 1.1 in [HKMM20| respectively) was introduced in the paper [CK15] and played
an important role in the work of [HKMM20|. In particular, for £(0) defined by

1 ] 1 1, .
0= [ Aol = Gl dude+ 5 [ Juole) = (un)? do -+ 3](n) — (woll”
2 T3><R3 2 T3 4
(5.1.6)
small enough, we get
| IV au®lladt + sl ooornrs S 1 (5.1.7)
1

where (jg,) = [gs Jpo(2)dz and (ug) = [gs uo(x)dz. This last estimate will allow us to
obtain the global existence of Gevrey solutions to the VNS system (5.1.1) in T? x R? later
on.

5.1.3 Main results
From now on, the parameter s € (0, 1] is fixed, while A(#) can vary over time.

Theorem 5.1.3 (Propagation of Gevrey regularity). Let (fo,ug) be initial data for the
VNS system (5.1.1) on T¢ x R? such that, fy has a compact support in velocity and
1 follxe,ount,s =+ [[to||ro.0,s s finite for some s € (0,1], Ag >0, 0 > $+2+2 and M > 4 +1.
Then, the unique classical solution (f,u) € C(0, Tpaz; HY .0p) X C(0, Trnae; HY) satisfies
for allt € [0, Traz) the upper bounds

[ fllxonrs < Ci(1+1)g(t) (5.1.8)

and

t
[ul[r0s < (HUOHAO,U,S + Cz/ (1+5)g(s)e 1o g(T)deS) eC2Jo o, (5.1.9)
0

and for all t € [0, Tyaz) the lower bound

t
At) = (205t +251) 7 exp{— 03/ (L + [lulle + [[f1lo,0) d7‘:| >0, (5.1.10)
0
where .
o(t) = exp[Co [ (lullws + ol + V¥ (7) + 1) d].
0

and where T},., s the mazximal time of existence. The constants Cy, C1, Cy and Cs depend
on the initial data ( fo,ug), the radius of reqularity Ay, the Sobolev correction o, the weight
M and the dimension d.
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Remark 5.1.4. We could remove the compact support assumption on the initial data,
however the estimates for the growth of the Gevrey norm and the radius of regularity
would be bounded in terms of || f||,.ar and ||ul|,, instead of ||ullwre + || pflloe + VM () +1,
and for a short time, due to the proof given in Section 5.2. If we want to have a propagation
for global solutions (for small data), we must have more finite moments (in velocities)
and show a propagation of the moments in this case. This is analogous to the results
of Pfaffelmoser [Pfa92] and Lions-Perthame [LP91| for the Vlasov-Poisson system. This
last constraint comes from the estimate of the commutator that one needs to control the
force term which comes from the Vlasov equation. In particular, in both cases, we obtain
propagation of analyticity for the Vlasov-Navier-Stokes system in T x R and R? x R¢,

Theorem 5.1.5 (Propagation of Analyticity). Let (fo,ug) be initial data for the VNS
system (5.1.1) on T% x R? such that || follxp.o.m1 + |[tollre.1 is finite for some Ay > 0,
o> 42 and M > ¢+ 1. Then, the classical solution (f,u) € C(0, Trpaz; H 0p) X
C(0, Trnax; HY) satisfies for all t € [0, Trae) the upper bounds

xT

1f O lInonrs < [ follagons,s €xp [04/0 (14 |lu(7)||o)dr] (5.1.11)

and

t
- 6 T)aT t T)aT
|yuyu,a,1<(lyuoxho,g,ﬁcs / 1£(C) e Co 88 Y dC)ec"”“” W (5112)
0

and the lower bound (5.1.10), where Y (1) := ||u(t)||2+ || f()||Z s and Traz is the mazimal
time of existence. The constants Cy and Cs depend on the initial data (fy,up), the radius
of regularity Ao, the Sobolev correction o, the weight M and the dimension d.

Remark 5.1.6. For all t < £ 1n <1+3/°> with Yj := Y(0), we have the estimate

}/E) t -
Hu<t>||§+uf<>uaM\( HYOeC) |

Theorem 5.1.7 (Blow up criterion). Let (fo,ug) be initial data for the VNS system
(5.1.1) on T4 x R? such that || follxp.onrs + [0l re.0s @8 finite for some s € (0,1], Ao > 0,
o > g +1 and M > % + 1. Let Thax be the mazimal time of existence of the Gevrey
solution (f,u) of the VNS system (5.1.1). Then, if for some T € [0, Trax), we have

s (170l + )], ) <+, (5.1.13)

then T < Tax.

In other words, the propagation of Gevrey regularity on [0, 7] follows as long as || f||s.ar +
||u||, is uniformly bounded on [0, 7.
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As an application of Theorem 5.1.3, we obtain global existence of Gevrey solutions for
the VNS system (5.1.1) in T® x R3. This result follows directly by using the results of
Han-Kwan, Moussa and Moyano in [HKMM20)].

Corollary 5.1.8 (Global existence of Gevrey solutions for s € (0,1)). Let (fo,uo) be
initial data for the VNS system (5.1.1) in T® x R® such that, fo has a compact support
in velocity and || follxe.onrs + ||Uollrg,0s @5 finite for some s € (0,1), \g > 0, 0 > %4—%
and M > 2. Let £(0) (defined in (5.1.6)) small enough in the sense of Theorem 2.1 in
[HKMMZ20]. Then, there exist a unique global classical solution (f,u) € C(0,00; H? (T3 x
R3)) x C(0,00; H7(T?)) N L*(0, 00; H*TY(T?)) of the VNS system (5.1.1) satisfies for all
t € [0,00) the upper bounds (5.1.8) and (5.1.9), and the radius of reqularity A(t) satisfies
the lower bound (5.1.10).

Comments.

1. Note that we have recovered the same Gevrey estimates for the Vlasov solution as
those for Vlasov-Poisson, and with a lower bound like exp(—expt) for the radius of
regularity.

2. In [FT89], the radius of analyticity for the Navier-Stokes equations is given by A(t) =
min(t, A\, T%), where A; is the radius of analyticity of the source term F' (and which
does not depend on u) and 7™ is the maximal time of existence which depends on
up and the source term F. This makes that at ¢t = 0, A(0) = 0. Then, we recover
the Sobolev norm of ug instead of a Gevrey norm at ¢ = 0. Thus, a control of the
Gevrey norm of w at time t by the Gevrey norm at the initial time ¢ = 0, allowed
them to get the Gevrey propagation for wug just Sobolev.

Idea of the proof and outline of the paper

The main result follow by energy estimates based on a Fourier space method motivated
by the approach used in [KV09] to study the propagation of analytic regularity for the
2d-Euler system and [VR21]| for the Gevrey regularity for the Vlasov-Poisson system. The
Gevrey norm will be estimated by the Sobolev norm, so we will start with the Sobolev
estimates for the solution (f,u) in Section 5.2, then move on to Gevrey estimates in
Section 5.3.

The parameters s, ¢ and M are fixed, while A is a function in ¢. The weight in which M
intervenes is made to control the moments p; and j; in term of the density distribution
f, and the function A will be chosen so that the norms whose Sobolev regularity overflows
(due to time derivatives in the energy method) are absorbed.
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5.2 Sobolev estimates

The purpose of this section is to show the following Proposition on the propagation of
the Sobolev regularity. For this purpose, we prove a quantitative bound for the growth of
weighted Sobolev norms of the solutions (u, f) of the VNS system in terms of ||u||p1.e,
|plloe and the support of f in velocity V().

Proposition 5.2.1 (Sobolev estimates for VNS). Let 0 > 0 and M > % + 1. Let (f,u)
satisfying (5.1.1) such that f has a compact support in velocity and || folloar + |[tollo @s
finite. Then, the following estimate holds

1A0500 + el < (W foll5r + Nluoll3) g (t) (5.2.1)
where .
olt) = exp[Co [ (lulhwroe + ol + V() + 1) ],
and Cy is a positive constant which depends only on o, M and d.

In order to prove Proposition 5.2.1, we will establish estimates on the time derivative of
the Sobolev norm of each of the Vlasov and Navier-Stokes solutions, then we conclude
with Gronwall’s Lemma applied to a combination of the two estimates.

5.2.1 Sobolev estimates for solutions of Vlasov’s equation

The goal of this subsection is to prove the following lemma:

Lemma 5.2.2 (Sobolev estimates for Vlasov). Let ¢ > 0 and M > 0. Let (u, f) be
the solution of (5.1.1) such that f has a compact support in velocity. Then, one has the
following estimate

d
I 15ar S Ulellwree + DI Fllgar + VY Ollullosall Flloar (5.2.2)

We will start with two lemmas. The first one is on the Gevrey norm estimate for the

density p; and the moment j;, which gives in particular the Sobolev estimates for A = 0.

Lemma 5.2.3 (Density and first moment estimates). Let s € (0,1],A > 0 and ¢ > 0.
Let f € GM ML (T9 x RY). Then, for M > 2 +1, one has

and — [|7sllnes S IfIners- (5.2.3)

Remark 5.2.4. The inequality
Ioflnes S I flIxos
is valid as soon as M > %.
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Proof. The proof of Lemma 5.2.3 is obtained by the Cauchy-Schwarz inequality. Another
proof concerning the inequality on p; is given in [VR21].
We have:

o£13.0.0 = A7 pgll7 = /11%1 /Rd A fdu

< </ (1+ |v|)_2Mdv) // |(1+ |v|)MA"e’\ASf|2dvdx
R TdxRd
S I

Similarly for j;, we have:

oo =[] [ oce s

< (/ (1+ |v|)22Mdv) // [(1+ |v|)MAUe>‘ASf‘2dvdx
R4 Tdx R4

d
5 Hin,a,M,s fOI' M > 5 —+ 1.

2

dx

d
g\,U,Mﬁ for M > 5

2
dx

The second Lemma concerns the estimation of the commutator.

Lemma 5.2.5 (Inequality on the commutator term).
Let u,v € WH(T) N H?(T?) and let f € L>®(T¢xR%) (" H° (T4 x R?) be a function with
compact support in velocity

supp f C T% x B(0,Cy), Cf € (0,+00).
Then, the following inequalities hold
1 Juflloe Sep llullssll fllo + lellollfllo-

2. ) IDP(uf) —uDP ()2 Sey IVulloo fllo—t + llloflloc-

|Bl<o

8 wllo S IVaullsollvllo—1 + [[ullo v co-

4. ) IDP(uv) — uDP(v)[l2 S I Vattllsolvllo—1 + l[ellol[v]|oo-
|Bl<o

Remark 5.2.6. The condition of f with compact support eliminates the Analytic case,
i.e. s =1. We will deal with this last case separately (to control the Sobolev norm only).

We are going to prove the first two inequalities and the last two are obtained in the same
way. Before starting the proof, let us recall the Gagliardo-Nirenberg inequality.
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Lemma 5.2.7 (Gagliardo-Nirenberg inequality). Let 1 < ¢ < +oo be a positive extended

real quantity. Let j and m be non-negative integers such that 7 < m. Furthermore, let

1 < r < +o0 be a positive extended real quantity, p > 1 be real and 0 € [0,1] such that

the relations

1 ] 1 1—0 ]
_:l+9(__m)+—, lﬁeﬁl
p n romn q m

hold. Then,

D7l ey < CND™ oy ey

for any uw € LY(R"™) such that D™u € L"(R"™), with two exceptional cases:

1.

if 5 = 0 (with the understanding that D’u = u), ¢ = 400 and rm < n, then an
additional assumption is needed: either u tends to 0 at infinity, or uw € L*(R™) for
some finite value of s;

n
if r > 1 and m — j — — is a non-negative integer, then the additional assumption
, r

L <o<1 (notice the strict inequality) is needed.
m

In any case, the constant C' > 0 depends on the parameters j, m, n, q, r, 8, but not on u.

Proof of Lemma 5.2.5. The proof of this Lemma has been taken from [VR21] (inspired by
Klainermann and Majda [KM81]), we recall it here to specify at what point the condition

of support on f comes up.
1. Let f be a function with compact support such that f € L>(T? x R%) N H°(T¢ x R?)
and let v € L>(T¢) N H°(T?). On the one hand, we have

lufllo = ID @f)l= S Y IDuD*f]e.

|Bl<o B1+B2=p

[E] ]

On the other hand, by using Holder inequality for p = 1 and ¢ = =, we write

1 |B2|°

DA uD? f|2, :/d /dyDﬁlumDﬁzf\?de
R T
Bl [B2]

|
18] 18I 18] sl
<( |D51u]2lﬁllda;> /( |Dﬁ2f|2ﬂzdx) dv.
Td ]Rd Td

18]

Thus, by Jensen’s inequality applied to the integral in v with the convex function ¢t + t1%21

we obtain

1811 182l
18]

18] 18] 18]
DDl ros < ([ 0% ) (] s aan)
Td Td JRA

= CfHD’BlUHLngMm\ HDﬁQfHLilﬁl/\ﬂz\-
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Note that this is where the assumption of “f with compact support” comes into play, in
order to be able to apply Jensen’s inequality on R? with the Lebesgue measure. Note also
that the constant C'; in the last inequality depends on the support of f. Now, we have:

D (uf)lle S D IDHuD®fll < Y WD&U”ﬁwmmﬂuyﬁfHﬁgm@h
B1+B2=p B1+B2=p

and by applying Gagliardo-Nirenberg inequality for j = |3;|, m = |5|, a = H%"' = % <1,
g=ocandr=2,p= 2”5” with i € {1,2}, we write

_ B -
IDPf)le S 3 Il a5 12

B1+P2=0
1B11/18] |B21/18]
= 3 (lallall 1) ™ (lallool £161)
B1+P2=0
18] 18]
S (w el s+ 2l i)
B1+P2=0
Then, by Young’s inequality: ab < %p + %q with p = % and ¢ = % Therefore,
luflly = ( 3 D% (uf) ||L2) < llloll Flloo + lllooll - (5.2.4)
|B|<o

2. For u € Wh>°(T4) N Ho(T?), we write
D IDP(uf) —uD flle S Y (IDPuD®

|B|<o |8|<o B1+B2=0

S D IDT(Du)D |

|B|<o B1+B2=p
SIVatllsoll fllo—t + lulloll flle (by (5.2.4)).

In the proof of the last two points, we do not need to apply Jensen’s inequality because
from the first step, by applying Hélder’s inequality, we get:

D uD?20]| 2 < ||DP | 2181718 | DP20]| 21611601

Remark 5.2.8. The condition “f with compact support” can be replaced by a weight
for the velocity variable in order to be able to apply Jensen’s inequality on R? with the
Lebesgue measure in the previous proof, but this requires more finite moments on f and
which amounts to proving a propagation of moments (see e.g. [HKR16, Lemma 1]).
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Proof of Lemma 5.2.2. Recall that
5= > I fla =D > IDPo*fl7..
o <M |8<0 |al<M
We will show that for all |5] < ¢ and |o| < M,
1 d « (0% a—e; (0%
s3I0 @ NI S (lullws + 1){HD5(U Pz + D7 (v ’f)Hiz} + 1 fllooarllellor1 ID? (0 )] 2,

where e; denote the multi-index worth 1 in the i-th position and 0 elsewhere, i.e. e; :=
(0,...,1,...,0). Then, the estimate (5.2.2) is obtained after summation over « and 3 in
the previous inequality. By using the Vlasov equation, we write

1d
SID° @ DIE = [ DDA o) dady
= — / D? (v f)D? (v* - V. f )dzdv
Tdx R4
- / DP(v* f)D? (v*V, - [(u — v) f])dadv
TdxRd
= —(E+F),
with
B= / D’(v® /)DP(v"0-V, f)dedv and F = / DY (" /D7 (v V- [(u—v) f] ) dadv.
Td x R4 TdxRd

Estimation of E: we have
d

E=Y /1r D0, (D0 )]

i? ;
= DP (v f) ( )Dﬂl(vi)axi D2 (v® f)) dado,
;/WXW Bﬁ%’;:ﬁ b ( )

where we used Leibniz’s formula in the last line, and where each term in this line is zero for
|81] > 1. Moreover, for the case |3;] < 1, either D' (v;) = 0, D' (v;) = 1 or DA (v;) = .
Then,

E= Z/ |:UiDB(Uaf)8$i (Dﬁ(vaf)) + DP (v f)0,, (Dﬁ_ei (vo‘f))] dazdv = E) + E»,

i=1

d d
1
N B, B, _ B (0 £1]2 _
B, = Z/WW 0;DP (v* £)0,, (DP (v f)) dardv = 5 ; 1: /deRd 00y, |D” (v f)[Fdzdv = 0

=1
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and
d

Es| = D (v £)0,, (DP~¢ (v* f))dad
24 Z/ (0% )0, (D (0" ) ) dado

(2

d
1 o .
S35 (/ !Dﬁ(v“f)dedw/ 0., (D7 (v f))Fdxdv) < IDP O f)[2.
=1 TdxRd Td xR

Estimation of F': we will expand the scalar product and make the commutator appear
in order to use inequality 2 of Lemma 5.2.5 as follows:

F = /Td . DP(v* £)DP (v*V, - [(u — v) f])dadv

d

= D? (v* f)D? (v20,, [(u; — v;) f])dad
;/deﬂ{d (v f) (’U [(u v)f]) xdv
d
= Z/ DP (v f) [Dﬁ(uivaﬁvif) —DP (v f) — DB(Uanﬁvif)] dzdv
i—1 Y TdxR4
d

= Z/ D'B(’Z}af) [aviDﬁ(uanf> _ UianDﬁ(Uaf) + UiaviD’B(’Uaf) _ Dﬁ(uivafe,‘f)

i=1
—DP (v f) — Dﬂ(vo‘viﬁvif)} dzdv
= F 4+ Fy — F3 — d||[DP(v* )2, — F,
where

d
o= Z / Dﬁ(vo‘f) [awDﬂ(uivo‘f) - uiawDﬁ(vo‘f)}dxdv,
i=1
d
Fy = Z/uiDB(Uaf)&JiDﬁ(vo‘f)dxdv,
i=1

d d
Fs = Z/Dﬁ(vo‘f)DB(uivo‘_e"f)dxdv and Fy:= Z/Dﬁ(vo‘f)DB(vo‘vﬁvif)dxdv.
i=1 =1

For F}, by inequality 2 of Lemma 5.2.5, we obtain

d
11 S D I @ N)lle (IVslloollo® fllo + lellos 0% F lloo)

=1

S D H)llze (IVullocl flloar + Neellosall Fllsc,nr) -
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For F,, we have
d
1
_ = ) B, £)]2 _
F, = 5 E_l /UZ&,AD (v*f)|*dzdv = 0.

The term F3, dealt with the same way as F}, so we write

d
F3 = Z/DB(Uaf) [DP (u;v* % f) — ;D (0" f) + u;DP (v* 7% f)] dadv
i=1

S D70 )l (IVuillool[v® fllo—1 + luillo 0% Flloo + [l lloo D (07 £)]| 2)
S D )2 (IVullocll Flloar + lellal1F oo,z + ulloc D (0¥ ) 2).

Finally, for Fy, we have

=Y 3 (g ) / DP (v FYD (v1)3, D (v° f)dado

i=1 f1+p2=0

d
= Z / DP (v f)[0:0,,D? (v f) + 0,,D"~% (v* )] dadv
i=1

d v 5 d ; ,
= il [e} 2 @ —eif.
_2/ 5 0D (0" )] +;/D (v* £)8,, D7~ (v* f)] dadv,

which implies that

d
1 —€; « «
Rl <5 [ [0 + D anto < 1070
i=1
Thus, by combining the inequalities on F; and F;, we obtain

57 D7 @ Nz S(lullwr +1) [I!Dﬁ(vo‘f)lliz + D7 )2
+ 1 fllooar lellosa D (0 £l e,

and by summing over a and 3, we obtain for ¢ > 0 and M > 0
1d

5 11 S (ullwice + DG + 1 oo selleellosa | fllo,ne

S (ullwro + DIFIG A+ vV VY Ollullora 1 flloar

where we used the inequality (5.1.4) in the second line.
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5.2.2 Sobolev estimates for Navier-Stokes

In this subsection, we estimate the Sobolev norm of the solution of the Navier-Stokes

equations, which we summarize in the following Lemma:

Lemma 5.2.9 (Sobolev estimates for NS). Let ¢ > 0 and M > g—i—l. Let (f,u) satisfying
equations (5.1.1). Then, one has the following estimate

IIU||2 +lullz S (IVaulloe + llplloo) 1ullz + (lullee + D llello||flloar- (5.2.5)

Proof. Recall that u satisfies the equations
Ou+u-Vou—Au+Vop=jr—pu and V,-u=0,

and one has:

2_ Da
Sl = 5 3 SDrul

|a|<0
Then, applying D® to the first equation of u and integrating it against D%u, we get:
2dt HDC“UHLz (Ag(D%u), D)2 = —(D*(u-Vou), D%u) 2+(Dj, D) 12— (D% (pu), Du) 2.

Since V, - u = 0 then, (u- V,(D%u), D)2 = 0. Therefore,
[(D*(u - Vyu), D*u) 2| = [(D*(u - Vou) — u- Vi (D), D) 2|
< ID%|| 2 ||D*(u - Vou) — u - Vo (D)

(P

Thus, by Lemma 5.2.5 we obtain:

[(D*(u - Vo), D) 2| < || Vel oo| D ul |7

and
D% (pu)l[z2 < [lpllocID*ul| L2z + D% pl| 2 || co-
Therefore,
1d 9 2 | )
20175||U|| +lull5 ) S (IVaulloo + N1olloo) 1ullZ + (Jullsollolle + illo) 1ullo-

Finally, thanks to inequalities (5.2.3) of Lemma 5.2.3 (for A = 0), we get for M > ¢ 4 1:

1d
2dt

Hence the inequality (5.2.5) holds true. O

s+l S (IVatdlloo + lolloo) l1ullz + (lellse + D)1 flloarlullo-
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5.2.3 Sobolev estimates for VNS and proof of Proposition 5.2.1

In this subsection, we will combine the estimates obtained on the solutions of the Vlasov
and Navier-Stokes equations, as we said above, in order to be able to apply Gronwal’s
Lemma and control the Sobolev norm of (f,u) at time ¢ by that at initial time ¢ = 0.

Lemma 5.2.10 (Sobolev estimates for VNS). Let (f,u) satisfying equations (5.1.1) such
that f has a compact support in velocity. Let o > 0 and M > %l + 1. Then, one has the
following estimate

d

77 Uz + 171500) S (lellwros + llplloe + V(@) + 1) (lellz + 1 £1500) - (5:2.6)
Proof of Lemma 5.2.10. We obtain (5.2.6) by combining the two inequalities (5.2.2) and
(5.2.5) and using Young’s inequality:

1d

57 Uz + 111Z00) + lullzen < C (lullwree + llolleo + V() +1) (lellz + 11£117,0)

1 2
A

O

Proof of Proposition 5.2.1. Inequality (5.2.1) follows from (5.2.6) and Gronwall’s Lemma.
U

5.3 Gevrey estimates for VNS

The goal of this section is to prove Theorem 5.1.3. For this purpose, we will establish
quantitative estimates on the Gevrey norms of the Vlasov and Navier-stokes solutions re-
spectively, using a Fourier space method in analogy to the results proved for the 2D-Euler
system in [KV09] and [LO97| and the 3D-Vlasov-Poisson system in [VR21].

5.3.1 Preliminary inequalities

This subsection is summarized in two Lemmas that we use throughout this section.
The first contains two discrete Young inequalities (we find a variant of this Lemma in
[BMM16]).

Lemma 5.3.1 (Young’s inequality).
Let f,{k,n)7g € L*(Z¢ x R?), (k)or € L*(Z?) and let v, B,y € R. Then,
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1. For o > % + v, one has:

YO EOIUTIES z,n>0+ﬁgk_l<n>dn] Sl IRl 14k my gl
k,l
(5.3.1)

2. For o > %4—7—5, one has:

YO OICGIES z,n>vgk_l<n>dn\ < fllez IRl k) gl 2 - (5.3.2)
k,l

The constant in the two inequalities depends only on v, 8,v,0 and d.

Proof of Lemma 5.3.1. 1. Let v, € R and let o > g + v. We write:

Z / fk(77)<l>y7"l<k—la77>g+’89kl(’?)dn'

. > (/. |fk<n>|2dn)é St ([ - 1777>2(U+5)\9kl(77)|2d77>§
<(Z/. oPan) (Z S0t e g D ;

Now, by Young’s inequality for convolution, we get

S [ A oents 1t

klezd

Sz, Sl (X [ e o)
% r JR

1
< (S0 ) Wk rlg g, Nk )l

k
S IRl 1Lz 1 (Rm) Pz

since Z<k>2l”2" <1 for 0> % +w.
k
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2. Similarly, we have:

17l — 1. nwgkl(n)dn\

/ S 5kl S0l g )
<[ rfkw)g (Z DRI z,nwgkz(n)rfdn

k l

S [ 1l (z<k,n>v|gk<n>|)dn

< [ 1l 7~||L2(Z< 0#0) (St la(a)) an

k

< (o) r L1z 057 )

k
St |z | fellez 1R Pllzz

smcean 7"6)<Z 2('7"5 Shepal for o> % +'y B. O

The second Lemma deals with triangular inequalities on Japanese brackets.

Lemma 5.3.2 (Some triangular inequalities). Let k,l,n € RY. The following inequalities
hold:

F I < (R + (1)®, Vs € (0,1).

+0P <27k ()%), Vs>1

S| < (k—=1)*, Vse(0,1].

| Ss %, Vs € (0,1].

) = (k—=1,n)*] < ()%, Vse(0,1].

= (k=1L <227+ (k= 1,m)°), Vs=>1

s s l
[(kym)* = (k= Ln)*| Ss g Vs € (0,1]:

Some of these inequalities are found in [VR21] and some others in [BMM16], and in the
two cited references the proof is not given.

Proof of Lemma 5.3.2. Let k,l,n € R%
1. First, let show that (k + 1) < (k) + (I). For this, we consider the increasing convex
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function f : [0, +00[— R defined by
ft) = (1+1%)2.
Observe that f(|k|) = (k). We have

1

2 - SR = (e + ).

AN,

b l) = 37k +1) <

L (KU FOKD) + 7)1
s+ < 5 (F) < SRR

Now, let s € [0,1] and let consider the increasing function g : [1, +oo[— R defined by
g(t) =1+t — (1 +1)°.

We have for all t > 1, g(t) > g(1) =2 —2° > 0. Thus, 1 +¢* > (1 +¢)* for all ¢t > 1.
Let k,1 € RY. Without loss of generality, we can assume that |k| > |I|. Therefore, for

(k
(1+8) <1+ BL

t= <T)> > 1, we obtain
() (1)®

Which implies that
(k+1)° < (k) + (D) < (k)*+(D)°,

since the function ¢ — ¢° is increasing for ¢ > 1 and s > 0, and we have (k+1) < (k) + (I).

2. The function t — t* with ¢ > 1, is convex for all s > 1. Therefore, fora > 1 and b > 1
a+0b\’ < a’® + bs.
2 2
Thus, for a = (k) and b = (), we get
(k+0° < (k) + (D) <227 ((k)* + (1))
3. Let s € [0,1]. We have

{ ()* = (k= 1+ 1) < (k=1 + ()7,

O =(k—1+1)° < (k—=101°+ (k)"

Hence,

(k" = {0)°] < {k — )"
4. Let s € [0,1]. By applying the mean value theorem to the function ¢ — ¢* between
X = (k) and Y = (), we obtain

(k)* — (1)* = s(Bk) + (1 — )1))" (k) — (1),

where 6 := 0y, €]0,1[. Thus, by concavity of the function ¢ — ¢*~! for s € [0,1] and
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inequality of the previous point for s = 1, we write

e slk — 1) s(k —1) S k=0
=0 < G @y S T+ (= O S win@, 1= 0) (91 (G

5. Let s € [0,1]. By applying the mean value theorem to the function ¢ ~ (¢¥* + |n|?)2
between X = (k)° and Y = (k — [)*, there exists 0 := 6y, €]0, 1] such that

(0(k)* + (1 — 0)(k — l>s)%—1 s
[Inf? + (6(k)* + (1 = 0) (s — 1))3] '3

((B)* = (k=0))| < (k)" —(k=1)7]

[k — (k)| = \

since for s € [0, 1],

1

' <9<k‘>8 + (1 —0)(k — l>s) 2 S
[Inf2 + Ok + (1= 0)( — 1)) 7]
Thus, inequality 5 follows from 3.

< L

6. Let s > 1. We have by 2,

S

(k,n)* = (1+[n]*+ W)% < (T4 P +2k =12 +21]%)° < 2%‘“—1(<k —1,n)° +(1)*).

7. The proof of this point is identical to that of 4, with X = (k,n) and Y = (k — [, n).
[

Whether for Vlasov or for Navier-Stokes, the estimates that we are going to establish are
based on the two previous Lemmas with different parameters.

5.3.2 Gevrey estimates for Vlasov

The aim of this subsection is to prove the following Proposition:

Proposition 5.3.3. Assume that the radius of regqularity t — A(t) depends smoothly on
time. Let s € (0,1], M > 0 and 0 > 9+ 3 +2. Let f € GM M (T x RY) and let
u € g“+%:%(’]1‘d). Then, the following estimate holds
1d 9 < 9
s ears S (lullwree + 1) | flIXoars + lulloll flloarll fllxoars
(At A fle) + A2lngss ) 11500
+ (Al loar + X1 flnonrs) Neellxors sl flxors s (5.3.3)
where \ denotes the derivative of \ with respect to t.

Subsequently, we will choose A so that the norm || f|[x o5 ars Will be absorbed in order to
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control the Gevrey norm of f. Indeed, for A\ such that
A+ AL+ [ flloar + l[ulle) + X2 xoars + lullrnes) <O,

we get:
1d
sl Rens S Ulellwroe + D IR oars + lullol fllo.aell £ 10,0

Thus, if the norms ||u|lwie, ||f|lo.a and |Ju|, are finite then, Gronwall’s Lemma allows
us to conclude.

Remark 5.3.4. Note that the estimation of the previous Proposition does not require
the condition that f has compact support in velocity.

As a consequence of Proposition 5.3.3, we have the following estimate which is useful in
the case o0 = 1.

Corollary 5.3.5. Let s € (0,1], M > 0 and o > &+ 2. Let f € H{/(T? x R?) and let
uw € Ho(T?). Then, the following estimate holds

5 dtIIfHUM < (ullwrse + 1) A5 00 + Nl 1112 0 (5.3.4)

Proof of Corollary 5.3.5. It suffices to take A = 0 in Proposition 5.3.3 as we only look for
Sobolev norms in this case. O

Proof of Proposition 5.3.3. We will work in Fourier variables in order to simplify the
calculations and expressions and to use the inequalities of the Lemma 5.3.2. The Vlasov
equation, in Fourier variables, is given by:

Oufe(n) = k- Vo fe(n) +n- Vo fi(n) +1>_du - nfii(
lezd
Recall that
1F R oars = > AT fI7 = > AL (DS fI[3-.

|| <M la|l<M
where

A7 = A (n) = (k)

and A\ := A(t) is a positive function, by assumption. First, we have for a complex-valued
function g:

1d
salolts = 53 [1oP s = 5| [o0 ac+ [0 ac| = e [g01g ac.
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Then,

1d ol
s Beane =5 3 3 [ o) G D5 o) P

o] <M kezd

[Z Z/ (k> D fi () D (D, f(n)) dn].

|| <M kezd

Which implies, replacing 9, fu(n) by [k - Vyfe(n) = n - Vo fu(n) = i3k - nfiei(n)] in the
l

last term, that:
1d
2dt||fH)xUMsi)‘||f||)\a+ MS+E F lG (535>

where

E=Re ) _ Z/ (k,m)* 0" Da fy () D2 (k- V7, fi(n) di,

|o|<M kezd

F Re Z Z/ 20' 2)\ (k,m)° Do‘f( )th](n.vnfk(n)) d77>
|| <M kezd

G=Re Y > / (k, )27k D"‘fk( ) @ - D2 (nfri(n)) dn.
|a|<M E,leZd

Estimations of E. By expanding £ - V,, and integrating by parts with respect to 7, we
obtain:

E= Re[ZZ/ A7 (n Do‘fk )Ak<) (Dﬁfk(n))d

=1 o,k

:__ZZ/ kiOn, (A7 (1)) D2 fi ()| *dy.

Now, since
Oy, (A7(n)) = By, ((kym)7 ™) = [omilk, m)7 =2 + sk, )7 2] A",

Then,
B=- Z/ |D3Jak(77)‘2 [O-kini<k, n)2 2 + Askin;(k, n>20+5*2}e2x\<k,n)sdn.
R

That leads to
B S 1B onre + Mz ar (5.3.6)
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Estimations of I'. We will proceed as in E.

F=ReY / AT Dy fen) DG (0, film))

i,00k

=Red >~ (Z;) /R d[Ai(n)}Q D fi(n) D2 (1) D22 (0, fx(m)) dn

i,k a1 +oag=a

=5 [z | %o,

i,00k

= Fl + FQ.

D37t + Re (D4 ) 0, (05 atn) ) |

For Fy, by integrating by parts with respect to n we get:

S [ AL 0,I05 )

i,0,k

S [ |- 14500 - n, (azn) Az ID5 e

i,00,k

S IR oans + AR 45 000 (5.3.7)

Fy

by the same token as for E.

For F;, we write:

= [Re 3 [ LA Dyt 00 (D5t

i,0,k

<33 [ ATOE D500 + 0, (05 )|

i,k
5 Hf”i,a,M,s' (538)
Thus, from (5.3.7) and (5.3.8) we get:
|F| S ||f||§\,o,M,s + AHf”i,o-l—%,M,s' (539)

Remark 5.3.6. Note that the only way to absorb the term || f||xo+s ars, of overflowing
Sobolev regularity, is to choose a suitable function A\. We already have (A+\)||f]3, i

which comes from the first three terms of < || balses +2.1,s and others will come from the

term G. This is where the exponential decay of the radius of regularity A comes from.
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Estimations of G. As in F/, expanding ; - n and using Leibniz, we write:

G= Rez Z Z /Rd[AZ(U)]Q D2 fi.(1) D (i frea(m)) dny

J=1 |a|<M k,lezd

=Re ) D (Zl> /R AT Dy fe(n) @ D5 () D32 (fra () b

grouk,l a1+az=c
::Z(?14—(?%
with -
Gi=Re) /Rd [A7(0)]? Dy fr(n) @ - DY (fri(n)) dn

a,k,l

and

Gy := Re Z /Rd[A‘,Z(n)]2 D?,fk(ﬁ) ﬁf Dy~ (fk—l(n)) dn.

Jrouk,l

Now, since we have in the physical variables

// u(t,z) -V, (A"'Uo‘f)dedv =0,
TdxR4

by Plancherel:
S [ Az DA i AL ) D ()t = 0.
kiezd VR
Thus, él can be written as follow:
G = Re Z / AZ(n)D%fk(n) [AZ(U) - A%_z(n)}ﬁz : nDﬁfk_z(n)dn- (5.3.10)
kiezd ' R
To estimate [Af(n) — A7_,(n)], we will use inequalities of Lemma 5.3.2. First, we have:

A7 (n) = A7_y(n) = [(k,n)7 — (k= 1) ]XE7tm" 4 [rbn® — AT gy = T 4]

Let’s start by estimating (k,n)? — (k —{,7)?. By applying the mean value theorem to the
function ¢ — t3 between X = (k,n)? and Y = (k—I,7)? then, there exists 0 := 6, €]0, 1]
such that:

(k)™ = (k= 1)” = SO0k, ) + (1= )k = L)1 > (ko) = (k = L,m)?)
= 2|00k m)? + (L= )k = L0)?) 5" = (k= Lm)™2 | ({k,m)? = (k = 1.m)?)
+ Sl = L) (k) = (k= L))
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That we write as

(k,m)? —(k—=1,m)" =B+o(k- lﬂ?)”‘ZZZj(kj =),
where
Bi=3 (9<k,n>2+<1—9><k—z,n>2)‘5‘1—<k—z,n>°'2] (k)= (=L, m)*) 3 (=0, m) 720

Applying the mean value theorem once again, this time to the function ¢t — t2~! between
X' =0(k,n)?*+ (1 —0)(k—1,n)* and Y = (k —,1)? then, there exists §' := 6}, , €]0, 1]
such that:

(O¢k, m)* + (1 = 0)(k — 1,n)?)

— (% —1)0((k,n)* — (k—1,m)?) {99'(1:, n? + (1= 00)(k —1,n)”

-1

(NI

- <k - l777>a_2

22

By inequality 3 of Lemma 5.3.2 we write:

‘<k777>2 - <k - la77>2| < <l>(<k>7l> + <k - l>77>)'

Then, by inequality 6 of Lemma 5.3.2 we obtain:

-2

5 <k777>a_4 + <k - 1777>J_4‘

NI

00' (k. m)* + (1 — 00')(k — 1,m)?

Therefore,

|B| 5 <l>2(<k7 77>2 + <k - l7 77>2) (<k777>0_4 + <k - l777>0_4) + <l>2<k - l7 77>U_2
/S <l>2(<k7 77>072 + <k7 7]>074<k - l7n>2 + <k> 77>074<k - l777>2 + <k77]>072)'

Finally, by using inequality 2 of Lemma 5.3.2, (k,n)? < (I)* + (k — [, n)?, we get:

B S 2072 + (ke — L), (5.3.11)
In summary,
d
I=|B+o(k—1m)""> ik — lj)] eAMk=tm)® (5.3.12)
j=1

with B satisfying inequality (5.3.11).
Now, for J, we write:

J o= [e)\<k’n>s . e)\(kfl,ms} <l€, 7,]>0' — e)\(k*l,ms [eAKkmS*(k*lm)S] —_ 1:| <k, 77>U.
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Since |e* — 1| < |z|el*! for all z € R then, by using inequality 5 of Lemma 5.3.2, we get
[T < Ak, m)® = (k= 1,m)*| X0 eME0" ().
Now, by using inequality 7 of Lemma 5.3.2 we obtain

[(kym)® = (k= L) | < () (kym)™™,
and by inequality 6 of the same Lemma 5.3.2,
()™ S 7+ (k= 1ot
Then, thanks to the last two inequalities, we write

(ko)™ — (k= L) CReym)™ S (0 ()™ (ke )

= (k,m)2 (k)27 H{0)

S (k)2 (D72 + () (k — L=+,
Hence,

LS M2 [(D7F2 + (1) (k — 1y FH ] XXt (5-3.13)
Estimation of (. Since A7(n) — A7_,(n) = I + J and thanks to equality (5.3.12), we
can decompose G, as follows:
G = é[,l + GI,Z +Gy,

where

Gri=Re) / () XD f(n) - B ETEDE fi () dn,
R

a,k,l

d —
Gra=0oRed Y /R ()7 DR fi(m) by e (ks —1) (k=1 m) 72D fi () d

akl j=1
and -
Gy:= ReZ/d J A7 (n) D2 fi(n) @ -n Dy fri(n) dn.
R

a,k,l

Estimation of CAT’M. We have by inequality (5.3.11)

Gl S [ (ke
a k] R

Then, by using the inequality e* < e + x2e® for all x > 0, we get

D?,fkfl(n) |d77-

D2 fi(m) | (2| [ (1) 24 o1, )7 =2] | Xk 1o°

}ém’ S ’él,ll‘ + é[,n’ + |G1,13| + ‘é1,14},
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where

Gran| £ [ e

a,k,l

Graa| S 23 [ (e
akl Y R

|é1,13’ N Z/ <k,n>"e”’“’”>s
ak,l R

|G1,14‘ S )‘QZ/ <k3777>06/\<k’77>5
ak,l VR

Note that |n| < (k —1,n). Now, by applying inequality (5.3.2) of Lemma 5.3.1 for the

D2 fi () | (1) [ 1] DE s ()|,

Dy fi(m)[(D7 Il (k — 1, ) >t

D2 fe—i(n)|dn,

Df‘,fk(ﬁ)}@)ﬂﬁz”ﬁ“k — 77>072|D3fk4(77)|d77,

D2 fi(m) [(1)? || [n|(k — 1, m)" 2722000 D2 £y ()] dop.

first two inequalities, with v =1 and g = 0 for CAJI,H, and with v =2s + 1 and 8 = 3 for
@1,12, for o > g + 1, we obtain

|Gran| S ulloll Flloaell Fllxe,nrs, (5.3.14)
and for o > g + 3—25 + 1, we obtain
|G ra] S Nl[ullollFllxonrsll Fllxo s 5,00, (5.3.15)

For 61713, by applying inequality (5.3.1) for v =2 and § = —1, for o > % + 2 we get
|G ras| S Nelloll fllo—1,00 11 £ |nonr,s (5.3.16)

For G4, since (k—1,1m)2 < (k,n)2 + ()% (by inequality 5 of Lemma 5.3.2) and s € (0, 1]
then,

G4 SN Z/d<k7n>0+§e>\(k,n>s
R

a,k,l
S
okl VR

Thus, by applying inequality (5.3.2) to the first line in the previous inequality, for v = 2

D2 fi () |(1)2 ||k — 1)t 200 D2 fi () |dy

D2 f ()| (123 [l || (k — 1, m)7 5 A=’

Df,fk—z(nﬂd??-

and 8 = 7, and by applying inequality (5.3.1) to the second line, for v = 24 5 and 8 = 3,
Wegetfor0>§+§+2

Graal S X (Illoll flnonsl o gass + el 1F13 o ar) -
Hence, for o > g+§—|—2

(Gral S NNl 1 s 5,010 (5.3.17)
Therefore, by summing inequalities (5.3.14), (5.3.15), (5.3.16) and (5.3.17) we obtain for
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d S .
o>5+5+ 2:
1G] S Nulls <||f||o,M||f||A,a,M,s + AQHin,U—i—%,M,s) : (5.3.18)

Estimation of G 2. Recall that G 1,2 is defined by

d —
Grg:=oRe Z Z /d<k, )7 B0 Da fi(n) 1 (k=) (k=1 )7 2X*E0" D2 fi_y(n) dn.
R

ak,l j=1
Thus, G2 can be seen, using the inverse Fourier transform, as

d .~ U
Gra = 0224df(onaf)f<§—% : vvai(m%af)) dn.

ak j=1 J

Hence,
|GI’2‘ S ||v$u||00||f”§\,a,M,s' (5319)

Note that each time we want to have L> estimates (for u), we go back through Fourier
using Parseval.

Estimation of G;. By using inequality (5.3.13), we write

N

Gy

<> [ AznlDg oDy -]

a,k,l

<A (k, )7 2eXEm° D2 fi () [0 ay ||| | D fr_y(n)] dnp
d
akl /R

A 2 o+35 A km)®
Y [ e

a,k,l

D2 fi ()| (1) X" [y (k — 1, )72 X0 D2 fi () |dp.

We proceed as in GA-'M, using the inequality e* < 1+ xe® for all x > 0, we get:

|GAJ‘ 5 ‘GJ1| + ‘GJQ‘ + ‘é]g‘ + GJ4

Y

where

[Gnl A /R ey 5O DE i () ()72 X ol [ D fa (),
a,k,l

Gl S /R (e m) BT IDE f () |15 X i ( — 1) e D fia (),
a,k,l

Gl A3 [ i
R

a,k,l

DS fi(n) [ {1 || (ke — 1,m) 7+

D2 fe_i(n)|dn
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and

|GJ4’ § )\2 Z /d<k> 77>0+§€/\<k,77>s |D7(;éfk;(77) | <l>1+s€)\<l)5 ’ﬁl‘(lﬂ—l, 77>a+%€/\<k_l’n>s
R

a,k,l

D fr—t(n) |dn.

By applying inequality (5.3.2) to the first two inequalities, we obtain for o > ;—1 +1,

’GJl‘ S )‘“f”a,MHuH/\,a-i-%,s||f”>\,o+§,M,sa (5'3'20)

andfora>g+s+1,

G| S XU fInarslltlnoss s

| Fllxot5,00,5- (5.3.21)
For G ;3 and G 14, we have thanks to inequality (5.3.1), for o > 441
|GJ5| 5 AHU”UHin,J—&—%,M,s? (5322)

and fora>§l—i—s—i—1,
1Ga] € Xlulnoall s s ae (5.3.23)
Thus, by summing the last four inequalities, we get:
1G] S (Mlulls + X llllnes) 1R 0w s
+ (M lloar + N FlInonrs) lullxos s sl Fllxossans: (5.3.24)

Finally, by summing (5.3.18), (5.3.19) and (5.3.24), we obtain the following estimate for
éli

Gl S IV sl 713 s+ Nllol1 e 1
+ (()\ + )‘Z)HUHU + )\2Hu”)\,a,s) ”fH?\,O"F%,M,S

+ (M Flloar + N1 fllxors) Nullxors sl £lIne+s.zs (5.3.25)

Thus, it only remains to estimate G to conclude the Gevrey estimates for the solution of
the Vlasov equation.

Estimation of ég. Recall that ég is defined by

d - .
Gr=Re} Y /R (AL Dyfuln) @f DG (i ()

a,k,l j=1
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which we decompose as follows:

Go=Re 3° [ A7(0) Dgfilo) if AL (D5 (fs(m)

j7a7k7l

+Re ) / AR () D fi(n) i [AT () = AT ()]D5™ (fia(m)
ok, ! R
= é21 + ézz-

For Gg1, by the inverse Fourier transform theorem, we write:

‘GA21| =

Re S [ A2 Do) it AL 0D (Gecstn)

7okl

= ‘ReZ/ F (Aovef) f(ujAUUo‘_ejf) dn‘

ok Rd

S Nlloo L F 113 o5 (5.3.26)

For the term Gas, proceeding exactly in the same way as for G, we obtain for o > g +2:

|Gaa| S WIVaullooll FIR o1 + llloll flloall fllno,r,s
+ (X lulle + M ullxes) 1130016
+ (Al loar + N nonrs) Neellnors sl flInors s (5.3.27)
Finally, returning to (5.3.5) and summing all the inequalities obtained on E, F and G,

namely: (5.3.6), (5.3.9), (5.3.25), (5.3.26) and (5.3.27), we obtain the following estimate
foro>2%+5+2

1d
sl Rears S (lullwioe + DN IRoars + lulloll flloaellfllxons

(A [ull) + X2l ) 11 s a0
o U o+ 220 rs) Tl 3 ollf s 00 (5:3.28)

This completes the proof of Proposition 5.3.3. U

5.3.3 Gevrey estimates for Navier-Stokes

The purpose of this subsection is to prove the inequality of the following Proposition:

Proposition 5.3.7. Assume that the radius of regqularity t — A(t) depends smoothly on
time. Lets € (0,1], M >%+1ando > ¢+ 5+2. For f € Grots M5 (T x RY) and
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u € Q)"”Jr%’%(’]l‘d) satisfying (5.1.1), the following estimate holds
1d
sl U + [ulioins S (IVaulloo +1F e + AN Fllnonrs) [ulXos + Nellellefres

I Inarslltlines + (A -+ Mello + X2(Uello + lllaes) ) 1l o g0
(5.3.29)

As in Proposition 5.3.3 for Vlasov, we will choose a suitable A to absorb the Gevrey norm

of Sobolev regularity which overflows [|u||x o5 . Since we have two constraints now, we

have to take a A which satisfies both at the same time, but here the same X is good and
it gives :

1d
sl tBRes T ulRosrs S (IVatulloo + 1 lor + Nl Fears) 13 s + lullzl2lnes

Therefore, for || f|[xam,s finite, Gronwall’s Lemma gives us a majoration of the norm

[wllx0,s-
Proof of Proposition 5.3.7. Recall that A := (Id — Ax)% and that

Jul2,., == /T A udr = 3 e

kezd

.

Then, applying A%e** to the equation satisfied by u and taking the scalar product with
A7e*M ., we obtain:
(A7 O, A7eM ), + (AT M |3, + (A7eM (u - Vou), A%eM ),

= <AU€)\ASU,AU€)\Asjf>L2 — <A"eAAS(pfu),AUeAASu>L2.

2

We have [[A7HerM w2, = ||ull3 ., , and

1d, 1d .
- _ Aa AA
2dt||u||)\,a',$ 2dt|| € u

Therefore,

]_ d N S S
sl + luliosrs S Aul}ors,s + [(A7M (u- Vau), A% u) |

72 = Mlull3 o s.o + (A7 Ou, A7) .

+ HjHA,o,SHUHA,U,S + Hpul‘/\,U,SHUHA,U,s- (5.3.30)
We claim that for o > % +35+2,

BSU' 2U), €SU2N 2|0 [|U)| N.0.s Ul ;|| U|[N,0,s
A7 (u - Vau), A7) | S ([ Vaulloo[ullf o0 + llull3 1l

(ANl + X llnos) [l s e (5:331)
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Let denote by H the term
H = (A (u- V), A"eAASu>L2.
Since V, - u = 0 then,
H = <u -V, u, A2"€2)‘Asu>L2 — <u -V, (A”e’\Asu),A”e’\Asu>L2.

Thus, in Fourier variable, we write

H=i Z {]:[u -Vt (k)27 AR, — Flu-v, (A”e’\Asu)]k<k>U€)‘<k>sﬂ_k}

kezd

= {(/{)”e/\<k>sak (k)7 — (k= D)7 )y (k= 1) - ak_,}

klezd

Observe that (k)7e**° = A7(0). Therefore,
H =1 A7(0)iy (A7(0) — A7 ,(0)) ity (k —1) - .
k,l
Thus, proceeding exactly the same way as for Gy for n = 0 (see formula (5.3.10)), we
obtain for o > 4 + £ 4 2:
[H| S IVaullsollull3 o0 + 1ullzlllnes + (X 4+ X ulle + X [[wllnes) ull3 or s o
In order to continue these estimates, we need the following lemma:
Lemma 5.3.8. The following estimates hold for o > g +2s and M > g,

”puH)\,a,s N ||u||a||f||>\,U7M7s + ||f||U7M||u||>\,U,s + >‘2||u||/\,o,s||f||>\,a,M,S’ (5.3.32)

Proof of Lemma 5.3.8. We have

lpull} s = D (k)72 g = S

kezd kezd

Z<k>U€A<k>Sﬁlﬁk—z

lezd

By using inequalities 1 and 2 of Lemma 5.3.2 and the inequality e* < e + z%e® for x > 0,

we write:
2

loullioe £

k

2
k

ST+ (k= 171N A0 oy

l

Z(l)”e’\<l>s|ﬁl| (e + A2k — 1)2MED7) |dyy,y|
I

+ (e + 220%™ |pi|(k — 17 =0

2

Up—i |
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Then, by applying inequalities (5.3.1) and (5.3.2), we obtain for o > g + 2s

o3 o6 S MPlR o sllellz + oG ullX o + A olIR 0 N1l 5 s
Finally, we get inequality (5.3.32) by using inequality (5.2.3), ||pllacs S || fllae.nrs for
M >4 O

Returning now to the estimate of 14 ull3 - By using Lemma 5.3.8 and inequality (5.2.3)
then, for o > g+ 5+2and M > g—i— 1, we obtain:
Ld, o 2 < 2 2
5l U + 1ulioins S (IVatlloo + 1 Fllonr + AN fllnonrs) NullX o
+lullZlullxes + 1 laearslullne.s

(A QX ullo + X2 llro0) 0l 5.0

Remark 5.3.9. We used the inequalities e* < 1+ xe® and e* < e + 22%€® for x > 0 in
order to reduce the power of the Gevrey norms and apply Gronwall instead of having a
power greater than 2, which gives results for a time that depends on the initial data. More
precisely, without using the last two inequalities we will have terms like [|ul|x o5/ fl13 5076
and an inequality of the type

1d 3/2
55(HuHia,s + 113 0ars) S O Nl [ fllonr) (Nl os + 113 006) -
5.3.4 Proof of the main results

Proof of Theorem 5.1.3. By Proposition 5.3.3 and Proposition 5.3.7, we have

1d
3 1 st S W ans (e + 1) 1D + ol

(A4 A+l + 1 lloan) + X2 ls + 1 Inoar) ) (178 s gars + NlEis) -

and

1d
Sl os HllullRoirs S (Vatlloo + 1 flloar + Xl lxanrs) 1ullX o s + lllelullse.s

2dt
I Inarslltlins + (A + Mlello + X2(Uello + lllaee) ) 1l o g0
In particular, by choosing A such that
N A+ 1 F s + Nullo) + X2(fllo + 1 Inoars + [ullnes) <O, (5.3.33)
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we obtain:

1d

zdtHfH)\oMs S lvoars| ullwiee + 1) ([ fllxenrs + llulloll flloar (5.3.34)
and

1d
5B S Tl (174 1) B+ Bl + U ) (5339

Note that we will look for A such that
A A+ ([ flloar + Nllo) + N(lulle + [ fllnoars + tllxes) = 0. (5.3.36)

The last two inequalities on || f||x 0.5 and [|ul[x0s lead to the following two

d
g rears < Cllullwroe + 1) [ fllxoars + Cllulloll flloa (5.3.37)
and
d
Tlltlhes < CUIVaulloo + [ lloan) 1ellres + C (lullg + 1 1xonss) (5.3.38)
Remark that in (5.3.37) there is no Gevrey norm of u. So, we deal first with inequality
(5.3.37), we integrate it in order to have a bound on the Gevrey norm of f. Once we have a
bound on f, we inject it into inequality (5.3.38) in order to obtain a bound on the Gevrey
norm of u. By Proposition 5.2.1, we have: LAz + lllls < (L foll5ar + lluolly) 9(2),

¢
with g(t) :=exp [C’O/ ([[ullwre + [|plloe + V() +1) d7].
0

Therefore, (5.3.37) leads us to

d q'(t)
5, < o S t .
Glt||f||A,a,M,s Cg(t) I fllxon,s + Cglt)

Then, by integrating the last inequality, we obtain:

[ [xonrs < F(E) = Cy(E+1) g(1), (5.3.39)

where C is a positive constant which depends on the initial data (fo,ug), the radius of
regularity Ao, the Sobolev correction o, the weight M and the dimension d.

Returning to the inequality (5.3.38), by the prev1ous estimate, ||f|lxonms < F(t), the
Sobolev embedding, ||V ulle < [Julls for o > £ + 1, and the inequality g(t) S F(t), w
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write:

d
Fllelhres < CUIVatlloo + [1flloa) 1ellrs +C (lullg + 1 1n0ss)

< C(llullo + 1Flloaa) llxes + Cg(t) + F(1))
< Cog(®)|[ullros + CaF ().

Hence, by integrating the last inequality, we get:
t
ullres SU(t) = (||UO||A0,U,S + 02/ F(Q)e g(T)deC) P laoMiT (5.3.40)
0

Remark 5.3.10. Note that we can estimate || f|3 , ., + [[ull3 ;.. directly, by summing the
two inequalities (5.3.34) and (5.3.35), using ||u[[wre < [|ulls for o > 241, |lulls < [[uflros
and || f|lo.ar < || fllxo,s, in order to get:

t
”in,a,M,s + HuHi,o’,s < (HfOHiO,U,M,s + HuoHio,o’,s) exp [01/0 (1 + Hf”U,M + HuHU)dT] :
(5.3.41)

Finally, we need to find a positive continuous function A such that inequality (5.3.33)
holds.

Lemma 5.3.11. The function A defined by

o1l F s + s\
A(t) = &0 <)\0 + /0 o dr (5.3.42)

satisfies the condition (5.3.33) and where the function G in the previous formula is given
by

G(t) = exp [/Ot (14 [[ullo + 1 flonr) dT] | (5.3.43)

Moreover, X\ is positive and non-increasing and satisfying

t
A®) (2cst+Aal)‘1exp[— s [0l + o)
0

> 0, (5.3.44)

where Cs is a constant depending on the initial data (fo,uo) , the radius of regularity Ao,
the Sobolev correction o, the weight M and the dimension d.

Proof of Lemma 5.3.11. The function A given by the formula (5.3.42) is solution to the
differential equation (5.3.36). Also, thanks to the inequality (5.3.41)

t
[flIxoars + llullyos < Oz exp [Cz/ L+ [1fllor + llullo)d7],
0
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and since the function G, given by (5.3.43), is nondecreasing then, from (5.3.42) we get:
t Gt 4\
A(t) = )\_1Gt+/ ul/» —dT)
0= (x50 [ s
. - [ e GO\
> ()\OlG(t)+202 / GCZ(T)%m')

0
> (At +201) )
> (20t + A1) e Ot lloartulla)dr

where C' := max{1; C}. O

For a Gevrey initial data (fy, ug), we have in particular,

luoll + 11 follZ.ar < 11foll5g 0006 + oI5y 06 < +00-

Then, by Proposition 5.2.1,

LF@ON520 + 1wl < (luoll + 11foll3,2r) 9(t) < +o0.
Which implies that

LF )13

s a3 < +oo.

O

Proof of Theorem 5.1.5. By using the Sobolev embeddings ||u|y1. < ||ul|s+1 and
otlloo S Nlotlle S NIflloar for o > 4, and since |lull, < ||ul|o+1 then, the two inequalities
(5.3.4) and (5.2.5) become

S Bar Sl + 1)L

and 1d
2dt|| wll2 + [lull? ) < (lllosr + 1) (ull2 + 1F112 00)

respectively. Thus, by summing these last two inequalities and using Young, we get

1d
sar

Therefore,

)l + 1£150 + 1)

1
lells + 1A 1500) + lullgsn < Slulless + € (lull;

d
3 ez + 1710500) + Nullosn < CClllz + 1711500 (ulls + 1150 + 1)

Now, by integrating this last inequation with the notations Y'(t) := |[ul|5 + | f||2 5, and
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Yy :=Y(0), we obtain

v, -1
YO = IO + 1O < (1- 25

for

1 1+ Y
t<T0 ::TO(UOafO):EHl( Yb 0) .

Now if we know that
[w(To) |5 4+ 1|f (To) |2 5 < o0,

then we can repeat the argument above. For the propagation of Analyticity, we proceed
as in the Gevrey case. Indeed, by the inequality (5.3.37), we write for o > g +1

d
T oars S (lullwsee + D1 Inons + lello [l flloar S (lllo +DI1F 0,05
Hence,

1FO[xo.az.s < W follro.onrs exp [0/0 (1 + [lu(7)ll)d7].

For w, from the inequality (5.3.38), we write

d
Dl S Ul 1) s+ (2 + 1)
< (el = 1 Flloe) [llnms + [ F ot
Hence,
t
- ¢ T)aTt t T)ar
lu(®)llnws < (nuOuAO,qs 0 [ Ollarse Y0 dc) € I3V,
0

O

Proof of Corollary 5.1.8. By Theorem 2.2 of [HKMM20], for initial modulated energy
£(0) small enough, in the sense of Theorem 2.1 in [HKMM?20], we get

/ IV (o + 105l 2 0ty < 0.
0

Then, for initial data (fo, ug) € GroM-5 (T3 x R?) x G275 (T3) such that f has a compact
support in velocity, the quantity

t
exp [01 [ (s + e+ V) 4 1)
0

is finite for every ¢ > 0. This implies that the Sobolev norms, and consequently the
Gevrey norms, are finite for all ¢ > 0. Hence the end of the proof. O
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APPENDIX A

Complement to Part 1I: some classical Theorems

A.1 The Implicit Function Theorem in Banach Spaces

We give in this section a general version of the Implicit Function Theorem, the case of
functions defined and with values in Banach spaces.

Theorem A.1.1 (Implicit Function Theorem: Banach version).

Let E, F and G three Banach spaces and f a function of class CP defined on an open set
U of E x F and with values in G. Let (x9,y0) be a point of U such that f(zo,yo) = 0
and such that the partial differential Dy, f(zo,v0) is invertible. There exists a function
© of class C? with values in F', defined on an open neighborhood V' of xq, and an open
neighborhood Q) of (xg,yo) in U such that, for all (x,y) € E X F:

((z,y) € Q and f(z,y) =0) & (z €V andy = ¢(x)).
Remark A.1.2.

1. The existence of such an open ) means that the graph of ¢ is an open of the set of
zeros of f, which automatically guarantees the uniqueness of ¢, in the following sense:

On any connected part C' of V' containing xg, ¢ is the only continuous application
satisfying

o(xg) =yo and VreC (zr,¢(x)) €U and f(z,p(x))=0.

2. Uniqueness on any connected open (even convex) containing xq is trivially false if f
is defined on R? by f(x,y) = 2% —y* and if zg = yo = 1, ¢1(z) = x and py(7) = |z
are two distinct solutions defined on R.

3. The open ) can be chosen of the form V x W.
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A.2 Some existence theorems in Hilbert spaces

We collect the results of this section from [Kho72| (pages 234-237).

Surjectivity of the adjoint of an injective application with contin-
uous inverse

Theorem A.2.1 ([Kho72|, page 234). Let X and Y be two pre-Hilbertian spaces, let T
be a linear map (continuous or not) defined on X with values in'Y" such that

ITz|| = allzl, VzeX,

where o is a positive constant. Then, T* is a surjection from D(T*) to X', admitting a
continuous lift.

Lions existence lemma

Theorem A.2.2 (|[Kho72|, page 235). Let F' be a Hilbert space and ® a pre-Hilbertian
space such that ® C F. Let S be a sesquilinear form on F' X ® having the following
properties:

1. for all ¢ € ®, the linear form u v S(u, @) is continuous on F';

2. there exists a constant o > 0 such that, for all ¢ € ®, we have |S(¢,d)| >
al|¢llFllelle-

Then, for any continuous semilinear form L on ®, there exists at least one u € F' satisfying
the equation S(u, @) = L(¢) for any ¢ € P.

Lax-Milgram isomorphism lemma

Theorem A.2.3 (First statement).

Let V' be a pre-Hilbertian space; let w be a continuous semilinear form on'V', a a continuous
sesquilinear form on V' X V' and possessing the following property (called V -ellipticity):
there exists a constant o > 0 such that |a(u,u)| = o||u|)?, for allu € V.

Then, there exists an element uw € V' and only one such that a(u,v) = w(v), for allv € V.

Proof. Let u; and uy be two solutions of the equation a(u,v) = w(v), v € V. Put
u = u; — ug and let v = u, we get a(u,u) = 0; the V-ellipticity of the form a shows then
|u||? = 0; hence the uniqueness.

The existence of the solution u follows from Lions existence lemma with F'= & =V. [

Remark A.2.4. We can prove directly the Lax-Milgram Lemma (without using the Lions
existence Lemma). Indeed, the data of the sesquilinear form a continuous on V' x V' is
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equivalent to the data of the linear map A from V to V defined by
a(u,v) = (Aulv)y, uweV,veV.

The V-ellipticity of a gives allully < ||Au||y, which shows that A is injective with con-
tinuous inverse, so it is a topological isomorphism from V onto Im.A; in particular Im.A
is complete and therefore closed in V. To show that A is surjective, it suffices to prove
that Im.A is dense; for this, let uy € V' such that (Av|ug) = 0 for all v € V; taking v = ug
we get a(ug, ug) = 0, which gives uy = 0.

Theorem A.2.5 (Second statement).

Let A be a continuous linear map from a Hilbert space V' to its dual V', having the following
property: there exists a number o > 0 such that |(Au,u)| = al|ul|} for allu € V. Then
A is a topological isomorphism from V to V.

In this statement, (w,u) denotes the value taken by w € V' in u € V.

Proof. The given of a continuous linear map A is equivalent to the continuous sesquilinear
form a defined by a(u,v) = (Au,v), u € V and v € V. Applying the first statement of
the Lax-Milgram lemma shows that A is an algebraic isomorphism from V into V. Since
allully < ||Aully we see that the reciprocal bijection of A sends continuously V7 into V;
hence the topological isomorphism. 0

Remark A.2.6. By Riesz’s theorem on the isomorphism between a Hilbert space and its
antidual, there exists an isometric isomorphism A from V onto V' such that

(ulv)y = (Au,v), wu,veV.
Between A, A and A, we have the relation

AA = A.

Another use of the Lax-Milgram lemma

Let H be a Hilbert space such that V' < H (continuous embedding) and V' dense in
H. According to a general theorem on the injection of duals (chapter AD, 1V, 1°) H'
is continuously injected into V7. Identifying H to its antidual H’, we can also write
Ves H— V.

If (+|) is the scalar product in H, then we have (f|g) = (f,g), h,g € H. Let

DA)={ueV; Auec H}.
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Then the restriction of A (considered as a continuous linear map from V to V') to D(A)
defines a linear map (not continuous in general) in H, of domain D(A).

Note that D(A) is nothing else than the set of u € V' such that the form v — a(u,v) is
continuous on V for the topology induced by H and we have

a(u,v) = (Aulv), we D(A)andv e V.
From the Lax-Milgram lemma (second statement), we deduce the following proposition.

Proposition A.2.7 (|[Kho72|, pages 236-237). Let a be a continuous sesquilinear form
on VXV and V-elliptic; let A be the (unbounded) operator in H associated with the form
a. Then for every f € H, there exists one u € D(A), and only one, such that Au= f.

Remark A.2.8. Still under the assumption of continuity and V-ellipticity of the sesquilin-
ear form a, the operator A has the following properties:

1. D(A) is dense in H; A is closed (graph);

2. if we set b(u,v) = a(v,u) and if B is the operator associated to the form b, then

B = A*.
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Complement to Part II1

B.1 Gevrey space

The purpose of this section is to characterize the Gevrey class by fractional Sobolev spaces,
which is more convenient than working with the definition based on uniform bounds.
This section was taken from [LO97], which we state for completeness.

B.1.1 Definition and notations

A function w € C* is said to be of Gevrey class s for some s > 0 if there exist constants
p >0 and M < oo such that for every x € T¢ (or R?) and every a € N? one has

|0%w(z)| < M (fj‘—;) (B.1.1)

Here we employ the usual multi-index notation in which

d d d
la| == E aj, al == Hozj!, 0% = H@?’ﬂ
j=1 j=1 j=1

The set of all functions of Gevrey class s is a vector space, denoted G*(T?). Tt is closed
under multiplication and differentiation. Moreover, the composition of two functions of
Gevrey class s is again of class s.

It is classical that G*(T?) is the space of real analytic functions C*(T¢%); a proof can be
found, for example, in John [Joh82| (page 65). For 0 < s < 1 the class G*(T?) is a subclass
of the analytic functions, while for 1 < s < oo it contains the analytic functions. In fact,
one has a hierarchy of spaces such that 0 < s; < s9 < oo implies the proper containments

G*1(T?) € G=(T%) C C™=(T).

Moreover, the union of the G*(T%) does not exhaust C°(T?) because there are quasiana-
Iytic functions that are not members of a Gevrey class [LVP"24b].
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As we said above, and as in the chapter 5, it is convenient to characterize Gevrey classes
in terms of the fractional Sobolev spaces H"(T¢) with » > 0, rather than uniform bounds
such as (B.1.1). To do so, we will use wy, to denote the Fourier coefficients of a function
w € L?(T?), so that

w(x) = et Wy, = /Td w(x)e *rdg.

The H" norm of a function w can be defined as

l[wl| e = ( > (1+|k|2)r|wk|2> : (B.1.2)

ke2nzd

[N

The space H"(T?) is then the set of all L?(T?) functions for which the norm (B.1.2) is
finite.

B.1.2 Characterization of the Gevrey class by fractional Sobolev
spaces

Let us start with the following Lemma:

Lemma B.1.1. Given s > 0 and r > 0. Then, w € G*(T%) if and only if there are
constants p, M € (0, 00) that may depend on r,s and w such that for every n € N one has

n T mn ~ E n! °
1wl = ( S (14 KPR mr?) <M (—) . (B.1.3)

n
ke2nZ4 P

The proof is achieved by a direct application of the Sobolev embedding theorem, see
Adams [AFT75].

This lemma enables us to characterize functions in G° in terms of the decay of their Fourier
coefficients. A result of the type was first due to La Vallée Poussin [LVP*24b, Man35]
although this attribution has been obscured in the literature. The construction here
uses the operator A = v/—A that, like —A itself, is nonnegative and self-adjoint so that
arbitrary powers can be defined by spectral theory. For each s € (0, 00) we define a family,
parameterized by 7, of normed spaces

£y (eTAl/s : HT(Td)> = {w c H"(T%) : ||eTA1/Sw||Hr < oo} (B.1.4)

H,

The functions in any such space have Fourier coefficients that decay faster than exp(—7|k
The next theorem recovers the Gevrey class G*(T?) as the union of all such classes.
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Theorem B.1.2. For any s >0 and r > 0,
(1) = |2 (e 1 (). (B.1.5)
>0

Remark B.1.3. The use of the more general H" rather than simply L? as the base space
does not complicate the structure of the proof, but it is advantageous for the arguments
that will follow.

Proof. Let w € ® <eTA1/S : H’”(Td)) for some 7 > 0 and let p = Z. Then

n, 12 n!\* 2\ r Pk - A 12
IV wlfe = (=) D _(+]kP) oy ||

P k

2s
< n_' 1 k2r2sp|k:|% A2
<(5) T kpyre ]

k

' 2s .
< (%) ™" wl|%.. (B.1.6)

n
s

By setting M = ||e™" w|| ;- we obtain (B.1.3), whereby w € G*(T%).
On the other hand, let w € G¥(T%) For an arbitrary 7 > 0 one has

o0

TAY/s r 2T Sa (27.)771 r O
e | o= (1 (KPP =y e D (LR IR el (B.17)
k m=0 ’ k

Now let p and M be such that (B.1.3) is satisfied. By interpolating (B.1.3) between n = 0
and any integer n such that ™ < 2n, the inner sum appearing in (B.1.7) can be bounded

as
m oW
S Y W anf? < 22
k P
This bound is best if we choose n = n,, := [m/(2s)] + 1, where [-] denotes the “greatest

integer less than” function. Upon making this choice and applying the result in (B.1.7),
one arrives at the bound

: = (21)™ 1 () o (27\" ()"
e w||%, < 7)™ f2 () :MQZ(_T> " (B-18)

m! pm p m!

By making use of the Stirling formula in the form

lim E(n!)% =1,
n—oo 1

the limit of the mth root of the mth term in the last series of (B.1.8) can be evaluated as

27 (ny, )1/ mm . 2tn,, 2t1 T

1 yme) o 2t 0mo_ —
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Hence, by the Hadamard root test, the series in (B.1.8) converges for every 7 < ps, whence

we D (™ H(TY). [

Remark B.1.4. The above proof gives a sharp relationship between the 7 of (B.1.4) and
the p of (B.1.3). Had we been less careful in our choice of the n,, used in (B.1.8) then
this relationship would have been missed.

Remark B.1.5. The theorem also holds over R%. The proof can proceed in the same
way with Fourier integrals in place of Fourier sums.

One reason Gevrey classes are useful in the context of nonlinear partial differential equa-
tions is that each G° is closed under multiplication. It would be particularly useful if this
property extended to each of the approximating (normed!) spaces @(eTAl/S - H T(']I‘d)).
An abstract statement of this fact is given in the following theorem, which we state for

completeness.
Theorem B.1.6. If s > 1, 7 > 0, and r > ¢ then @(eTAl/S : H™(T?)) is a Banach
algebra. This means that it is closed under multiplication and that there exists a finite

constant C(r,d) such that any two functions v and w in C‘D(e”‘l/s : H™(T?)) satisfy the
inequality

€™ (vw) | e < Cr,d)|[e™ 0] o ]|e™

Al w|| g

The proof is a direct extension of the usual proof that H"(T?) is a Banach algebra when
r > ¢ [AFT75], a result that is recovered above by setting 7 = 0. A proof of this theorem
for the case when s = 1 is given in [FT98]; this proof is easily generalized for any s > 1,
see |O1i96].

The spaces @(e”‘l/s - H T(’]Td)) are well-suited for application to parabolic partial differ-
ential equations. One can identify 7 with time so that @(e”‘l/s : H"(T?)) evolves from
being identical to H" at ¢ = 0 to being a subset of Gevrey class s in an arbitrarily short
time. So if one can show that for some 7" > 0 the solutions to the equation with H" initial
data are in © (eTAl/S : H"(T?)) for every ¢ € (0,T] then one has proved Gevrey regularity
of class s over that interval.

242



Bibliography

[ABAMBY7]

[AF75]

[AMS5]

[AMS6]

[BAK14]

[BAMP11a]

[BAMP11b]

[Bar76|

[BBCGOS]

[BBZ76]

[BCGOO|

[BDOG]

[BDGMO9)

[BDGRL17]

[BDGR18]

[BDGV10]

[BDL22]

|Ben76]

[BG75]

O Anoshchenko and A Boutet de Monvel-Berthier. The existence of the global generalized solution of the
system of equations describing suspension motion. Mathematical methods in the applied sciences, 20(6):495—
519, 1997.

R Adams and JF Fournier. Sobolev spaces, acad. Press, New York, 19(5), 1975.

S Alinhac and G Metivier. Propagation of local analyticity for the Euler equation. In Proceedings of Symposia
in Pure Mathematics, volume 44, pages 1-4, 1985.

Serge Alinhac and Guy Métivier. Propagation de ’analyticité locale pour les solutions de I’équation d’euler.
Archive for Rational Mechanics and Analysis, 92:287-296, 1986.

Eli Barkai, Erez Aghion, and David A Kessler. From the area under the bessel excursion to anomalous
diffusion of cold atoms. Physical Review X, 4(2):021036, 2014.

Naoufel Ben Abdallah, Antoine Mellet, and Marjolaine Puel. Anomalous diffusion limit for kinetic equations
with degenerate collision frequency. Mathematical Models and Methods in Applied Sciences, 21(11):2249—
2262, 2011.

Naoufel Ben Abdallah, Antoine Mellet, and Marjolaine Puel. Fractional diffusion limit for collisional kinetic
equations: a Hilbert expansion approach. Kinet. Relat. Models, 4(4):873-900, 2011.

Claude Bardos. Analyticité de la solution de I’équation d’Euler dans un ouvert de R™. C. R. Acad. Sci.
Paris Sér. A-B, 283(5):Aii, A255-A258, 1976.

Dominique Bakry, Franck Barthe, Patrick Cattiaux, and Arnaud Guillin. A simple proof of the Poincaré
inequality for a large class of probability measures. 2008.

Claude Bardos, Said Benachour, and Martin Zerner. Analyticité des solutions périodiques de 1’équation
d’Euler en deux dimensions. C. R. Acad. Sci. Paris Sér. A-B, 282(17):Aiii, A995-A998, 1976.

Alexander V Bobylev, José A Carrillo, and Irene M Gamba. On some properties of kinetic and hydrodynamic
equations for inelastic interactions. Journal of Statistical Physics, 98:743-773, 2000.

Céline Baranger and Laurent Desvillettes. Coupling Euler and Vlasov equations in the context of sprays:
the local-in-time, classical solutions. Journal of Hyperbolic Differential Equations, 3(01):1-26, 2006.

Laurent Boudin, Laurent Desvillettes, Céline Grandmont, and Ayman Moussa. Global existence of solutions
for the coupled Vlasov and Navier-Stokes equations. 2009.

Etienne Bernard, Laurent Desvillettes, Frangois Golse, and Valeria Ricci. A derivation of the Vlasov-Navier-
Stokes model for aerosol flows from kinetic theory. Commun. Math. Sci., 15(6):1703-1741, 2017.

Etienne Bernard, Laurent Desvillettes, Frangois Golse, and Valeria Ricci. A derivation of the Vlasov-Stokes
system for aerosol flows from the kinetic theory of binary gas mixtures. Kinet. Relat. Models, 11(1):43—69,
2018.

Matteo Bonforte, Jean Dolbeault, Gabriele Grillo, and Juan-Luis Vazquez. Sharp rates of decay of solutions
to the nonlinear fast diffusion equation via functional inequalities. Proceedings of the National Academy of
Sciences, 107(38):16459-16464, 2010.

Emeric Bouin, Jean Dolbeault, and Laurent Lafleche. Fractional hypocoercivity. Communications in Math-
ematical Physics, 390(3):1369-1411, 2022.

Said Benachour. Analyticité des solutions périodiques de I’équation d’Euler en trois dimensions. C. R. Acad.
Sci. Paris Sér. A-B, 283(3):Aii, A107-A110, 1976.

MS Baouendi and C Goulaouic. Problémes de cauchy pseudo-différentiels analytiques non linéaires. Séminaire

Equations aux dérivées partielles (Polytechnique) dit aussi" Séminaire Goulaouic-Schwartz”, pages 1-10,
1975.

243



BIBLIOGRAPHY

[BGO06]

[BGLM15]

[BGM17]

[BGT92]

[BLP79]

[BM21]

[(BM22]

[BMM16]

[BMM20]

[Bol72]

[BSS84]

[Cer88]

[Cer00]

[CGGR10]

[CH20]

[Chol7]

[CI22a]

[CI22b]

[CK15]

[CKKK22]

[CNP19)

[Dec23]

[Deg86]

AV Bobylev and IM Gamba. Boltzmann equations for mixtures of Maxwell gases: exact solutions and power
like tails. Journal of statistical physics, 124:497-516, 2006.

Laurent Boudin, Céline Grandmont, Alexander Lorz, and Ayman Moussa. Modelling and numerics for
respiratory aerosols. Communications in Computational Physics, 18(3):723-756, 2015.

Laurent Boudin, Céline Grandmont, and Ayman Moussa. Global existence of solutions to the incompressible
Navier—Stokes—Vlasov equations in a time-dependent domain. Journal of Differential Equations, 262(3):1317—
1340, 2017.

Christoph Borgers, Claude Greengard, and Enrique Thomann. The diffusion limit of free molecular flow in
thin plane channels. SIAM Journal on Applied Mathematics, 52(4):1057-1075, 1992.

Alain Bensoussan, Jacques L Lions, and George C Papanicolaou. Boundary layers and homogenization of
transport processes. Publications of the Research Institute for Mathematical Sciences, 15(1):53-157, 1979.

Laurent Boudin and David Michel. Three-dimensional numerical study of a fluid-kinetic model for respiratory
aerosols with variable size and temperature. Journal of Computational and Theoretical Transport, 50(5):507—
527, 2021.

Emeric Bouin and Clément Mouhot. Quantitative fluid approximation in transport theory: a unified ap-
proach. Probability and Mathematical Physics, 3(3):491-542, 2022.

Jacob Bedrossian, Nader Masmoudi, and Clément Mouhot. Landau damping: paraproducts and Gevrey
regularity. Annals of PDE, 2:1-71, 2016.

Laurent Boudin, David Michel, and Ayman Moussa. Global existence of weak solutions to the incompressible
Vlasov—Navier—Stokes system coupled to convection—diffusion equations. Mathematical Models and Methods
in Applied Sciences, 30(08):1485-1515, 2020.

Ludwig Boltzmann. Weitere studien iiber das warmegleichgewicht unter gas-molekiilen. Wissenschaftliche
Abhandlungen, pages 316—402, 1872.

Claude Bardos, Rafael Santos, and Rémi Sentis. Diffusion approximation and computation of the critical
size. Transactions of the american mathematical society, 284(2):617-649, 1984.

Carlo Cercignani. The Boltzmann equation and its applications, volume 67 of Applied Mathematical Sciences.
Springer-Verlag, New York, 1988.

Carlo Cercignani. Rarefied gas dynamics: from basic concepts to actual calculations, volume 21. Cambridge
university press, 2000.

Patrick Cattiaux, Nathael Gozlan, Arnaud Guillin, and Cyril Roberto. Functional inequalities for heavy
tailed distributions and application to isoperimetry. 2010.

Kleber Carrapatoso and Matthieu Hillairet. On the derivation of a Stokes—Brinkman problem from stokes
equations around a random array of moving spheres. Communications in Mathematical Physics, 373(1):265—
325, 2020.

Young-Pil Choi. Finite-time blow-up phenomena of Vlasov—Navier—Stokes equations and related systems.
Journal de Mathématiques Pures et Appliquées, 108(6):991-1021, 2017.

Young-Pil Choi and Jinwook Jung. Local well-posedness for the compressible Navier-Stokes-BGK model in
Sobolev spaces with exponential weight. arXiv preprint arXiv:2209.14729, 2022.

Young-Pil Choi and Jinwook Jung. On regular solutions and singularity formation for Vlasov-Navier-Stokes
equations with degenerate viscosities and vacuum. Kinetic and Related Models, 15(5):843-891, 2022.

Young-Pil Choi and Bongsuk Kwon. Global well-posedness and large-time behavior for the inhomogeneous
Vlasov—Navier—Stokes equations. Nonlinearity, 28(9):3309, 2015.

Young-Pil Choi, Kyungkeun Kang, Hwa Kil Kim, and Jae-Myoung Kim. Temporal decays and asymptotic
behaviors for a Vlasov equation with a flocking term coupled to incompressible fluid flow. Nonlinear Analysis:
Real World Applications, 63:103410, 2022.

Patrick Cattiaux, Elissar Nasreddine, and Marjolaine Puel. Diffusion limit for kinetic Fokker-Planck equation
with heavy tails equilibria: the critical case. Kinet. Relat. Models, 12(4):727-748, 2019.

Dahmane Dechicha. Gevrey regularity and Analyticity for the solutions of the Vlasov-Navier-Stokes system.
arXiv preprint, 2023.

Pierre Degond. Global existence of smooth solutions for the Vlasov-Fokker-Planck equation in 1 and 2 space
dimensions. In Annales scientifiques de I’Ecole Normale Supérieure, volume 19, pages 519-542, 1986.

244



BIBLIOGRAPHY

[Des10]

[DGPOO]

[DGROS)

[DL8Y]

[DMG87]

[Dog98|

[Dog00]

[DP23a]

[DP23b]

[DPRO4]

[DTO7]

[EB02]

[EHK23]

[EHKM21]

[Ert21]

[Ert22]

[Eul57]

[FT89)

[FT98)

[FT20]

[FT21]

[Gal10]

|Ger20]

[Gev1g]

[GHKM18]

Laurent Desvillettes. Some aspects of the modeling at different scales of multiphase flows. Computer methods
in applied mechanics and engineering, 199(21-22):1265-1267, 2010.

Pierre Degond, Thierry Goudon, and Frédéric Poupaud. Diffusion limit for non homogeneous and non-micro-
reversible processes. Indiana University Mathematics Journal, pages 1175-1198, 2000.

Laurent Desvillettes, Frangois Golse, and Valeria Ricci. The mean-field limit for solid particles in a navier-
stokes flow. Journal of Statistical Physics, 131:941-967, 2008.

Ronald J DiPerna and Pierre-Louis Lions. Ordinary differential equations, transport theory and Sobolev
spaces. Inventiones mathematicae, 98(3):511-547, 1989.

Pierre Degond and Sylvie Mas-Gallic. Existence of solutions and diffusion approximation for a model Fokker-
Planck equation. Transport Theory and Statistical Physics, 16(4-6):589-636, 1987.

Christian Dogbé. Diffusion anormale pour le gaz de knudsen. Comptes Rendus de I’Académie des Sciences-
Series I-Mathematics, 326(8):1025-1030, 1998.

Christian Dogbe. Anomalous diffusion limit induced on a kinetic equation. Journal of Statistical Physics,
100:603-632, 2000.

Dahmane Dechicha and Marjolaine Puel. Construction of an eigen-solution for the Fokker-Planck operator
with heavy tail equilibrium: an a la Koch method in dimension 1. arXiv preprint arXiv:2303.07159, 2023.

Dahmane Dechicha and Marjolaine Puel. Fractional diffusion for Fokker-Planck equation with heavy tail
equilibrium: an a la Koch spectral method in any dimension. arXiv preprint arXiw:2303.07162, 2023.

Pierre Degond, Lorenzo Pareschi, and Giovanni Russo. Modeling and computational methods for kinetic
equations. Springer Science & Business Media, 2004.

D Duering and G Toscani. Anomalous diffusion limit indeuced on a kinetic equation. Physica A, 384:493-506,
2007.

MH Ernst and Ricardo Brito. Scaling solutions of inelastic Boltzmann equations with over-populated high
energy tails. Journal of Statistical Physics, 109:407—432, 2002.

Lucas Ertzbischoff and Daniel Han-Kwan. On well-posedness for thick spray equations. arXiv preprint
arXiv:2303.09467, 2023.

Lucas Ertzbischoff, Daniel Han-Kwan, and Ayman Moussa. Concentration versus absorption for the Vlasov—
Navier—Stokes system on bounded domains. Nonlinearity, 34(10):6843, 2021.

Lucas Ertzbischoff. Decay and absorption for the Vlasov-Navier-Stokes system with gravity in a half-space.
arXiv preprint arXiw:2107.02200, 2021.

Lucas Ertzbischoff. Global derivation of a Boussinesq-Navier-Stokes type system from fluid-kinetic equations.
arXiv preprint arXiw:2202.08181, 2022.

Leonhard Euler. Principes généraux du mouvement des fluides. Mémoires de l’académie des sciences de
Berlin, pages 274-315, 1757.

Ciprian Foias and Roger Temam. Gevrey class regularity for the solutions of the Navier-Stokes equations.
Journal of Functional Analysis, 87(2):359-369, 1989.

Andrew B Ferrari and Edriss S Titi. Gevrey regularity for nonlinear analytic parabolic equations. Commu-
nications in Partial Differential Equations, 23(1-2):424-448, 1998.

Nicolas Fournier and Camille Tardif. Anomalous diffusion for multi-dimensional critical kinetic Fokker-Planck
equations. Ann. Probab., 48(5):2359-2403, 2020.

Nicolas Fournier and Camille Tardif. One dimensional critical kinetic Fokker-Planck equations, Bessel and
stable processes. Comm. Math. Phys., 381(1):143-173, 2021.

Isabelle Gallagher. Autour des équations de Navier-Stokes. Images des Mathématiques, pages http—images,
2010.

Pierre Gervais. Spectral study of the linearized boltzmann operator in L2 spaces with polynomial and
Gaussian weights. arXiv preprint arXiw:2010.10339, 2020.

Maurice Gevrey. Sur la nature analytique des solutions des équations aux dérivées partielles. premier mémoire.
In Annales Scientifiques de I’Ecole Normale Supérieure, volume 35, pages 129-190, 1918.

Olivier Glass, Daniel Han-Kwan, and Ayman Moussa. The Vlasov—Navier—Stokes system in a 2D pipe:

existence and stability of regular equilibria. Archive for Rational Mechanics and Analysis, 230:593—639,
2018.

245



BIBLIOGRAPHY

[GMM10]

[Gol98]
[GSR04]

[Hig]
[Had12]
[Ham98]
[Hil02]
[Hil18]
[Hil21]
[HJ20]
[HK22|
[HKM21]
[HKMM20]
[HKMMM19]
[HKR16]

[HMS17]

[HMS19]

[TKOO09]

[Joh82]

[Kho72]

[KLOS|
[KM60]

[KM81]

[Koc15]

Maria Pia Gualdani, Stéphane Mischler, and Clément Mouhot. Factorization for non-symmetric operators
and exponential H-theorem. arXiv preprint arXiv:1006.5523, 2010.

Frangois Golse. Anomalous diffusion limit for the knudsen gas. Asymptotic Analysis, 17(1):1-12, 1998.

Frangois Golse and Laure Saint-Raymond. The Navier—Stokes limit of the Boltzmann equation for bounded
collision kernels. Inventiones mathematicae, 155:81-161, 2004.

Richard M Hoéfer. The inertialess limit of particle sedimentation modeled by the Vlasov—Stokes equations.
SIAM Journal on Mathematical Analysis, 50(5):5446-5476, 2018.

J Hadamard. Sur la généralisation de la notion de fonction analytique. Bull. Soc. Math. France, 40(supplé-
ment spécial: vie de la société, séance du 28 février 1912):28-29, 1912.

Kamal Hamdache. Global existence and large time behaviour of solutions for the Vlasov-Stokes equations.
Japan journal of industrial and applied mathematics, 15:51-74, 1998.

David Hilbert. Sur les problemes futurs des mathématiques, compte-rendu du 2e congres international de
mathématiques, tenua paris en 1900, 1902.

Matthieu Hillairet. On the homogenization of the Stokes problem in a perforated domain. Archive for
Rational Mechanics and Analysis, 230:1179-1228, 2018.

M Hillairet. Derivation of the Stokes—Brinkman problem and extension to the darcy regime. Journal of
Elliptic and Parabolic Equations, 7:341-360, 2021.

Richard M Hoéfer and Jonas Jansen. Convergence rates and fluctuations for the Stokes-Brinkman equations
as homogenization limit in perforated domains. arXiv preprint arXiv:2004.04111, 2020.

Daniel Han-Kwan. Large-time behavior of small-data solutions to the Vlasov—Navier—Stokes system on the
whole space. Probability and Mathematical Physics, 3(1):35-67, 2022.

Daniel Han-Kwan and David Michel. On hydrodynamic limits of the Vlasov-Navier-Stokes system. arXiv
preprint arXiv:2103.06668, 2021.

Daniel Han-Kwan, Ayman Moussa, and Ivan Moyano. Large time behavior of the Vlasov—Navier—Stokes
system on the torus. Archive for Rational Mechanics and Analysis, 236(3):1273-1323, 2020.

Daniel Han-Kwan, Evelyne Miot, Ayman Moussa, and Ivan Moyano. Uniqueness of the solution to the 2D
Vlasov—Navier—Stokes system. Revista Matemdtica Iberoamericana, 36(1):37-60, 2019.

Daniel Han-Kwan and Frédéric Rousset. Quasineutral limit for Vlasov-Poisson with Penrose stable data.
Ann. Sci. Ec. Norm. Supér. (4), 49(6):1445-1495, 2016.

Matthieu Hillairet, Ayman Moussa, and Franck Sueur. On the effect of polydispersity and rotation on
the Brinkman force induced by a cloud of particles on a viscous incompressible flow. arXiv preprint
arXiv:1705.08628, 2017.

Matthieu Hillairet, Ayman Moussa, and Franck Sueur. On the effect of polydispersity and rotation on the
Brinkman force induced by a cloud of particles on a viscous incompressible flow. Kinetic €5 Related Models,
12(4):681-701, 2019.

Milton Jara, Tomasz Komorowski, and Stefano Olla. Limit theorems for additive functionals of a Markov
chain. 2009.

Fritz John. Partial differential equations. Applied mathematical sciences, 1982.

Vo-Khac Khoan. Distributions, analyse de Fourier, opérateurs aux dérivées partielles: Cours et exercises
résolus, avec une étude introductive des espaces vectoriels topologiques a l’usage des étudiants de la Maitrise
de Mathematiques pures, et de la Maitrise de Mathematiques et applications fondamentales; Certificat C2.

Vuibert, 1972.

Claude Kipnis and Claudio Landim. Scaling limits of interacting particle systems, volume 320. Springer
Science & Business Media, 1998.

J Kopeé¢ and Julian Musielak. On quasianalytic classes of functions, expansible in series. In Annales Polonici
Mathematici, volume 3, pages 285-292, 1960.

Sergiu Klainerman and Andrew Majda. Singular limits of quasilinear hyperbolic systems with large parame-
ters and the incompressible limit of compressible fluids. Communications on pure and applied Mathematics,
34(4):481-524, 1981.

Herbert Koch. Self-similar solutions to super-critical gKdV. Nonlinearity, 28(3):545, 2015.

246



BIBLIOGRAPHY

[KVO09]
[Laf19]

[Lan]
[Ler1T]

[Lio13]
[LK74]

[LLO1]
[LO97]

[LP91]
[LP19]
[LT04]
[LVP+24a]
[LVP+24b]
[Man35]
[Mel10]
[MMM11]
[MR94]
[MV11]
[Nas13]
[Nav23]
[New05]

[NP15]

[O1i96]
[O'R81]
[Pfa92]

[Rei96]

Igor Kukavica and Vlad Vicol. On the radius of analyticity of solutions to the three-dimensional Euler
equations. Proceedings of the American Mathematical Society, 137(2):669-677, 2009.

Laurent Lafleche. Dynamique de systémes a grand nombre de particules et systémes dynamiques. PhD thesis,
Université Paris sciences et lettres, 2019.

Naum Samol Landkof. Foundations of modern potential theory.
Nicolas Lerner. Fonctions classiques cours de master 1, 4m004 Université Pierre et Marie Curie. 2017.

Jacques Louis Lions. FEgquations differentielles operationnelles: et problémes aux limites, volume 111.
Springer-Verlag, 2013.

Edward W Larsen and Joseph B Keller. Asymptotic solution of neutron transport problems for small mean
free paths. Journal of Mathematical Physics, 15(1):75-81, 1974.

Elliott H Lieb and Michael Loss. Analysis, volume 14. American Mathematical Soc., 2001.

C David Levermore and Marcel Oliver. Analyticity of solutions for a generalized Euler equation. Journal of
differential equations, 133(2):321-339, 1997.

Pierre-Louis Lions and Benoit Perthame. Propagation of moments and regularity for the 3-dimensional
Vlasov-Poisson system. Inventiones mathematicae, 105(1):415-430, 1991.

Gilles Lebeau and Marjolaine Puel. Diffusion approximation for Fokker-Planck with heavy tail equilibria: a
spectral method in dimension 1. Communications in Mathematical Physics, 366:709-735, 2019.

Bertrand Lods and Giuseppe Toscani. Dissipative linear Boltzmann equation for hard spheres. Journal of
statistical physics, 117:635-664, 2004.

Ch La Vallée Poussin et al. Quatre legons sur les fonctions quasi-analytiques de variable réelle. Bulletin de
la Société Mathématique de France, 52:175-203, 1924.

Ch La Vallée Poussin et al. Quatre legons sur les fonctions quasi-analytiques de variable réelle. Bulletin de
la Société Mathématique de France, 52:175-203, 1924.

Szolem Mandelbrojt. Séries de Fourier et classes quasi-analytiques de fonctions: legons professées a Ulnstitut
Henri Poincaré et a la Faculté des sciences de Clermont-Ferrand, volume 43. Gauthier-Villars, 1935.

Antoine Mellet. Fractional diffusion limit for collisional kinetic equations: a moments method. Indiana
University Mathematics Journal, pages 1333—1360, 2010.

Antoine Mellet, Stéphane Mischler, and Clément Mouhot. Fractional diffusion limit for collisional kinetic
equations. Archive for Rational Mechanics and Analysis, 199:493-525, 2011.

D Asoka Mendis and Marlene Rosenberg. Cosmic dusty plasma. Annual Review of Astronomy and Astro-
physics, 32(1):419-463, 1994.

Clément Mouhot and Cédric Villani. On Landau damping. Acta Math., 207(1):29-201, 2011.
Elissar Nasreddine. Limite de diffusion de l’équation de Fokker-Planck avec un équilibre & décroissance
lente: modeéles d’agrégation en dynamique de populations. PhD thesis, Université de Toulouse, Université

Toulouse III-Paul Sabatier, 2013.

CLMH Navier. Mémoire sur les lois du mouvement des fluides. Mémoires de I’Académie Royale des Sciences
de Ulnstitut de France, 6(1823):389-440, 1823.

Mark EJ Newman. Power laws, Pareto distributions and Zipf’s law. Contemporary physics, 46(5):323-351,
2005.

Elissar Nasreddine and Marjolaine Puel. Diffusion limit of Fokker-Planck equation with heavy tail equi-
libria. ESAIM: Mathematical Modelling and Numerical Analysis-Modélisation Mathématique et Analyse
Numérique, 49(1):1-17, 2015.

Marcel Oliver. A mathematical investigation of models of shallow water with a varying bottom. The University
of Arizona, 1996.

Peter John O’Rourke. Collective drop effects on vaporizing liquid sprays. PhD thesis, Princeton University,
1981.

Klaus Pfaffelmoser. Global classical solutions of the vlasov-poisson system in three dimensions for general
initial data. Journal of Differential Equations, 95(2):281-303, 1992.

Rolf D Reitz. Computer modeling of sprays. Spray Technology Short Course, Pittsburgh, PA, 1996.

247



BIBLIOGRAPHY

[RWO1]

[Spo12]
[STO1]

[Ste70]

[Sto51]

[Vil9og]

[Vil02]
[Vil06]

[Vla]
[VR21]

(VS|

[WB61]
[Wil8s]
[Wri05]

[2Q07]

Michael Réckner and Feng-Yu Wang. Weak poincaré inequalities and L2-convergence rates of markov semi-
groups. Journal of Functional Analysis, 185(2):564-603, 2001.

Herbert Spohn. Large scale dynamics of interacting particles. Springer Science & Business Media, 2012.

Danny Summers and Richard M Thorne. The modified plasma dispersion function. Physics of Fluids B:
Plasma Physics, 3(8):1835-1847, 1991.

Elias M. Stein. Singular integrals and differentiability properties of functions. Princeton Mathematical Series,
No. 30. Princeton University Press, Princeton, N.J., 1970.

George Gabriel Stokes. On the composition and resolution of streams of polarized light from different sources.
Transactions of the Cambridge Philosophical Society, 9:399, 1851.

Cédric Villani. Contribution a [’étude mathématique des équations de Boltzmann et de Landau en théorie
cinétique des gaz et des plasmas. PhD thesis, Paris 9, 1998.

Cédric Villani. Limites hydrodynamiques de I’équation de Boltzmann. Astérisque, SMF, 282:365—405, 2002.
Cédric Villani. Mathematics of granular materials. Journal of statistical physics, 124(2-4):781-822, 2006.
Anatolif Vlasov. The vibrational properties of an electron gas.

Renato Velozo Ruiz. Gevrey regularity for the Vlasov-Poisson system. Annales de L’Institut Henri Poincare
Section (C) Non Linear Analysis, 38(4):1145-1165, 2021.

Olivier Vallee and Manuel Soares. Airy functions and applications to physics, 2004. London: Imperial College
Press, 10:p345.

Eugene P Wigner and Garrett Birkhoff. Nuclear reactor theory. American Mathematical Society, 1961.
Forman A Williams. Combustion theory benjamin. Cummings, Menlo Park, 808, 1985.

Tan Wright. The social architecture of capitalism. Physica A: Statistical Mechanics and its Applications,
346(3-4):589-620, 2005.

Claude Zuily and Hervé Queffélec. Analyse pour lagrégation. Dunod,, 2007.

248



	Résumé
	Abstract
	Contents

	Introduction et synthèse
	Motivations et cadre de la thèse
	Théorie cinétique
	Équations macroscopiques
	Limites de diffusion fractionnaire
	Principaux résultats obtenus

	Fractional diffusion for the linear Boltzmann equation
	Introduction
	Preliminaries results
	Proof of the main Theorem

	Fractional diffusion for Fokker-Planck equation in dimension 1
	Introduction
	Green function for the leading part of the limiting operator 
	Green function for the leading part of the perturbed operator
	Properties of the Green functions corresponding to the leading part of the operator
	Existence of the eigen-solution

	Fractional diffusion for Fokker-Planck in any dimension
	Introduction
	Existence of solutions for the penalized equation
	Existence of the eigen-solution (to.(),M,)to.
	Derivation of the fractional diffusion equation

	Fractional diffusion for Fokker-Planck equation with drift
	Introduction
	Existence of the eigen-solution
	Derivation of the fractional diffusion equation with drift

	Gevrey regularity for the Vlasov-Navier-Stokes system
	Introduction
	Sobolev estimates
	Gevrey estimates for VNS

	Appendices
	Complement to Part II: some classical Theorems
	The Implicit Function Theorem in Banach Spaces
	Some existence theorems in Hilbert spaces

	Complement to Part III
	Gevrey space


	Bibliographie

